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Abstract

In this papemwe addressheproblemof recoveringstructureandmotionfrom
the contoursof a smooth-curedsurface.A novel andsimplertechniquefor
computingthe structureof an objectfrom its profilesis introduced.Exper
imentswith real datashav encouragingesults,which are comparableo
thoseobtainedfrom much more sophisticatedechniques. Furthermorea
new methodfor motion estimationfrom sequencesf profilesis proposed.
Preliminaryresultsdemonstratéhe feasibility of the algorithm.

1 Introduction

The recovering of structureand motion from sequencesf imagesis a centralproblem
in computervision, andits solutionhasgenerated rich pool of algorithms[8, 1]. Most
of thesealgorithmsrely on correspondences pointsor linesbetweerimagesandwork
well whenthe scenebeingviewedis composeaf polyhedralparts.However, for smooth
surfaceswithout noticeabletexture, point andline correspondencesay not be easily
establishedln this casethe profile of thesurfaceis, very often,the only featureavailable.
This calls for the developmentof a completelydifferentsetof techniquesasthe ones
foundin [17, 16, 19, 5, 2, 18].

In this paperwe addresghe problemof structureandmotionrecovery from the pro-
files of smoothsurfaces. In section2, the differentialgeometryof surfacewill first be
briefly reviewed. This formsthetheoreticaframenork for varioustechniquesleveloped
for thereconstructiormf surfacedrom profiles. Existingmethoddor reconstructiorfirom
discreteviewpointsarethendescribecandcompared A simpleandbasicmethodfor re-
constructionis proposedandexperimentakesultsare presentedshaving thatthe model
recoveredby this simplemethodis comparabléo the others.The problemof motiones-
timationis tackledin section3, whereanovel techniquepasedn propertieof theaffine
epipolargeometryundercircularmotion, is introduced.Experimentswith syntheticdata
demonstratinghefeasibility of the methodhave beencarriedout, andpreliminaryresults
arepresented.
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2 Reconstruction from Apparent Contours

2.1 Surface Geometry

Consideapoint P onasmooth-curedsurfaceS. Underperspectieprojectionthevector
positionr of P is givenby r = ¢ + Ap, wherec is the cameracentreposition,p is the
unitviewing directionand) is thedepthof thepoint P alongtheviewing directionp. For
a given cameracentrepositionc, the setof pointsr on the surfacefor which the visual
ray is tangentto S is calledthe contourgeneratoand mustsatisfyp - n = 0, wheren
is the unit normalto the surface S atr. The contourgeneratordependson both local
surfacegeometryand camergposition,andits projectiononto the imageplaneis called
theapparentontour which formstheprofile of the surfacein theimage.

As thecameranoves,thecontourgeneratosweepsverthevisible surface. Thusthe
surfaceS canbe parameterisefy this spatio-temporasurfacesweptout by the contour
generatorgsa resultof thecameramotion

r(s,t) = c(t) + A(s,t)p(s, 1), 1)
p(s,t)-n(s,t) = 0, 2)

wheretheparametes describeshepositionalongthecontourgeneratowhile theparam-
etert correspondso time. Sucha parameterisatiois howeverunderconstrainedcurves
of constant arethe contourgeneratorsvith cameracentrepositionse(t), while curves
of constants have no physicalinterpretation. The mostwidely usedparameterisatiors
theepipolarparameterisatiof] (seefig. 1) whichis derivedfrom theepipolargeometry
in stereovision: two pointson two successie contourgeneratorsre correspondenif
they bothlie in the epipolarplanedefinedby the two cameracentrepositionsandoneof
the points. Below the subscriptss andt¢ representshe spatialandtemporalderivatives

Figurel: Epipolarparameterisatiofor the spatial-temporasurfacesweptby the contour
generators.

respectrely. By differentiating(1) with respecto s andtaking the scalarproductwith
thenormaln(s, t), andcombiningwith (2) andr, - n(s,t) = 0, we have p, - n(s,t) = 0.
Thusthe surfacenormalcanberecoveredfrom the apparentontourupto asignby

_ p(s,t) Aps
= b0 AP ©)

Finally, by differentiating(1) with respectto ¢ and taking the scalarproductwith the
normaln(s, t), andcombiningwith (2) andr; - n(s,t) = 0, depth\(s, t), andthusthe

n(s,t)
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3D structurer(s, t), canberecoveredby [4]

B ¢ -n(s,t)
)\(S,t) = —m. (4)

2.2 Discrete Viewpoints

Thedepthformula(4) requiresadensecontinuousmagesequencéor approximatinghe
spatialandtemporalerivatives,andis sensitveto edgeocalisation.However, in practice
only imagesat discreteviewpointswill beavailableandthus(4) cannotbe useddirectly.

