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estimates constrained tobetween class posteriors

Pictorial representation of the space of distributions

path yielding minimum
sum of KL informations

information between sets of distributions

Identity metric matrix used to represent KL
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scores constrained to a
triangular manifold ABC
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3−dimensional score space

is the 1−dimensional
manifold BM
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(poor class discrimination)

region of overlap
class class
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distribution

(good class discrimination)

no overlap

(a) input space (b) log likelihood (c) likelihood score space
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&p7-? Zi,	/q5TYX/+BC&-O-58? 91,�@<,�;�(+3658&-9�U��d&hBT@6(1,	/J&IBC(+3A28,�3<9�ZIBT; 	8\'5 ��K`*-,�/1,L70&-/1,�9158@A28,	OhO0,	;	36913658&-9 BC/1,
O-,�;	3<O0,	O�ZpEjBT&{BC@6(+,�/1&IBm(+362T,u;	@<BT919J36HI,�/	=p3<O0,�BT@6@6E�3<?�? 7-&-,f(+5n7-&-/J,	915T@628,�O{O-,�;	36913<5T&-9	U"�¡5T/�;	58&-9J3<9�(+,	&�(
;	5T?�.IBC/13<9J58&>=m(+*-,XBC@6(+,�/1&IBm(+362T,M;�@GBT9J9136H-,	/�9J*-587-@6Oj/1,	�p7-36/1,u&05nBTO-O-3A(+3<5T&IBT@p3<&0Yt5T/1?�BC(+3658&nZ_,NE858&-Oj(1*IBC(
B�2CBT3<@<BTZ-@<,�(+5j(+*0,�5T/13<DT3<&IBT@_;	@<BT919J36HI,�/	U

gX*-369u91,�;�(+3658&:O-,�91;	/J3<Zi,	9X,
�0.i,	/J3<?�,	&�(+9X5T&L(+*-,�s�,N(+,�/1O-36&-D 285vKf,	@>OIBm(^BT9J,�(�U �%BT;^*SZ-36&IBT/JE�;�@GBT9J9136H-,	/
KMBT9{(+/1BT3<&0,	Oy36&y3<&-.070(L9J.IBT;	,�5T/{91;�58/1,a91.IBT;�,�7-9J3<&-D 9�� (+/+BC3<&-36&-D�91BT?�.-@<,�9	=�� � 91BT?�.-@<,�9�Yt/15T?
,�BC;^*�;	@<BT919�U��R3<&-;�,q(1*-,	/J,qKf,	/1,�[8[e;�@GBT9J91,�9	=��8��Z-36&IBT/�ES;	@GBC91913AHI,	/J9�Kf,	/J, /1,��p7-3</J,	O>U`gX*-,�(+,	9�(VO-BC(^B
;	5T?�.-/J3<9J,	O:(+*-,�Yt7-@6@�� �   91BT?�.0@<,	9X36&:(+*-,�(+,�9J(�.IBT/�(+3A(+3<5T&L5TY"(1*-,�s�,�(1,	/1O03<&-DjOIBm(^BT9J,�(�U

��������� � ��!#"�$&%('*)+"�,-,&�/.10*$2,3'54�!#,76-$98#':6&0*;<�=!<��!?>?8�6@,&>#"�'50

gX*-,�[BAm\ ;	58?�.i58&-,	&�(X36&-.-70(`9J.IBT;�,nKMBT9X,�36(+*0,	/X91;	BT@<,�OS58/X7-&-9J;�BT@6,	O>UC�'&S91;	BT@<36&-D-=0,	BT;^*W;	58?�._5T&-,	&�(
KMBT9n91;�BC@<,	OcZ�E$36(19�9J(^BC&-OIBT/JO�O-,N243GBC(13<58&�;	BT@<;�7-@GBC(1,	O$58&�(+*0,�(1/+BT36&-3<&0D:OIBC(^B:5TYb(+*0,�('Kf5W/1,	@6,�2CBT&�(
;	@<BT919J,	9�58&-@AE8U�gX*-,�;	@<BT919J36HI,�/19XKf,	/1,qBT9uYt58@6@<5vK`9	U

