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Abstract

A standard way of improving the robustness of speech recognition systems to noise
is model compensation. This replaces a speech recogniser’s distributions over clean
speech by ones over noise-corrupted speech. For each clean speech component, model
compensation techniques usually approximate the corrupted speech distribution with
a diagonal-covariance Gaussian distribution. This thesis looks into improving on this
approximation in two ways: firstly, by estimating full-covariance Gaussian distribu-
tions; secondly, by approximating corrupted-speech likelihoods without any paramet-
erised distribution.

The first part of this work is about compensating for within-component feature
correlations under noise. For this, the covariance matrices of the computed Gaussians
should be full instead of diagonal. The estimation of off-diagonal covariance elements
turns out to be sensitive to approximations. A popular approximation is the one that
state-of-the-art compensation schemes, like vTs compensation, use for dynamic coeffi-
cients: the continuous-time approximation. Standard speech recognisers contain both
per-time slice, static, coefficients, and dynamic coefficients, which represent signal
changes over time, and are normally computed from a window of static coefficients.
To remove the need for the continuous-time approximation, this thesis introduces a
new technique. It first compensates a distribution over the window of statics, and then
applies the same linear projection that extracts dynamic coeflicients. It introduces a
number of methods that address the correlation changes that occur in noise within this
framework. The next problem is decoding speed with full covariances. This thesis re-
analyses the previously-introduced predictive linear transformations, and shows how
they can model feature correlations at low and tunable computational cost.

The second part of this work removes the Gaussian assumption completely. It
introduces a sampling method that, given speech and noise distributions and a mis-
match function, in the limit calculates the corrupted speech likelihood exactly. For
this, it transforms the integral in the likelihood expression, and then applies sequen-
tial importance resampling. Though it is too slow to use for recognition, it enables
a more fine-grained assessment of compensation techniques, based on the kL diver-
gence to the ideal compensation for one component. The KL divergence proves to
predict the word error rate well. This technique also makes it possible to evaluate the
impact of approximations that standard compensation schemes make.
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Notation

Operators
arg max, ¢(x) The value of x that maximises ¢ (x)
* Convolution

Absolute value

Matrixes and vectors

Matrix

Rowiof A

Element (i,j) of A

Vector

Elementiof b

Identity matrix

Vector/matrix with all entries O
Vector/matrix with all entries 1
Determinant

Norm

Trace

Inverse

Transpose

Inverse and transpose

Matrix diagonalisation
Element-wise exponentiation, logarithm,
multiplication

Distributions

P Real distribution

q Approximate distribution

P Empirical distribution

E{a} Expected value of a

Eplal Expected value of a under p

Var{a} Variance of a

KL(pllq) Kullback-Leibler divergence to p from q
H(pllq) Cross-entropy of p and ¢
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a~N(uqg Zq)

N(a; Hay Za)
u ~ Unif|a, b]

Entropy of p
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if the argument is true and to O otherwise

Dirac delta: distribution with non-zero density only
at x = a, where the density is infinite, but
[8a(x)dx =1

a is Gaussian-distributed with mean p, and
covariance X4

Gaussian density evaluated at a

u is uniformly distributed between a and b
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Observation feature vector
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Additive noise

Convolutional noise

Phase factor

Power of spectrum

Static feature vector

Vectors with first- and second- order dynamic
features

Extended feature vector

Log-mel-spectral feature vector
Spectral-domain signal

Time domain signal

Mismatch function

Jacobian of mismatch function with respect to the
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Speech recogniser parameters
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Mean of component m
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A Transformation

A Linear transformation

b Bias

H Linear transformation expressed on the model
parameters

g Bias expressed on the model parameters

D Projection to static and dynamic coefficients
L Log-likelihood

F Lower or upper bound
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t Time

w Window size

T Front-end component
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d Feature vector length

s Static feature vector length

k Fourier frequency

i Filter bin index

Monte Carlo

2% Integrand

s Normalised target distribution
Z Normalising constant

p Proposal distribution

u Sample
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w Sample weight







Chapter 1

Introduction

Automatic speech recognition is employed in many places. The most popular operat-
ing system for personal computers, Microsoft Windows, has shipped with a dictation
system for years. Google’s Android operating system for phones now supports using
speech to run commands and input text. Mobile phones in particular are likely to be
used in noisy places. This tends to highlight that speech recognisers are more sensit-
ive to noise than humans: performance deteriorates quickly under noise that hardly
affects human speech recognition (Lippmann 1997).