CipollaandBlake [5] developedasimplenumericaimethodfor estimatingdepthfrom
aminimum of threediscreteviews by determiningthe osculatingcircle in eachepipolar
plane. Giventhreecorrespondencesn threeconsecutie apparentontours the viewing
lines definedby themare projectedonto the epipolarplanedefinedby the first two. By
assuminghat the curvatureof the epipolarcurve r(sg, t) is locally constantt canbe
approximatedspartof a circletangento theseviewing lines. VaillantandFaugera$19]
developeda similar algorithmwhich usesthe radial planeinsteadof the epipolarplane.
The osculatingcircle methodsrequirethe cameramotion to be closeto linear andthe
surfaceremainson the samesideof thetangentsn the projectionplane.

Boyer andBemger[2] deriveda depthformulationfrom a local approximatiorof the
surfaceup to ordertwo. Giventwo correspondingoints P, and P, on two successie
contourgeneratorsvith vectorpositionsr; = ¢; + A1 p1 andrs = c2 + A2p2, by taking
thescalamproductof the differencewith thenormaln, to thesurfaceat P,, we have

Ac-ny Ar - ny
= — 5
M Ap-n2+Ap-n2’ ®)

whereAc = ¢; — ¢co andlikewisefor Ar andAp. Thesecondermin (5) involvesAr
whichis thedistancebetweenP; and P, andcannotbecomputedapriori, from measure-
mentsin two images.Basedon alocal surfacemodelwith a seconcrderapproximation,
Ar - ny canbe expressedn termsof the normalcurvaturealongthe viewing direction.
This allows the local shapeto be estimatedrom threeconsecutie contoursby solving
a pair of simultaneougquationf theform (5). It only requiresthatthe surfacesareat
leastC? andarenotlocally planar

In this paper we proposeto usesimple triangulationtechniquedor reconstruction
of the curved surface. The epipolarparameterisationf the spatial-temporasurfaceis
adoptedandpointson consecutie apparentontoursarematchedaccordingo theepipo-
lar correspondencé&.hespacepointcanthenbe obtainedby aleastsquaresolutionto the
triangulationproblem.This methodis indeeda finite-difference(discrete)approximation
to (4). Let A\; and), bethedistancebetweertheintersectiorpointq andthetwo camera
centrepositionsc; andes alongtheviewing directionsp; andp. respectiely, we have
q = ¢; + A\1p1 andq = c2 + Aap2. By takingthe scalamproductof the differencewith
thenormaln, to thesurfaceat Py, we have

Ac - ny

Moo= Roa ©®)

This equationfor X is essentiallythefirst termin (5). In [2], Boyer andBergercriticised
that, by omitting the seconderminvolving Ar - n, in (5), it is assumedhatthe contour
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generatorsirenotview dependentvhichis false,andthusleadsto errorin depthestima-
tion. In spiteof that,if boththelocal radiusof curvatureof the surfaceandthe motion of
thecameraaresmall,sucherrorswill benggligible andwould notaffectthegenerakhape
recovered(seesec.2.3). Thismethodis, of coursecomputationallysimpler Unlike other
methodsno decompositiorof the 3x4 projectionmatrix is neededo obtainthe calibra-
tion matrix for corvertingimagecoordinateso the unit viewing vectorp(s, t), makingit
numericallymorestable.Finally, this methodcanbe usedwith affine camerasvhich do
not have the concepiof cameracentreposition.

2.3 Implementation and Experimental Results

Figure 2: Four consecutie imagesin the sequenceare shovn with apparentcontours
beingtrackedby cubicB-Splinesnales.

A headmodelhasbeenreconstructedrom the sameimage sequenceising Boyer
and Berger’s method,finite-differenceapproximationand simple triangulationrespec-
tively. Theimagesequenca&vasacquiredoy rotatingtheheadmodelon aturntablewith a
fixedcamera.Therotationanglebetweenwo successie imagess of 10° andthewhole
sequenceonsistof 36images.Thecamerasverecalibratedoy taking5 imagesof acal-
ibrationgrid performingthe samemotionon theturntable.Cornerfeaturesnveretracked
throughthe 5 imagesof the calibrationgrid and the axis of rotation was estimatedby
fitting circlesto the trajectoriesof the cornerfeaturesn space.The projectionmatrices
for the cameraswere then generatedanalytically from the first cameramatrix andthe
axis of rotation. The apparentontoursweretracked by usingcubic B-splinesnales[4
(seefig. 2). Fundamentamatriceq13, 20] betweertwo successie imageswvereformed
fromthecorrespondingrojectionmatricesandcorrespondencegerethenfoundby solv-
ing for theintersectiondetweerepipoladinesandthecubicB-splinesanalyticallyandby
usingorderinganddisparitygradientconstraintgo resole for ary matchingambiguity
Theresultsof thereconstructionareshavn in fig. 3.