w | x�x ;	@<BT919J36HI,�/ED�(+*0,uO-3<9�(+/J3<Z-70(13<58&09GFX}�H �J�JI2�	��}LKv�JI2� � } � Yt58/ ,�BC;^*�Z03<&IBT/�E�.-/158Z0@<,	?M���^\ 2�\����
Kf,	/J,{D83A28,	&�;	58?�.-@6,ONR36(13<,	9�5CYX,	3A(+*-,�/�[8= ��5T/e�S;	58?�.i58&-,	&�(19q.i,	/e| xax U�gX*-,{;�5�2CBT/J3GBT&0;	,
?�BC(+/J3<;�,	9�Yt58/�(+*-,V|nBT7-919J3GBT&�?�3PN4(+7-/J,X;	58?�.i58&-,	&�(19bKf,	/J,V,	3A(+*-,�/b(13<,�O{BT&0O�7-.iOIBC(1,	O>=p(+36,	O�(+5
(1*-,nD8@<58Z-BT@�;�5�2CBT/J3GBT&0;	,T=I5T/X@<,�Y (`70&p(13<,�O>U

w �4� x ;�@GBT9J9136H-,	/EDF(+*-,c@<36&-,�BC/RQT,	/J&-,	@eBT&-O�&-58&-@63<&-,	BT/�|�BC7-919J3GBT&TSdBCO-3GBT@#UuBT91369a�I7-&0;�(+3658&
��|VSWUu����QC,	/J&-,	@�KM,�/1,n7-9J,	O>UbgX*-,e|VSWUu�XQT,�/1&-,�@�*IBT9�B�K`36O0(+*S.IBC/+BT?�,�(1,	/�Y�K`*-,�/1,T=

Y H Z�[&\^]�_-` ���RUA[��
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BT&0OkYt58/eOIBm(^Bm\ O-,	.i,	&-O0,	&-;NE ` KuBT9j9J,�( (15�(+*-,{D8,	58?�,�(1/136;{?�,�BT&k5CY�(1*-,L/1BT&-D8,�9j5TY`,�BT;^*
;�58?�.i58&-,�&�(e36&�36&-.-70(q91.IBC;	,LBC9qO-,N(+,�/1?�3<&-,�O�Z�E$(+*-,�(+/+BC3<&-36&-DS9+BT?�.-@<,�9�� [L���]USgX*-,�Y BT;�(158/
Z�[&\^]�_�KuBT9`7-9J,	/ \'O-,NHI&-,	O�U

�'&�,�BT;^*�,ONR._,�/136?�,�&p(�(1*-,V�8��Z-3<&IBC/JE ;�@GBT9J913AHI,	/J9%Kf,	/J,VBC@<@-D83A28,�&�(1*-,`9+BT?�,`;	58?�.-@6,ONR36('Ee58/�.IBT/1BT?�, \
(+,�/�91,N(1(+36&-D89�U"gX*-,�/1,XKuBC9b&05nBC(1(1,	?�.0(�(+5�� (+70&-,��836&-O-3A2R36O-7IBT@4Z-36&IBT/JEq;	@<BT919J36HI,�/19�U�gX*-,X,ONR.i,	/J3<?�,	&�(+9
Kf,	/1,%(+*0,	/1,NYt58/1,%.-70/1,	@AE�3<@6@<7-9�(+/1BC(+3A28,TU5�'&qBTO-O036(+3658&�(+*0,	/1,%KMBT9 5T&-@6E�B`;�5�BT/J91,b58.0(+36?�369+BC(13<58&d5TYR;	@GBC91913�\
HI,�/b;�58?�.-@<, N03A('Ee5T/�;	@GBC91913AHI,	/�9J,�(J(+3<&0D89%913<&0;	,`91;�58/1,`91.-BT;	,�9MBT/J,u(+*-,`?�BT3<&j,�?�.0*IBT91369�5TYi(+*-369�(+*-,�913<9�U
� ?�B�oJ58/J36('E$285T(13<&-D�9J;^*-,	?�,LKMBT9j7-91,�OQBC&-Oh7-&-/J,	915T@628,�O�O0,	;	36913658&-9 O-,�;	36O-,	OlZ�Ek/1BT&-O-58? 91,�@<,�;N\
(+3658&>Uqg ,�9J(q,	/1/J58/�/+Bm(+,	9�Kf,	/J,�/J,	.i58/J(1,	O$Z�E�;�BC@<;	70@GBC(13<&-DL, NR._,�;�(^Bm(+3<5T&-9n5�2T,	/�BT&$3<&RHI&-36(1,j&p7-? Zi,	/
5TY /+BT&0O-58? 9J,	@<,�;�(13<58&-9�U

gX*-, x � z =R@63<&-,	BT/f�4� x BT&-OS|1S�UM� \��4� x ;�@GBT9J913AHI,	/J9fK`36(1*�Zi,	9�(u.i,	/�Yt58/1?�BT&-;�,VBT/J,d9J7-?�?{BT/J3<9J,	O
3<&Sg BTZ-@6,��RU aRU