There are two approaches to make speech recognisers more robust to noise. One
is to reconstruct the clean speech before it enters the speech recogniser. The other is
to compensate the speech recogniser so it expects noise-corrupted rather than clean
speech.

The first approach is called feature enhancement. Since it aims to reconstruct the
clean speech feature vectors and then passes them to the unchanged speech recog-
niser, it is usually fast. However, propagating just a point estimate of the clean speech
discards the information on the uncertainty of the estimate, which is important. For
example, loud noise can mask quiet speech completely. Though this makes the clean
speech estimate meaningless, the speech recogniser treats it as the real clean speech,
which causes recognition errors.

The other approach, model compensation, is the focus of this thesis. It has ob-
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tained better performance than feature enhancement, especially under low signal-
to-noise ratios. Model compensation finds a distribution over the noise-corrupted
speech. It computes this from a trained speech recogniser, which constitutes a model
of the training data, and an estimated model of the noise. Most model compensa-
tion methods replace each clean speech Gaussian with a corrupted speech Gaussian
with a diagonal covariance matrix. This is an approximation. If the speech and noise
distributions were correct and the replacement distribution were the exact one, then
according to the Bayes decision rule the speech recogniser would yield the optimal
hypothesis.

This work will therefore look into modelling the corrupted speech more precisely
than with a diagonal-covariance Gaussian. It will look into two different aspects. First,
diagonalising covariance matrices neglects the changes in correlations between fea-
ture dimensions under noisy conditions. However, in reality, feature correlations do
change. For example, in the limit as the noise masks the speech, the correlations of the
input data become equal to those of the noise. The first part of this thesis will there-
fore estimate full-covariance Gaussians. The second part derives from the observation
that given a standard form for the relationship between the corrupted speech and the
speech and noise, the corrupted speech is not Gaussian even if the speech and noise
are. Rather than using a parameterised distribution, it will approximate the corrupted
speech likelihood directly, with a sampling method. The following outlines the contri-
butions of this thesis. Publications that have arisen from the Ph.D. work are indicated
with “(published as van Dalen and Gales 2009b)”.

The first part will find compensation that models correlation changes under noise.
The obvious approach, which is to forgo the diagonalisation of estimated corrupted
speech covariances, will encounter two problems. The first problem is that common
approximations to estimate parameters for dynamic coefficients cause off-diagonal ele-
ments of the covariance matrices to be misestimated. These dynamics indicate the
change in the signal from time slice to time slice. They are computed from a window

of per-time slice, static, coefficients. The state-of-the-art vTs compensation scheme



uses the continuous-time approximation, which simplifies computation by assuming
the dynamic coeflicients to be time derivatives. Chapter 5 will propose using distribu-
tions over vectors of all static features in a window, called extended feature vectors. It
proposes extended ppMc (published as van Dalen and Gales 2008) and extended vTs
(published as van Dalen and Gales 2009b;a; 2011). These compensation schemes, de-
rived from the ppMmc and vTs compensation schemes, compute the effect of the noise
on each time instance separately and then perform the mapping to statics and dy-
namics. The more precise modelling enables speech recognisers to use full covariance
matrices to model correlation changes.