It canbeseerthatthecontourgeneratorsecoveredoy BoyerandBeger'smethodarea
bit smootheandlessnoisy. Nonethelesshemodelsfrom finite differenceapproximation
andsimpletriangulationarestill comparableo thatfrom BoyerandBerger's method and
the differenceis hardly obserableafter shading.By assuminghe radiusof curvatured
alongtheepipolarcurve belocally constanttheerrorg, whichis thedistanceébetweerthe
reconstructeghointandthesurface,is givenby

€ = (sec(ip/2) — 1) d ~ di?/8, @)

whereyp is theanglebetweertheviewing directions(seefig. 4). If thecamerds farfrom
therotatingobject,p canbe approximatedy the angleof rotationw. For w equalsl0°,
theerrorwill be0.38% of theradiusd, whichwill be negligible for smallvaluesof d.
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Figure3: Resultsof reconstructionsTop row shows the wireframemodelsandthe bot-

tom row shows the modelsafter shading: (a,d) Model built from simple triangulation.

(b,e)Model built from finite differenceapproximation(c,f) Model built from Boyer and
Bemer’s method.

3 Motion Estimation from Apparent Contours

The fundamentabifficulty in estimatingthe motion of a smoothsurfacefrom the se-
guenceof imagesof its contourgeneratorss that, unlike point or line featureq20], the
contoursdo notreadily provide imagecorrespondencdhatallow for the computatiorof
theepipolargeometrysummarisedby the fundamentamatrix. This characteristiecnakes
the motion estimationdifficult even for humans,undercertaincircumstance$l5]. A
possiblesolutionto this problemis the useof epipolartangencies[16, 3], asshowvn in
fig. 5. An epipolartangeny is the projectionof thefrontier points[3] (referredto asfixed
pointsin [17]), whichis theintersectiorof two consecutie contourgeneratorslf enough
epipolartangenciesrepresentthe epipolargeometrycanbe estimatedandthe motion
is determinedup to a projective transformation.The intrinsic parametersf the cameras
canthenbeusedto fix the motionof thesurface[11]. Themainproblemof thisapproach
is thata minimum of 7 epipolartangenciesrerequired,a numberwhich is seldomob-

/

Figure4: The error £ betweenthe reconstructeghoint andthe surfaceis relatedto the
radiusof curvatured andthe anglep betweertheviewing directions.
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Figure5: A frontier pointis theintersectiorof two consecutie contourgeneratoraindis
visiblein bothviews. Thefrontier point projectsto a point ontheapparentontourwhich
is anepipolartangeng.

tainedin practicalcircumstancedf the motionandtheintrinsic parameterareknown to

be constantthe epipolargeometrybetweersuccessie imageswill alsobe constantand
epipolartangenciegor successie pairsof imagescanbe usedaltogethelin the estima-
tion of thefundamentamatrix. Anotherpossibilityis the useof anaffinecamea mode)

which, asshown in [14], allows for a simplerandmorerobustestimationof the epipolar
geometryfrom only 4 epipolartangencies.

The methodpresentedherefor motion estimationfrom apparentontoursis a fusion
of the techniquesntroducedin [14]. In theseworksthe mainimagefeaturesof the cir-
cularmotion,namelytheimageof therotationaxisandthe horizonline [10, 9], areused
to derive a parameterisationf the fundamentamatrix with only 6 degreesof freedom
(d.o.f.), while the affine approximationis usedto reducethe spaceof searchof the pa-
rameterof the fundamentamatrix. The dravbackof the first methodis that6 epipolar
tangenciesirestill neededor 4 imageswith two epipolartangenciegachif the angleof
rotationof the circular motionis fixed. In the affine case 4 epipolartangenciesrestill
neededand,againthe useof successie pairsof imagess possibleonly if the motionis
constant.