;�@GBT9J913AHI,	/ .IBT/1BT?�,N(+,�/19 36&-.-70( (1,	9J(�,�/1/15T/
('E4.i, 9J.IBT;	, /1BC(+,C= �

.-BT3</�K`3<91, | xax 9XK`36(+*�� \ �-[TU �
x � z ?�3JN4(+7-/J,�;	58?�.>U

� O-3<BTD-U�DT@<58ZIBC@>;	5v2CBT/19�U �
�4� x @<36&-,�BT/ QT,	/J&-,	@ 91;	BT@<,�O �p�4U  

	 H [
�4� x |VSWUu� QT,�/1&-,�@ 7-&-9J;�BT@6,	O ���4U6[

	 H [8=9Z	[&\7]�_ H�[

g BTZ-@<,W�4U a-D:�R,	@6,	;�(1,	OF._,�/1;�,	&�(^BTDT,W(1,	9J(�,�/1/15T/j/+BC(1,	9 Yt58/�B�?�B�oJ58/13A('E�2T5T(+36&-D$91;^*-,�?�,S58&lZ-36&IBT/�E
;	@<BT919J36HI,�/19X(+/1BT3<&0,	OS3<&:(+*0,�36&-.-70(`9J.IBT;�,nYt5T/u(+*-,�s�,�(1,	/JO-3<&-Dj2T5�Kf,	@ OIBC(+BT91,N(

w gX*-,eZ_,�9J( x � z�;�@GBT9J9136H-,	/�36&�3<&-.070(�9J.IBT;	, K`3A(+*$��?�3JNR(17-/1,q;	58?�.i58&-,	&�(19�._,�/n| x�x BT&-O
(13<,	O�O-3GBCD858&IBT@63<9J,	O�;	5v2CBT/13<BT&-;	,�9fE43<,�@<O-,�O �-[8U � � (+,�9J(M,	/1/J58/M/1BC(+,CU�gX*-,�Zi,	9�(u;	@<BT919J36HI,�/MZIBC91,	O
58&)Z03<&IBT/�EQO0,	;	36913658&-9:BT&0O Bk?�B�oJ58/J36('El285C(+3<&0Dk91;^*-,�?�,�E43<,�@<O-,�O �-[8U � � (+,	9�(S,	/J/158/L/1BC(+,C=
K`3A(+*��L?�3PN4(+70/1,e;�58?�._58&0,	&�(+9�.i,	/�| x�x BC&-O�(+36,	O�O-3<BTD858&IBC@<3<9J,	OW;	5v2CBT/13<BT&-;�,	9�91,N(�(+5L(1*-,

[E� A



D8@658ZIBT@%O-3<BTD858&-BT@<3691,	Oc;	5v2CBT/J3GBT&-;�,	9eYt5T/e,�BC;^*h.IBT3</�5TY`;�@GBT9J91,	9�U�gX*-,LYt7-@6@b9J,�(j5CYd| x s�9qYt58/
(1*-,dZ03<&IBT/�E�;	@<BT919J36HI,�/19bO-5q&05T(M&0,	;	,�9191BT/136@6E�?{BC.�ZIBC; Q�(15eB�9136&-D8@<,X;�58&-9J3<9J(1,	&�(u9J,�(M5TY�| x s�9
36&y3<&-.070(:91.-BT;	,C=�(1*-,	/J,	Z�E).i,	/1?�36(J(+36&-Dc(13<,�O)O-,	;�3<913658&-9L36&Q(+*0,�?{BvoJ58/13A('EF2T5T(+36&-Dh91;^*0,	?�,TU
gX*-,c,ONR;�,	.0(13<58& 3<9LK`*-,�&�,�BT;^*�| xax 36& Bh('Kf5C\';�@GBT9J9�.-/J58Z-@6,	? 369:(+/+BC3<&-,�O 58& K`36(1*-3<&4\
;�@GBT9J9q91BT?�.0@<,	9�58&-@AE8UW�d5vKf,�2T,	/ 7-9J3<&-DW(+36,	OkBC&-Ok7-.iOIBC(1,	Ok;�5�2CBT/J3GBT&0;	,	9�58/�O-3<9J;	/J3<?�3<&IBC(1362T,
(1/+BT36&-3<&-DX243<5T@GBC(1,	9�(+*-369", N0;�,	.0(13<58&�U"gX*-,f?�,N(+*-54Oe5TY0('ER36&-DV;�5v2TBC/13GBC&-;	,�9 (+*0,	/1,NYt58/1,f3<&0r-7-,	&-;�,	9
.i,	/�Yt58/1?�BT&-;�,TU