Having estimated full covariance matrices, decoding with full covariances is slow.
Chapter 6 will therefore propose a general mechanism to approximate one speech
recogniser parameterisation with another one. This effectively trains the latter on pre-
dicted statistics of the former. Chapter 6.2 will re-analyse predictive transformations
(first introduced in van Dalen 2007; Gales and van Dalen 2007), as minimising the
Kullback-Leibler divergence between the two models. This is used to convert full-co-
variance compensation into a tandem of a linear transformation and a diagonal bias
on the covariance matrices. Since the covariance bias is diagonal, once compensa-
tion has finished, decoding will be as fast as normal. When combined with a scheme
that applies compensation to clusters of Gaussians at once, joint uncertainty decoding,
compensation is also fast. The choice of the number of clusters provides a trade-off
between compensation accuracy and decoding speed. The combination of a compens-
ation scheme with extended feature vectors, joint uncertainty decoding, and predic-
tive linear transformations yields practical schemes for noise-robustness.

The second part of this thesis is more theoretical. The corrupted speech distribu-
tion is not Gaussian, even though most model compensation methods assume it is.
There has been no research on how good model compensation could be with speech
and noise models that modern recognisers use. Chapter 7 will therefore investigate
how well speech recognisers would cope with noise if they used the exact corrup-

ted speech distribution. It turns out that this is impossible: there is no closed form
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for the corrupted speech distribution. However, a useful approach is to re-formulate
the problem. In practice, no closed form for the distribution is necessary: a speech
recogniser only needs likelihoods for the observation vectors in the data. These like-
lihoods can be approximated with a cascade of transformations and a Monte Carlo
method, sequential importance sampling. As the size of the sample cloud increases,
the approximation converges to the real likelihood. Section 7 will discuss this trans-
formed-space sampling (published as van Dalen and Gales 2010a;b) in detail.

In coming close to the real likelihood, transformed-space sampling becomes so
slow that implementing a speech recogniser with it is infeasible. It is, however, pos-
sible to make a more fine-grained assessment of speech recogniser compensation, with
a metric based on the kL divergence (section 7.4). In the limit, the new sampling
method will effectively give the point where the kL divergence is zero, which is oth-
erwise not known. This calibration will make it possible to determine how far well-
known compensation methods are from the ideal. This work will examine how well
the KL divergence predicts speech recogniser word error rate. It will compare differ-
ent compensation schemes, and examine the effect of common approximations. This
includes assuming the corrupted speech distribution Gaussian and diagonalising its
covariance matrix, and approximations to the mismatch function. This illustrates that

the new method is an important new research tool.

10
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Cbapter 2

Speech recognition

Speech recognition is the conversion of speech into text. “Text” here means a sequence
of written words. This chapter will give an overview of speech recognition.

A speech recogniser first converts the incoming audio into a sequence of feature
vectors that each represent a fixed-duration time slice. Section 2.1 will discuss the
standard type of features that this thesis will use: Mrccs. The feature vectors serve as
observations to a generative probabilistic model, the topic of section 2.2, that relates
them to sequences of words. Section 2.3 will then explain how the acoustic part of
the model, the focus of this thesis, is trained. The process of finding the best word

sequence from the observation sequence, decoding, will be the topic of section 2.4.

2.1 Feature extraction

The initial digital representation of an audio signal is a series of amplitude samples
expressing the pressure waveform at, say, 8 or 16 kHz. Speech recognisers apply a
number of transformations to translate the stream of samples into a sequence of low-
dimensional feature vectors. The standard type of feature vector for a time instance
contains mel-frequency cepstral coefficients (MFccs) extracted from one time slice
(section 2.1.1). Appended to these “static” coeflicients are dynamic coefficients that

represent the changes in the static features (section 2.1.2).

13
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Filter weight wiy

7 TR S 8 A A [

0 30 60 20 120
Frequency k

Figure 2.1 Mel-spaced filter bins. Alternate filters are coloured differently.

2.1.1  Mel-frequency cepstral coefficients

The objective of feature extraction is to represent the audio signal at discrete intervals
by a small number of features that are useful for speech recognition. The proced-
ure that produces mel-frequency cepstral coeflicients (Davis and Mermelstein 1980)
first finds coeflicients that indicate the energy in human-hearing-inspired frequency
bands. It then converts these into (usually 24) features that have decreasing relation
on the shape of the mouth and increasing relation with voice qualities, and retains
only the first (usually 13). The following goes into more detail.