3.1 Theoretical Background

Considertwo affine cameras.The orientationof the epipolarlines on eachimagewill
dependonly ontherelative orientationof the normalsto theimageplanesandthe cyclo-
torsion which is the rotationof the camerasroundtheir optical axis. Fig. 6(a) shavs a
camerarotatingan anglew aroundan arbitrary (but fixed) axis. The anglebetweerthe
imageof the axis of rotationandthe vertical axisin theimageplane(in imagecoordi-
nates)s denotedby 6, asshavn in fig. 6(b). Theanglebetweertheimageplaneandthe
rotationaxisis representeth Fig. 6(c) by +. It isimportantto noticethattheangles) and
1 arepreseredby therotationaroundthe fixed axis. Let k; andk, bethe unit vectors
correspondingo the directionsof the opticalaxisof thereference&eameraandthecamera
rotatedby w, respectiely, accordingo fig. 7(a). It is easyto seethattheeffectof 8 onthe
orientationa of the epipolarlinesis simply to rotatethemby 6. Without lossof general-
ity, letd beequalto zero.To computex it is necessaryo projectk, backto thereference
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Figure6: (a) The camerasarerelatedby a rotationw arounda fixed axis. The angleé
shavn in (b) correspondso the anglebetweertheverticalaxisin imagecoordinategnd
theimageof theaxis of rotation.In (c) it canbeseerthaty is theanglebetweerthe axis
of rotationandtheimageplane.Both ¢ and@ do notchangedueto therotationw.

image,following thedirectionof k; (seefig. 7(b)). Usingelementarytrigonometryit is
possibleto shawv thattheanglea will begivenby

a = —arctan (sinzp X (hﬂ>) . (8)

sinw

For non-zeracyclotorsion(d # 0), theangley; ; of epipolarlinesatimage: producedy

Kz ke

() (b)
Figure7: Theorientationa of the epipolarlinescanbe computedrom theanglesy and
w andtheeffectof # canbeconsideredeparatelyThevectork, is projectedn theimage
planeaccordinghedirectionof k; .

imagej will begivenby v; ; = —0 + o, j, wherea; ; is thesameasin (8) with w = wj ;.
If asequencef n affineimagesof asurfacerotatingaroundafixedaxisis available,there
will ben + 1 parameterto beestimatedthe2 angles andy, andthen — 1 anglesy; ;41
betweersuccessie cameras Obviously, theanglew; ; betweerthecamerag and;j can
be computedasZ{c;g’1 witk i+k+1, andit doesnot needto be representedisingmore
parameterslt is worthemphasisingheimportanceof (8). It allowsfor therepresentation
of all then(n — 1) orientationf theepipolarlinesin asequencef n affine cameragall
arrangementsf pairsof images)with only n + 1 parameters.
Furthersimplificationcanbeachievedif theintrinsic parametersf theaffine camera
areassumedo be constant. In this casethe imageof the rotationaxis, representedby
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theline 1 in homogeneousoordinatesmustbe the samein all images. Every point x
(alsoin homogeneousoordinates)n 1, taken atimages:, mustcorrespondo a point x
with thesamecoordinatesn image;. LetF; ; bethefundamentamatrix relatingimages
i andj. Then,the equationx™F; ;x = 0 is satisfiediff the point x lies in the line L.
Assumenow thattwo epipolartangenciesireavailablein eachimage: andj, whichis
equialentto having at leastone closedcontourperimage. The intersectiorof the pairs
of corresponder&pipolarlines(overlapping'magesi andj) providestwo point5x1 and

; which satisfyx™F; ;x = 0, andthusmustlie in 1. Thus,the sequencef images
provldeSn( — 1) pointsto determinetheline 1. Sincetwo pointsfix aline, n(n — 1) — 2
points remain,eachone allowing one measuremerfor the estimationof the (n + 1)-
tupleof angles, ¢ and{w; ;11 }i—y ! hencefortidenotedby Q. Moreover, evenif all the
intersection®f theepipolarinesarealigned,onefurthermeasuremens still possibleas
theangled betweertheline 1 andtheverticalaxisin imagecoordinatesnustbe equalto
0. Theresultis thatn imagescontaining? epipolartangenciegachproviden(n — 1) — 1
measurements estimatehen + 1 parameter§2, which canthenbecomputedf n > 3.
This is a greatadvantageover the resultspresentedn [14, 6], whereeven for circular
motionwith fixedrotationangle 4 imageswith 2 epipolartangenciesverestill needed.
Theoverall costfunctionfor the estimationof Q is givenby

C(Q) = Y ((x(),1) + d(x%), 1) + (tanb — tan ), (9)
i,J

whered(x, 1) is the orthogonaldistancebetweenthe point x andtheline 1. Thetech-
nigueto estimatethe parametersf the circular motion of affine camerass summarised
in algorithm1.

