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��A�H'M�2�JK23A�2�JK?�.IJK?P,	��A+= 2�JK80? � X � �

� ��� � � � � �(�),��

�
��JKM�<T,Y=@;�M�2�8C=@?^,	��A+=@23JT81? � 814l2���,
L0=@<KA�,/M�8��&2���,�4�,/.14�,/M3M�JK80?^GP= 2�4�J��C,/<K,/G ,/?S23M �

� � � �3� �(�'B��

7 JK2��I=@? 86�-M�,Q262�,Q4�G"81?�<KNU81?�, GP= 2�43J��	JK?SL0,Q4�M�JK81? JTM$4�,	��A�JK43,/; 2�8*�E=@<��/A�<>= 2�, 2���, 4�,/.14�,/M3M�JK80? GP=@234�J��	,/?S234�JK,/M��
=@?'; HSN JK.0?�814�JK?�. 2���,�86�-M�,/2l2�,/43G � ��, �&2���,�8��#M3,/2 �Q80<KA�GC? �Y=@? H ,�JK.0?'804�,Q; �'=@?';^=@<K<#G^=@234�J��/,/M �E=@? H ,
4�,Q;�A'�/,/;^2�8I;�J>=@.180?+= < GP=@234�J��/,/M�GP= ��JT?'. JK?SL1,/4�M3JT81? 2�43JTL�J>=@<�)

�
�',
, �S23,/?�M3JT81?P238I2���,�2�JK,/;^4�,Q.04�,QM�M�JK81?PG^=@234�J��#�E= M�,�JKMlM3JKGCR�<KNC238I,���2�,/?�;^2��',
M3A�GCG^=@23JT81?�M�8 L1,/4l2���,
2�JK,/;^GCJ���2�A�43,��/81GCR 81?�,/?S23M �

� � � �3� �(�1X��

�
�', ,���2�,Q?�M�JK80?92�8^GCJ���2�A�43, ;�JKM32�4�JKH�A'2�JK80?�M	=@?�;9G A'<T23JKR�<K, 80H'M�,/43L =@23JK80? M3,	��A�,/?'�/,QM
JKM�M�JKGCJK<>=@4�2�8^2��+= 2
R�43,/M�,/?�2�,/;^JK?PM�, �/2�JK80?*��)
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�
��,9= R�R�438S=���� JKM M32�4 =@JK. ��2
� 814��l= 4�; 238 JKGCR�<K,/G ,/?S2 =@MPJK2 JKM L0,/43N M�JKGCJK<>=@4P2�8 M32 = ?�;+=@43; 43,���,QM�2�JKG^=@2�JK80?
=@<K.1804�JK2���GCM��>,1) . ) Vl= A�G�� 7 ,/<����f,/GIH ,/;�;�,Q;�43,���,QM�2�JKG^=@2�JK81?�����= ?�;f2���,i2�NSJK?�. 8��W2���,i4�,/.14�,/M3M�JK80?fGP= 2�4�J��/,QM
2�8IM�2 =@23,
GCJ���2�A'4�,��Q80GCR 81?�,/?�2�M�JTM�L0,/43NCM�JKGCJK<>=@4�2�8I2�� =@2�A�M�,/;^JK?P����� �KB
����)

�
��,	2�4 =@?�M�� 8043G �E=@?�H ,N�E= <��QA�<>=@2�,Q; A'M�JK?�.P=I2�� 8CM�23,/R�R�4�8��Q,/;�A�43, ��2��',  4�M�2�H ,QJT?'.C2���, =�� �/A�GIA�<>=@2�JK81? 8��
M�2 =@23JTM32�J��/M$� =@?�;^2���,�M�,��/81?�;PM32�,/R^A�M�JK?�.I2��',
M�2 =@23JTM32�J��/M�2�8��E=@<��/A'< = 2�,�2���,�2�4 = ?�M�� 8043G��

�
�',U= ���/A�GIA�<>=@23JK80?^8��&;+= 2 = JKM�4�,	��A�JK43,/M�= M�2 =@2�,'�@GCJ���2�A'4�,*�/80G R 80?�,/?�2�=@<KJK.0?�G ,/?S2�8��&2���,	=@; =@R�2 =@2�JK80?
;+= 2 ='� �
�'J������E= ?�H ,i80H�2 =@JK?�,/;K� 4�81G M32 = ?�;+=@43; = <TJK.1?�GC,/?�2�M32�4 =@2�,Q.0JK,/M�M�A'��� = M ��JT23,/4�H'J$804�Vl= A�G�� 7 ,/<����
� 814��l= 4�; H+= �����l= 4�; = <T.18043JT2���GCMY)��
��, =@H 8@L0, = <T.18043JT2���G �Y=@? H , A�M3,/; JK2�,Q4 =@23JKL0,/<KN 238  ?'; =� ? =@<�L =@<KA�,
� 814l2���,
43,/.043,/M�M3JT81?P234 =@?'M
� 814�GCMY)

��M3M�A�G ,�2��+=@2 2���,U80H�M3,/4�L0,/; M3R ,/,���� L0,��/238043M 8�� 2��',i=@;+= R�2 = 2�JK80? ;+=@2 = =@4�, �+= ?�; 2��+= 2�2���,U;+=@2 =
JKM
<>=@H ,Q<T<K,/; ��JT2�� = GC8�;�,/<�234 = ?�M��/43JKR�2�JK80?�) �
��JKMU= <K<T8���M	=�� 814��l= 4�;�� H+=������l=@43; =@<K.0814�JK2��'G 238PH , A�M3,/; 238
.0,Q?�,/4 = 2�,�2���,�GCJ���2�A�43,*�/80G R 80?�,/?�2�=@<KJK.0?�G ,/?S2 R�4�81H+=@H�JK<KJK2�JK,/MY) � �W4�,/R'4�,/M3,/?S23M�2���, � 814��l= 4�;^<KJ��0,/<KJ���8�8�; �
2��',C<KJ��0,/<KJ���8�8�; 8���8 ���/A�R�NSJK?�. M�2 = 2�, = 2 2�JKGC, �+=YLSJK?�.9.1,/?�,/4 =@23,/; 80H�M3,/4�L0=@2�JK81?�M � =@?�; �3�
2��',�H+=������l=@43; <KJ��0,/<KJ��'8�8�; �12���,
<TJ��0,Q<TJ���8�8:; 8���.0,/?�,Q4 =@23JK?�. 81H�M�,/43L = 2�JK80?�M .0JKL0,/?P2��+= 2WM32 =@23, JTM
8����QA�R�JK,/; = 2l23JKGC, )6�
��,�JT?'JT23J>=@< �/81?�;�JK2�JK80?'M.� 814 =@2�2�JKG , � ,i= 4�, �

� , � � B J � � B
, J � � B �(� ���

�
��, L = <KA�,/M�=@4�,�2���,Q?"�E= <��QA�<>=@2�,Q; � 814l,E= ���^2�JKGC, � 4 = GC, B
�3� � , �(� F��

�3� � � B�� � � J � B �(� ���

�:814�2���,�H+=�������=@4�;^R+=@M3Ml2���,
JK?�JK23J = < �/80?';�JK2�JK80?�M � 814 = 2l23JKGC, � = 4�, �
� � � � 814 � B � B'� �(� ���

�
��, L =@<KA�,/M�=@43,��E= <��/A�<>=@23,/; � 814�,E=����P2�JKG ,�� 4 =@GC,

�3� � � � B'� � � B �(� ���
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�$�(�� #��!$������ � #%��#%(* ������ # �
�  �& $ ���	��
�(���#���& $��	 �
 �  ��!$��!#3(�� #��!$������ � #%��#%(* ���� ��#%�

� $'#%$�&�
�(��!$ � &  ��	���'(�� (*# �  !�"�+& ��
�$��	$#�  ���$ (���$ #% %
�(���#���& $��  �
 �! ��!$��!#
� $'#%$�&�
�(��!$'&(�!(��	�*)+
���#%&)(,� ( "�� " ") -�'(*� # $	�%&�(*#���
�(���#���& $��	 �
 �  ��!$��!#
. $
�  �&!��� &  �� ���'(�� ( # �	/��)& ��
�$0/1
�(,��#���& $��  �
 �! �� $-�!# (�� ���	�-�2
'��� ��#% �&"�) &3)

�  �& $ ���	� & $4$ & $+"	")(* ���
�� # &)(��
5 ")$����
���2
���� � #  &��	 ��!# $��!# "�#% %�	�6�7����� ��#%$8)
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�3254 � R ;=? OP8
;=? @ AC@>D ; �9H �[N 8�A9R D @ N=OPR

�32S1 ��8%J �)*IJ 8
;=? A � EF? ,`; *9N=H ��@BOP:]@BAIH
A ; 6$J ? � AIOPH
A ;=R

9 -;: \�Y
W : W.V�S%U S 2
T4V - R R�0�W*R
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Mixture distributions

Mixture weights/pointers

States

Regression Class
Accumulators

(mean + covariance)

W2 Wp1W
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�
��, 23802 = <l<TJ��0,/<KJ���8�8:; 8��
2���, GC8�;',/<KMi.0,/?',/4 = 2�JK?�.f2���, 80H'M�,/43L =@23JK80? M�,?�SA',/?'�/, � � � �N�E=@? H ,!�O80A�?�;
� 4380G ,/JK2���,/4 814 �

� ��� � ��� ����� � , � �(� ���

�
�SA'MU80?'�/, =@?�; =@43,��E=@<��/A�<>= 2�,/; �62���, R�4380H+= H�JK<KJT2�Nf8���8����/A�R�N�JT?'.^M32 = 2�, =@2U23JKGC, � �3�����E=@? H ,
�E= <��QA�<>=@2�,Q;>�

� �%� �3� �3�
� � �(�1D��

=@?';P2��',
R�4380H+= H�JK<TJK2�NC8��&8����/A�R =@2�JK81?P8��&GCJ���2�A�43,��/81GCR 81?�,/?S2 8���M�2 =@23, =@2�2�JKGC, JKM

�3�B�
� B�� � � � �

� � �(�),��

7 ��,/? = ? 80H'M�,/43L =@23JT81? M�,?�SA',/?'�/,#�Q80?S2 =@JK?�M ;+=@2 ="� 814 M3,/L0,/4 = <�GC8�;�,Q<TM �>,0) . ) M�A'H�� 814�; G 8�;�,/<KM	�i2��',
=@R'R�4�81R�4�J>=@23,	G 8�;�,/<KM �E=@?fH , �/80?'�Y=@2�,Q?+=@23,/;�JK?�2�8^=IM3JK?�.0<K,iGC8�;�,Q<�=@?�;f2��',	8����QA�R+=@23JK80?fR�4�81H+=@H�JK<KJK2ON �E=@< �
�/A�<>= 2�JK80?^R ,/4
� 814�G ,/;PJK?P2���,
M =@G ,
GP= ?�?�,/4Y)

�
��A�M ,E= ��� � 4 =@GC, �E= ? H ,	= M�M3JT.1?�,/; 2�8 ,Y=���� G J���23A�4�, �/81GCR 80?',/?S2���JK2�� 2���, �E=@<��/A�<>= 2�,/; R�4380H+= H�JK<KJT2�N)�
=@?';I2���,/M3,�=@43,�2���,�G J���23A�4�,
�/81GCR 81?�,/?S2&8����/A�R =@2�JK81?IR�4�81H+=@H�JK<KJK2�JK,/M&�
�'J����C=@43,�A�M�,/;IJK?I2���,���! !�
 2�4 = ?�M
�
� 814�G �E= <��/A�<>=@23JT81? )'��?I= �/2�A =@<'JTG R�<K,/GC,Q?S2 = 2�JK80?I= <K<'�E= <��/A�<>=@2�JT80?�M$M���80A'<T; H ,WR ,/4�� 8043GC,/; JK? 2���,W<K81.S= 43JT2��'G J��
;�81GP=@JK?^2�8IR�4�,/L0,Q?S2
�/80G R�A�2 = 2�JK80? =@< A�?�;',/4 � 8��	)