The spacing of the feature vectors, usually 10 ms, is chosen so that for one time
slice the spectrum can be assumed to be stationary. A Hamming window is applied
to a short time slice (of usually 25 ms). A Fourier transformation of the signal wave-
form x[t] results in the spectrum X[k] representing the audio in that time slice. The
phase information of the spectrum is then discarded by taking the magnitude, or a
power, of the spectrum. The spectrum has a resolution higher than necessary for rep-
resenting the shape of spectrum for speech recognition. Triangular filters (usually 24)
on a mel-scale, which imitates the varying resolution of the human ear, are therefore

applied. Figure 2.1 contains a depiction of filters on the mel-scale. Lower-indexed bins

14



2.1. FEATURE EXTRACTION

are narrower, and span fewer frequencies, than higher-indexed bins. Describing filter

bin i with filter weights wyy for frequencies k, the mel-filtered spectrum with is
X; = Zwﬂdx[k]![3 . (2.1)
k

Usual values for the power 3 are 1 (indicating the magnitude spectrum) or 2 (the
power spectrum). Filter bank coefficients X; are called mel-spectral coefficients.

The next step is motivated by a source-filter model. The source models the vocal
cords, and the filter models the mouth. Since in speech recognition, voice quality is
mainly irrelevant but the shape of the mouth is of interest, attributes influenced by
the source should be disregarded and attributes influenced by the filter retained. In
the time domain, the filter convolves the source signal; in the spectral domain, this
becomes multiplication. Then, the logarithm of each the filter bank coefficients is

found:

Xi
x'°8 = log : , (2.2)

X
with log(-) denoting the element-wise logarithm. The resulting vector x'°® represents

the log-spectrum.

In this domain, the source and the filter are additive. It is assumed that the filter
determines the overall shape of the elements of x'°8. To separate it from the source,
frequency analysis can be performed again, this time on x'°8. This uses the discrete

cosine transform (pcT), which is a matrix Cyyj, the elements of which are defined as

Cij = \/?cos((2j — 1)2(11_ 1)7'() . (2.3)

By taking the discrete cosine transform of x'°8, an I-dimensional vector of mel-

frequency cepstral coefficients xfy, is found:
x5 = Cpx8. (2.4)

The following step is to discard the higher coefficients in the feature vector. One way of

viewing the effect of this is by converting back to log-spectral features. (In section 4.2

15
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this will actually be done to express the effect of noise.) Back in the log-spectral do-
main, higher-frequency changes from coefficient to coefficient, which are assumed to
relate to the source more than to the filter, have been removed. Discarding the last
part of the MFcc feature vector therefore has the effect of smoothing the spectrum.

Truncating xfﬂ to the first s elements,
X? = C[S]Xlog, (2.5)

where Cjg is the first s rows of C, and s < I. For notational convenience, (2.5) will be

written as
x* = Cx'°8, (2.6)

These features form the “cepstrum” To represent the sequence of operations leading
to them in noun compound summary format, the features are called “mel-frequency
cepstral coefficients” (MFccCs).

MFCCs are popular features in speech recognition. The first coefficient represents
a scaled average of the coefficients in the log-spectral feature vector in (2.2). This
coeflicient is often replaced by the normalised total energy in the filter bank. However,
like most work on noise-robust speech recognition, this thesis will use feature vectors

with only MFccs.

2.1.2 Dynamic coefficients

It will be discussed in section 2.2 that the feature vectors will be modelled with a hid-
den Markov model (HMM). Hidden Markov models assume that given the sequence
of states that generate the feature vector, consecutive observations are independent.
This implies that consecutive feature vectors generated by a single sub-phone are in-
dependent and identically distributed. Thus, no information about changes over time
is encoded, other than through switching sub-phone states. To alleviate this problem,
consecutive feature vectors can be related by appending extra coefficients that approx-

imate time derivatives (Furui 1986). Usually, “delta” and “delta-delta” coefficients are
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2.1. FEATURE EXTRACTION

included, representing feature velocity and acceleration, respectively. These dynamic
coeficients lead to large improvements in recognition accuracy and are standard in
speech recognition systems.