Algorithm 1 Estimationof the motionparameterérom apparentontours.
trackthecontoursusingB-Splines;
initialise theangle?;
while not corvergedo
computahelntersectlonSc i andx( ) of epipolartangents
fit aline 1(£2) to thepomtsof |ntersect|on
computetheangled betweerl andtheverticalaxisin imagecoordinates;
computethecostfunctionC'(€2), asshavnin (9);
updatef2 to minimiseC(Q2);
end while

3.2 Experimental Results

A preliminaryexperimentwith syntheticdatawascarriedout. Five imagesof anellipsoid
weregenerated7] by successie rotationsof acameraby 20°. The optimisationmethod
usedto implementthe algorithm describedin algorithm 1 was the Broyden-Fletcher
Goldfarb-Shann$l12]. The computatiorof thedervativesof the costfunctionwasdone
by finite differencesandeachangleof © wasinitialized within 7° of the groundtruth.
Theepipolarlinesandtheirintersectionsfter corvergencecanbeseenin fig 8.

To evaluatethe effect of noisein the algorithm, eachellipse correspondento the 5
imagesof the ellipsoid was sampledin 50 points. Uniform noisewas addedto each
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Figure8: Imagesof the ellipsesandepipolarlinesafter cornvergence.Eachfigure shavs
theoverlappingof images; andj, fori = 1,...,4andj = ¢ + 1, ..., 5. Thestarsindicate
theintersectiorof correspondergpipolarlines.

angle 0 ¥ w12 w23 w34 w45

groundtruth 5° 20° 20° 20° 20° 20°

initial guess 0° 27° 13° 20° 34° 20°

noise | iterations | errorin® | errorine | errorinwi s | erorinws s | erorinws,4 | errorinwg s

0.0 39.0000 | 0.0097° 0.2297° 0.2205° 0.2206° 0.2244° 0.2252°
0.1 38.8571 | 0.2148° 0.5457° 0.4666° 0.4825° 0.4981° 0.5066°
0.5 29.8444 | 1.0025° | 0.9287° 0.8373° 0.7111° 0.7819° 0.6150°
1.0 26.0167 | 1.9926° | 1.2045° 1.0959° 1.0314° 1.0880° 1.0838°
15 23.4906 | 3.0633° | 1.7428° 1.4864° 1.7090° 1.7275° 1.6781°
2.0 21.7660 | 3.4753° 2.0284° 1.8631° 2.0974° 1.8470° 1.9657°

Tablel: After reachingheglobalminimavalley, thealgorithmpromptlycorvergesto the

correctsolution,andgenerallythe anglesdescribingthe motion are correctly estimated
within 2° of accurag. Neverthelessthe presencef local minimaandtheinsensitvity of

the costfunctionto variationsin w make the searchvery difficult.

point, anda new ellipse wasfitted backto the disturbedpoints. This experimentwas
reproducedL00 timesfor eachdifferentnoiselevel, andthe resultsof the experiments
that corverged are presentedn table 1. Theiterationspresentedor eachnoiselevel is
the averagenumberof iterationsbeforecorvergenceandall errorsareroot meansquare
errorsin degrees.Thenoiselevelis in pixels. Severalproblemswverealreadyfoundatthis
stageof theimplementatiorof thealgorithm. The expressiorfor «, givenby (8), is very
insensitve to changesn w for ary practicalvalue,e.g.,0 < w < /2. Theeffectof noise
producesnoredisturbancén a thansmallvariationsin w. Furthermorethecostfunction
C shawn in (9) hasmary local minimapoints,someof themin regionswith a radiusof
5° aroundthe globalminima, makingtheinitialisationstepof thealgorithmvery critical.

4 Conclusionsand Future Work

Thetechniquéor reconstructiomproposediereis indeedwell-known in stereo-visionin
the context of pointandline features Neverthelessits applicationfor curved surfacere-
constructionis original, andthe resultsobtainedwerecorvincing. Moreover, themethod
is moreflexible than previous ones,asit cancopewith affine cameras.This malesit
suitableto be usedin conjunctionwith the motion estimatiortechniquepresentedh sec-
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tion 3.

Thenovel algorithmfor motionestimatiorhereintroducechasa mainadvantageover
previously proposednethodsin thatit cancopewith circularmotionatavariablerotation
angleevenwhenonly two epipolartangenciesreavailablein eachimage.Thisis asitu-
ationof greatpracticalinterest,sinceit correspondso the motionof anobjectplacedon
aturntablespinningat unknovn angle. Althoughthe preliminaryresultsaresatisactory
the algorithmis very sensitve to noise,andthe presencef seserallocal minimapoints
in the costfunction (9) makesthe corvergencdifficult. Theinvestigatiorof solutionsto
theseproblemsareto beaddresseih a futurework.
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