�
��, 2�JK,/; ��! !�
 2�4 =@?�M�� 8043G = R�R�438S=�����JKMiJK;�,E=@<.� 804iM�JK23A+=@23JT81?�M �
��,/4�, 2��',/4�, =@43,I80?'<TN M�GP= <K<�=@G 80A�?�2�M
8�� = ;+=@R'2 =@23JK80?f;+= 2 = =YL = JT<>= H�<K,0)�� M3GP= <T<�?�A�G H ,Q4�8��l43,/.043,/M�M3JT81?fGP= 2�4�J��/,QM �E=@?fH ,i;',� ?�,/;9= ?�;fA�M3,/;f2�8
,/M32�JKGP= 2�,C.0,Q?�,/4 = <lG ,E=@? 2�4 = ?�M
�O804�G^=@23JT81?�M � 814 =@<K<�8���2���,CG J���2�A'4�,#�/81G R 80?�,Q?S2�MY)C��JK.0A�43, BCM��'8���M 2���,

��JK.0A�43, B ��������,/G^=@2�J���;�J>=@.04 =@G 8��&2ON�JK?�.I2���,�4�,/.14�,/M3M�JK80?^GP= 2�4�J��/,QM

M�����,/G^=@2�J�� ;�J>=@.04 =@G 8��62ON�JK?�.i4�,/.14�,/M3M�JK80? GP= 2�4�J��/,QM = GC80?'.	M3,/L0,/4 = < G J��S23A�4�,��/80GCR 80?�,/?�2�MY)'��=����IGCJ���2�A'4�,
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�/81GCR 80?',/?S2 JKM�= M�M�8 �/J>=@2�,Q; ��JT2�� 80?�,U43,/.043,/M�M3JT81? GP=@234�J�� �'=@?';f=@?SNP80H�M3,/4�L0=@23JT81? L0,��/2�814�M�= M�M3JT.1?�,/; 2�8C2���,
GCJ���2�A'4�, �/80G R 80?�,/?�2I=@4�,^=@M3M�JK.0?�,Q; 238 2��+=@2 43,/.043,/M�M3JT81? G^=@2�43J�� )9��?'�Q,C2���,C43,/.043,/M�M3JT81? G^=@234�J��/,/M!�+=YL0,
H ,/,/?f,/M32�JKGP= 2�,/; � ,Y=����fGCJ���2�A'4�, �/80G R 80?�,/?�2�GC,E= ?�JKM�=@;+= R�2�,Q;�H�N�=@R�R'<TN�JK?�. 2���, =@M3M�8��QJ = 2�,/;f4�,Q.04�,QM�M�JK81?
GP= 2�43J��#)

� �O2�,/4
;',/2�,/43GCJK?�JK?�.^2���, G J���23A�4�, �/81GCR 81?�,/?S2�8����/A'R+=@?'�QN R�4380H+= H�JK<KJT23JK,/M
2��', M�R ,/,���� � 4 =@GC,QM��E=@?9H+,I=@M
�
M�JK.1?�,/; 23892���,^=@R�R�4380R�43J>=@2�, 4�,Q.04�,QM�M�JK81?2�/<>=@M3M�,/MY) �
�',�� 4 =@GC,QM = 4�,^=����/A'G A�<>= 2�,/; JK? =fM�234 =@JK.)�S2
�O804���=@4�;
GP= ?�?�,/4 2�8<�Q80GCR'A�2�,^2���,^GP= 2�43J�� Z �>2���,^<K,�� 2 �+=@?�; M3JK;�,^8��i,?�SA =@2�JK81? �(�),�� �Q) �
��,�= ���/A�GIA�<>=@23JT81? 8��
2��', JK?�;�JKL�JK;�A+=@<�GCJ���2�A�43, �/81GCR 80?',/?S2C8����/A'R+=@?'�QJT,QM = <T<K8���MC2���, GP=@234�J��/,/M1� ,	��A+=@23JT81? �!� ����� 238 H+,
�/81GCR�A�23,/; )