As an approximation to time derivatives, linear regression over a window of con-
secutive frames is used. For exposition, assume a window £1 around the static feature

vector x§. The dynamic coefficients x2* are then found by
X
X8 = [—%I 0 %I] x| =D, (2.72)
Xt
where X{ is an extended feature vector, which is a concatenation of the static coefhi-

cients in a window, and D is the projection from x§ to x£. Then, a feature vector

with statics and first-order dynamics (“deltas”) is

S
xS 0o 10| D
xe=| ‘| = X | = x¢ = Dx¢, (2.7b)
x§ —110 31 D4
Xt

where D*® projects x{ to x§, and D projects x§ to the final feature vector x;. With the
window of one time instance left and one right, this uses simple differences between
static feature vectors.

In general, first-order coefficients xtA are found from consecutive static coefficients

S S
Xi—wy + oy Xpw by

XA — i i(xiﬁ —x3 )
¢ 2y 5,2

(2.8)

Second-order coefficients xtAz are found analogously from x£* ..., x2, ,, and similar
for higher-order coefficients. The extended feature vector x{ then contains the statics
in a window (w + v). The transformation from x§ to feature vector x; with these
higher-order terms remains linear, so that D in (2.7b) is straightforwardly general-

ised. The feature vector with static and first- and second-order dynamic coefficients
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Figure 2.2 Graphical model of a Markov model. Circles represent random vari-
ables.

(“deltas” and “delta-deltas”) is then computed with

S S
xt Xt—w—v
xi = | x| = Dxg, X{ = : : (2.9)
A? s
Xy Xt tw+v

For exposition, however, this work assumes (2.7b).

2.2 Hidden Markov models

To describe the relation between word sequences and feature vector sequences, speech
recognisers use a generative model. This is a joint distribution of word sequence W
and feature vector sequence X, p(W, X). In such a model, the words generate feature
vectors, called observations. A problem is that a word has a variable duration, and
therefore the number of observation vectors it generates is also variable. To solve this,
a latent discrete sequence of fixed-interval units is introduced. The observation at
time t is assumed generated by the state at time t, written 6. Denoting the sequence

of states with ©,
pX,W) =} p(XIO)P(O,W). (2.10)
(C]

The distribution P(©|W) performs a mapping from a sequence of words to a sequence
of states. To make training (section 2.3) and recognition (section 2.4) feasible, the
Markov property is assumed: the state at time t only depends on its predecessor, not
on further history. Figure 2.2 has a simple graphical model of this, with 0; a random
variable that represents the active state at time t. Section 2.2.1.2 will give more detail

on how the transition probabilities are determined.
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2.2. HIDDEN MARKOV MODELS

Figure 2.3 Graphical model of a hidden Markov model. The shaded circles rep-
resent observed variables.

To include the acoustic information in this model, the feature vectors, represent-
ing the acoustics at time t, are attached. Given the state sequence, the feature vectors
are assumed independent. Because when training or decoding the feature vectors gen-
erated by the states are observed, but not the states themselves, the resulting model is
called a hidden Markov model (HMM). Figure 2.3 shows the graphical model. Two
important properties of the HMM are the Markov property, and the conditional inde-
pendence assumption: the observation at time t only depends on the state at time t.

The arrow from state 0 to observation x in figure 2.3 represents the state output

distribution. This distribution, q'®)(x), is usually a mixture of Gaussians:

q@x) =Y my'q™(x), S =1, (2.11)
m m

where m(ﬁ) is the mixture weight for mixture 8 and component m, and g™ the com-

ponent’s Gaussian distribution. This can also be expressed as a graphical model: see
figure 2.4 on the following page. The component that generates the observation is
indicated by a random variable m;. Figures 2.3 and 2.4 represent different ways of
looking at the same speech recogniser, but showing the components m; explicitly as
in figure 2.4 is useful for training, and making them implicit in the distribution of x;
for decoding.

Components are usually multi-variate Gaussians, which are parameterised with

mean uim) and covariance Zf(m):

4™ x) =N (W™, £)

— ‘2ﬂ£>(<m)‘_% exp (— 1j(x — u&m))T

Z&m)q (x — p.im))> . (2.12)
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.