w �'&L(1*-,	9J,�,ONR._,�/136?�,�&p(19	=-�4� x 9uK`3A(+*S|1SWUu��58/f@<3<&0,�BT/�QT,�/1&-,�@<9uKf,	/1,�Zi5T(1*L91,�&-913A(+362T,V(+5 (1*-,
2CBT@67-,{5TYX(1*-,S�4� x .IBT/1BT?�,N(+,�/���U�gX*-,S�4� x K`36(+*F|1SWUu�TQC,	/1&0,	@MKMBT9j*-5vKf,�28,�/�?�58/J,
9J,	&-9J36(+3A28,{(15�(+*-, QT,	/J&-,	@uK`36O0(+*kBT9 91.i,	;�36HI,�OlZpE�(+*-,{91;�BC@<,{Y BT;N(+58/ Z	[&\7]�_iU�gX*-,:&-,	,�Ok(+5
58.R(+3<?�3<9J,jZ_5C(+*�(1*-,���.-BT/+BT?�,�(1,	/�BT&-O QT,�/1&-,�@bK`36O0(+*�O-3<91BTO02CBC(^BC&-D8,	9n(+*0,{BT.0.-@<36;�BC(13<58&$5TY
|1S�UM��QC,	/J&-,	@69	U � ;	58BT/19J,d58.R(+3<?�3<91BC(+3658&e5CY�� BT&0O Z�[&\^]�_qYt58/b�4� x 9bK`3A(+*�|VSWUu� QT,�/1&-,�@<9
36&�7-&-9J;�BT@6,	Ok36&-.-70(e91.IBC;	,�E436,	@<O0,	OhBW? 7-@6(13<;	BC(+,�D858/JE�;	@GBC91913AHI,	/�K`36(1*kB�(1,	9J(e,	/J/158/q/+BC(1,{5TY
���4U6[ � U gX*-,u@<5vKf,	9�(�(+,	9�(�,	/J/158/"/+BC(1,MYt58/��p� x 9�K`3A(+* @63<&-,	BT/�QC,	/J&-,	@69	=�K`*-,	/J,�� KMBT9�;�5�BT/19J,	@AE
58.R(+3<?�3<9J,	O�Yt58/�9J;�BT@6,	Oc3<&-.070(n91.IBC;	,T=�KMBT9q*03<D8*-,�/nBC(1�p�RU�  � U�gX*-,�Z_,N(1(1,	/n._,�/JYt58/J?{BC&-;	,�5TY
|1S�UM� QC,	/1&0,	@<9e917-D8DT,	9J(19e;�@GBT9J91,	9qKM,�/1,{&05T( @63<&-,	BT/1@AE�91,�.IBT/1BTZ-@<,�3<&�3<&-.070(e9J.IBT;�,TU��"3</J?�,�/
;�58&-;	@67-913658&-9u;	BT&-&-5C(`Z_,�?�BTO-,VK`3A(+*-5T70(`BT&:, N0*-BT7-9J(1362T,�5T.0(+36?�369+BC(13<58&�5TY"�4� x BT&-ORQC,	/J&-,	@
.IBC/+BT?�,�(1,	/19�U