��<K2���81A�. �92���, GC,/2���8�; �E= ?9H ,I=@R�R�<KJK,/;9238^;�N�?+=@G J��I=@;+= R�2 = 2�JK80? �>R ,Q4
� 814�GCJK?�.f=@;+=@R'2 =@23JT80?�=@M�?�,��
;+= 2 = JKM R�43,/M�,/?�2�,/; ��� 2���, =@R'R�<KJ��Y=@2�JK81? 2�8 M�2 =@23J�� = ;+=@R'2 =@23JK80? � �
��,/4�, = <T<�2��',^= ;+=@R'2 =@23JK80? ;+= 2 = JKM M�,Q,/?
H ,�� 814�, =@;+= R�2 = 2�JK80? 2 =��0,/MUR�<>=��Q, ��JKMUGC8043, M32�4 =@JK. ��2
� 814��l= 4�; ) � M3,/2U8���<>=@H ,/<K<K,/; M�R ,/,���� ;+=@2 = JKMi=@<KJK.0?',/;
��JK2���2���,	M�R ,E= �0,/4�JK?�;�,/R ,/?';�,/?�2�GC8�;�,Q<6M�,Q2
=@?�;�2���,	4�,	��A�JK43,/;�M�2 = 2�JKM�23J��/M
=�� �/A'G A'< = 2�,/;�) �
��,	4�,Q.04�,QM�M�JK81?
GP= 2�43J��Q,/M =@4�,
2���,Q? �/81GCR�A'2�,/; =@?�; =@<K<-GCJ���2�A'4�,��/80G R 80?�,/?�2�M =@43,�A�R ; =@2�,Q; )-� M32 = ?�;+=@43; 43,��/80.1?�JKM�,/4 �E= ?
2��',/? H , A�M3,/; 2�8 R ,/4
� 814�G 2���, 43,��/80.1?�JK2�JK80?C2 =@M�� �'��JK2���81A�2&43,/.S= 4�; 238i2���, ��=��/2 2��+= 2&2��', M�N�M�23,/G �+= M&H ,/,Q?
=@; =@R�23,/; )

�
��,�=@G 80A�?�2&8�� �/80G R�A�2 =@2�JK81?IJK?�L080<KL0,/; JK?��Q80G R�A�2�JK?�.	2���, 4�,/.14�,/M3M�JK80? 234 =@?'M
� 814�GP= 2�JK80?'M�;',/R ,/?�;�M&81? 2���,
;�,/.14�,/,C8���2�NSJK?�. 8��
2��', 43,/.043,/M�M3JT81? G^=@234�J��/,/MY) ��M3M�A�G JT?'.f2���,CGP=@234�J�� Z =@?�; 2��', JK?�;�JKL�JK;�A+= <lGCJ���2�A�43,
�/81GCR 80?',/?S2 8����/A'R+=@23JT81?K�/81A�?S23M��+=EL0,UH ,/,/? �/80G R�A�2�,Q;#� 4380G 2���,i=@;+= R�2 = 2�JK80? ;+=@2 = M�2 = 2�JKM�23J��/M��:2��',*�/81G��
R�A�2 =@23JT81? ?�,/,Q;�,/; � 814i= ;+=@R'2 =@23JK80? �E= ? H , = M�M�,QM�M�,Q; )9�:814i= ;+=@R�23JK?�. GCJ���2�A'4�,��/81GCR 81?�,/?S23MUA'M�JK?�.
4�,Q.04�,QM�M�JK81? GP= 2�4�J��/,QM � ��JT2�� =@? 80H�M3,/4�L = 2�JK80? L0,��/2380468��#<K,/?�.12�� ��2���, �/80G R�A�2 = 2�JK80? 4�,	��A�JK4�,Q; JKM�= M � 81<T<K8���M �
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