Figure 2.4 Graphical model of a hidden
output distributions.

=

arkov model with mixture models as

Sometimes it is more useful to express the Gaussian in terms of the inverse covariance.
This precision matrix will be written AM = Z)((m)_].

The covariance is often constrained to be diagonal, so that one Gaussian requires
less data to estimate. This does not model within-component correlations that are

there. To model some correlations while reducing the amount of training data re-

quired, structure can be introduced in covariances. This will be the topic of section 3.3.

2.2.1  State sequences

To use HMMs in a speech recogniser, it must define probabilities for state sequences
and relate them to words. That is, it must define P(©, W) in (2.10). It is convenient to
write this distribution in terms of the prior distribution P(W) and the likelihood of

the state sequence P(@) W:
P(O,W) =P(W)POW). (2.13)

The distribution over word sequences P(W) is called the language model.! The dis-
tribution P(®|W) performs a mapping from a sequence of variable-length words to
a sequence of fixed-length states. It is possible, if not very insightful, to describe this
mapping with a graphical model (Murphy 2002; Wiggers et al. 2010). A more insight-

ful method is to use weighted finite state transducers.

"Whereas in linguistics speech is considered the only real form of language and spelling a confusing
artefact, in computational linguistics “language” refers to written text.
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2.2. HIDDEN MARKOV MODELS

Thus, section 2.2.1.1 will describe the language model in terms of a probabilistic
model, P(W) and section 2.2.1.2, will describe P(®|W) as a composition of weighted

finite state transducers.

2.2.1.1  Language modelling

In the generative model in (2.10), the probability of each possible word sequence must
be defined. For tasks where the inputs are constrained, this is often straightforward.
For example, if a ten-digit phone number is expected, the probability of any such digit
sequence can be set to the same value, and any other word sequence can receive a
zero probability. For some tasks it is possible to set up a limited grammar. However,
if free-form input is expected, no word sequences are impossible, though some may
be improbable. Higher probabilities may be assigned to grammatical sentences (or
fragments) compared to ungrammatical utterances, and semantically likely sequences
compared to unlikely ones. This is often done by training a statistical model on data.
A language model can be seen as a probability distribution over word sequences. If

sentences are considered independently, the probability of a sentence W = wy, ..., wp

P(W) = P(w1) P(wlwq) Plwslwi, wa) - - Pwrwy, ... ywrq)
L
= [Plwitwr, ... owis). (214)
i1

This factors the probability of a word sequence into probabilities of each word condi-
tional on the word history, which can be trained from data. The usual strategy is to ap-
ply maximum-likelihood estimation, which in this case sets probabilities of words for
a given word history proportional to its count in the training data. However, though
there may be enough data to do this for zero-length histories, the last word depends on
all previous words, which most likely occur only once in the training data and never

in the test data. This is an example of over-training: the trained model would assign a

*Boundary effects are ignored for simplicity.
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zero probability to most sentences. The word history is therefore usually constrained

to N — 1 words:
Pwilwi, ..., wis1) >~ PWilwi_ngr, ..oy Wis). (2.15)

This type of model is called an N-gram model, and a typical value for N is 3.

For N > 2, usually not all word tuples have been seen in training data, so it is
often necessary to recursively back off to data from a shorter word history, or to inter-
polate between N-gram models for different values of N. A state-of-the-art back-off
scheme is modified Kneser-Ney (Chen and Goodman 1998). An alternative method
to guard against over-training is to apply Bayesian methods, where a prior over para-
meters keeps them from assigning all probability mass to seen events. An interesting

approach derives from a hierarchical Pitman-Yor process (Teh 2006).

2.2.1.2  Latent discrete sequence

To map words onto fixed-time units, words are converted to sequences of fixed-time
discrete states. The state space can be described in various ways, but an insightful
one is as a network of states. A formalism that produces these networks (and can be
fast when embedded in a speech recogniser) is that of weighted finite state transducers.
Mohri et al. (2008) gives a good overview of how this works. The following will briefly
describe how to construct a state network for speech recognition.