w gX*-,d._,�/JYt58/J?{BC&-;	,�5TY �4� x 9MK`3A(+*{@63<&-,	BT/%58/M|VSWUu� QC,	/J&-,	@69MO-,�._,�&-O:58&{9J;�BT@63<&-D�(+*-,d3<&-.070(
9J.IBT;	,C=M58/j,��p7-362CBT@6,	&�(+@AEk58&h(+*0,W?�,�(1/136;{(+,�&-9158/�BT.0.-@<36,	Ok(+5$36&-.-70(�9J.IBT;	,CUF�¡5T/j,ON0BT?�.-@<,C=
(1*-, 3<&�(1/154O-7-;�(13<58&�5TY%91;	BT@<36&-D{(15{(+*-,e3<&-.-7R(�91.-BT;	,jO-,�;	/J,�BT9J,	O$(+,	9�(�,	/J/158/d/+BC(1,eYt/15T?(���RU a �
(15 �p�RU�  � Yt58/d�4� x 9VK`3A(+*a@63<&-,	BT/�QT,�/1&-,�@<9�=>BT&-O�3<&-;�/1,	BT91,�Oa(+,�9J(�,�/1/J58/d/1BC(+,�Yt/158?��8�RU6[ � (+5
���RU � � Yt5T/V�p� x 9�K`36(+*�|VSWUu� QT,�/1&-,�@<9��vU��4;�BT@63<&-D�,
	_,	;N(+362T,	@AEWBT.-.-@63<,	9dB�?�,N(+/136;�(+,	&09158/d3<&
36&-.-70(f91.IBC;	,�9J,�(M(15q(1*-,VO-3<BTD858&-BT@<3691,	OjYt58/J? 5TY>(+*0,VD8@658ZIBT@I;�5�2CBT/J3GBT&0;	,T=pK`*-,�/1,�;�58?�.i58&-,�&�(+9
5TY¡36&-.-70("91.IBC;	,`BT/J,MYt58/", N0BT?�.0@<,uBC919170?�,�O�;�58&�(+/1Bv2CBT/J3GBT&�(";	58?�._5T&-,	&�(+9�U � ;�;	58/JO-3<&0DV(+5 � .R\
.i,	&-O03PN$s UA[8U� R=>(+*03<9�?�,�(+/J3<;e(1,	&-9J58/�?�BvEaZ_,j243<,NKM,�O>=�7-&-O-,�/�BT919J7-?�.R(+3<5T&-9	=�BT9n?�B NR3<?�BT@<@AE
&-5T&-;	58?�?�36(1(+BT@>36&�9158?�,�91,	&091,TU�gX*03<9V?�B QC,	9�3A(V?�58/1,�917036(^BCZ-@<,n(+*IBC&a(+*-, �'O-,	&�(136('E�?�,N(+/136;
(1,	&-9J58/�58/�91;	BT@<,�O �'O-,	&�(+3A('E ?�,�(1/13<;f(+,	&09158/�36?�.-@63<,�OeZ�E�BT&j7-&091;�BC@<,	O�3<&0.-70(�9J.IBT;	,CU%�d5vKf,�28,�/	=
(1*-,{, N0.i,	/J3<?�,	&�(+9q91*-5vKf,	Ok(1*IBC(q91;�BC@<3<&0DWKMBT9e&05T( BC@6KMBvE49qZ_,�&-,�HI;�3GBT@%Yt58/n(+*-,{|1S�Uu� QT,�/�\
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&-,�@]=I.-/J58ZIBTZ0@6EL9J3<&-;�,�(+*-369WQC,	/J&-,	@�3<9`?�58/1,�9J7-91;�,	.0(13<Z-@6,�(+5�5�2T,	/�(+/+BC3<&-36&-D�BT&-OS(+*-,�2CBT/13<BT&-;�,	9
5TY%;�58?�._58&0,	&�(+9d3<&a(1*-,e58/J3<D836&IBT@�36&-.-70(V91.IBT;�,eKf,	/1,�BC@</1,	BTO0ESY BT36/1@6EL913<?�3<@<BT/��t(1*-, 9�(^BT&-O-BT/1O
O-,N243GBC(13<58&-9b5TY�,	BT;^*:;	58?�.i58&-,	&�(M3<&{36&-.-70(M91.IBC;	,V2CBT/J3<,	O�Z_,N('KM,�,	& A0U��qBT&-Oa[8U  nK`*-,	/J,�9J(+BT&R\
OIBC/1OWO-,�243GBm(+3<5T&-9XKM,�/1,e;	BT@<;�7-@GBm(+,	OS5v28,�/d(1*-,�(1/+BT36&-3<&0DjOIBC(^BjYt58/�BT@6@�[8[�;	@GBC9191,�9^� U`�R;�BC@<3<&0D�369
, N0.i,	;N(+,�O�(+5�Zi,�?�58/J,�Z_,�&-,�H-;	3GBC@>K`*-,	&�;	58?�._5T&-,	&�(X2CBT/13<BT&-;�,	9X2CBT/JE:9J3<D8&036HI;	BT&�(+@6ETU

gX*-,�@65�Kf,	9�(u(+,�9J(X,�/1/J58/u/+Bm(+,�Bm(`���RUA[ � 5870(1._,�/JYt58/J?�,�O{(+*-,VZ_,�9J(X? 70@6(+36;�BC(1,	D85T/JE�;	@<BT919J36HI,�/M(+/1BT3<&0,	O
3<&�B�9136&-D8@6,u91;�58/1,�91.IBC;	,�BC(f���0U�� � Yt/J58? �4,	;�(13<58&��RU��0U���5vKM,N28,	/f36(�KMBT9b9J(13<@<@R*-3<DT*-,	/�(1*IBT&j(+*-,��0[ �
(+,�9J(�,�/1/J58/V/1BC(+,q/1,	.i58/�(+,	Oa3<&a(1*-,j�4� x 9JE49J(1,	? 3<& � ��� ��U�gX*-369V369V.IBT/�(+@AESZ_,�;�BT7-9J, (+*-, �4� x KMBT9
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