A finite-state automaton has discrete states that it switches between at each time
step. Which transitions are possible is specified explicitly. Finite state transducers add
to each transition an input symbol and an output symbol. They are therefore able to
convert one type of symbol sequence into another. It is allowable for a transition to
either not input any symbol, or not to output any. An empty input or output is indic-
ated with “€”. This is useful if input and output sequences have different lengths, as
when converting from words to states. Weighted finite state transducers, finally, add
weights to transitions. For the sake of clarity, the weights will here stand for probab-
ilities that are multiplied at each transition. This section will use weighted finite state

transducers to convert word sequences into state sequences.
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Transducer Result Weight
Input sequence three two

Language model three two 0.01
Pronunciation lexicon Ori:tw 0.01
Sub-phones 01020203r1r2r3r3r3iu 58-107%

i1 i:2 1:3 t1 t2 t2 t2 t3 t3 w1
Wil w2 w2 w2 w3 w3

Table 2.1 Conversions that the weighted finite state transducers in figure 2.5 on
the following page, applied after one another, may apply, starting from an input
sequence.

Figure 2.5 on the next page illustrates component weighted finite state transducers
that when composed can convert a sequence of words to a sequence of discrete equally-
spaced states. The transducers in the chain translate between a number of alphabets.
The output alphabet of the one must be the input alphabet of the other, et cetera. The
arbitrarily numbered circles represent states. The bold circles are start states, and the
double-bordered ones end states, which can, but do not necessarily, end the sequence.
The arrows represent transitions. Their labels consist of an input symbol, a colon (:),
an output symbol, a slash (/), and a transition weight (here, a probability).

Figure 2.5a contains a simple language model that can take digit sequences. Its
input and output symbols at each transition are equal. Table 2.1 shows the effect of
applying this transducer to a sample sequence (first and second rows): it merely com-
putes a weight. This weight stands for the probability of the word sequence. It has
a weight of 0.1 for each word, and a transition from state 2 to 1, without consuming
or producing any symbols, to allow repetition. It is straightforward to use the same
ingredients to generate a representation of a fixed grammar, or of a probabilistic lan-
guage model trained on text data.

For a small vocabulary, it is possible to train the acoustics of every word from
audio separately. In the digit sequence example, this could be an option, if the data
contains enough examples of all words. However, in general words are mapped to a
sequence consisting of symbols from a smaller alphabet with a pronunciation diction-

ary. These sub-word units are supposed to represent the pronunciation of the words.
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zero:zero/0.1

-0

(a) Simple language model for a digit se-
quence.

(b) Simple pronunciation lexicon: mapping words to
phones.

€:t1/0.8 €:t2/0.7 €:t3/0.5

(c) Mapping phones to sub-phones.

Figure 2.5 Component weighted finite state transducers for building a speech re-
cognition network.
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However, standard linguistic units are usually considered to be at the wrong level of
detail. There are phonemes, which are supposed to encode an underlying represent-
ation. Thus, the second ¢ in “electric” and in “electricity” could be encoded with the
same symbol (see, e.g., Harris 1994), even though they are always pronounced differ-
ently. On the other hand, phonetic transcriptions encode differences due to accents
and sheer chance. Thus, it changes the transcription whether the last sound in a real-
isation of the word “hands” sounds like a z or a s, or changes halfway through (see,
e.g., Collins and Mees 1999). It also encodes allophonic differences, like in realisations
of the [ in the words “clear”, “voiceless, and “effulgent”. Speech recognisers” acoustic
models are powerful enough to deal with part of the pronunciation variability, and
it is also possible to encode sound context (see below). A level of transcription in
between phonemic and phonetic is therefore usually chosen for the sub-word units.
These units are referred to with the linguistically neutral term phone.

The third row of table 2.1 shows what the mapping from a word sequence into a
sequence of phones produces. Figure 2.5b shows a weighted finite state transducer
that performs the mapping. Because most words consist of more than one phone, the
transducer needs to generate output symbols without consuming any input; this is
indicated on the transitions by “€” for the input symbol. It does not make a differ-
ence in theory which transition on a deterministic path carries the non-empty input.
For performance reasons, practical speech recognisers will apply operations on the
transducer (for more details, see Mohri et al. 2008) to move the word symbol further
back. Since there is no pronunciation variation that needs encoding, the transducer
here is deterministic, with weights 1 throughout. It is, however, possible to include
alternative phone sequences for one word with the appropriate probabilities.

Movement of articulators is a continuous process. To represent the resulting change
in acoustics during the realisation of a phone, with discrete units, phones are split into
sub-phones. There must be a balance between time resolution of the acoustics and the

amount of training data available for each sub-phone. The canonical number of sub-

phones per phone is therefore three.
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Figure 2.5¢ shows part of a weighted finite state transducer that converts phones
(e.g. “0”) into sub-phones (e.g. “02”). Since one phone generates more than one sub-
phone, many transitions take no input symbol, which is indicated with “€”. Some
states have self-transitions, which produce the same sub-phone label every time they
are chosen. This makes the transducer non-deterministic and allows the sub-phone
sequence to have varying lengths. Duration modelling is not very sophisticated: com-
putational constraints practically dictate a geometric distribution for the sub-phone
duration on one path through the network. The weight on a self-transition is the para-
meter of this geometric distribution.

The bottom row of table 2.1 contains an example sub-phone sequence derived from
the phone sequence. Each of the sub-phones produces one time slice, of which sec-
tion 2.2 will discuss the properties.

There are a number of additional steps in producing a real-world speech recog-
niser. One is to introduce context-sensitive phones. This divides phones up depending
on previous and following phones, which is straightforward to implement as a finite
state transducer. To combat the resulting explosion of the number of parameters, it
is usual to map phone or sub-phone models that share properties and acoustics into
equivalence classes. A decision tree is built that for each split picks from a list the
phonetically-inspired question that best separates the data. For example, an [ like the
one in “effulgent” may be separated from other allophones of / if the question “Is the
next phone a consonant?” appears in the decision tree. Once the mapping into equi-
valence classes has been found, a finite state transducer straightforwardly performs
the conversion.

Another trick, used for decoding, is to apply acoustic deweighting. The acoustic
model’s probabilities have too great a dynamic range, so that they swamp out the lan-
guage model’s probabilities. The usual work-around is to take the acoustic model’s
transition weights to a power smaller than 1 before multiplying them with the lan-
guage models.

The discussion has so far considered separate transducers that take an input se-
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quence and produce an output sequence. However, when decoding, many paths must
be considered at the same time, through the whole cascade of transducers at once, and
it is the inverse transducers that are necessary. A transducer is inverted by exchanging
input and output symbols on all transitions. Following many paths in a cascade of
transducers is less easy.

Conceptually, the transducers are composed into one big transducer that con-
sumes a word sequence and non-deterministically produces a sub-phone sequence.
Aslong as the empty symbol € is not considered, composing two transducers straight-
forwardly yields a new transducer. Its state space is the product space of the two trans-
ducers. For transducers with e-transitions, performing composition is less straight-
forward, but possible (Mohri et al. 2008). It is also often beneficial to determinise and
minimise the transducers so that, for example, words in the pronunciation lexicon
share states as much as possible. These operations are generic, but it is also possible to
use algorithms for specific network types (e.g. Dobrisek et al. 2010). It is possible to
expand the whole network for a system with a large vocabulary and language model.
However, this often requires much memory. Alternatively, though it is non-trivial, the
composition operation can be performed on the fly, by introducing filters (Oonishi
et al. 2009; Allauzen et al. 2009), some of which are necessary for correct operation,
and some increase decoding speed. Transducer composition is an associative opera-
tion. This allows some of the composition operations to be performed oft-line, and
the resulting network to be stored, and the rest to be done on the fly.

It is possible to express training a speech recogniser and decoding with it as opera-
tions on weighted finite state transducers. This requires setting up a linear transducer,
with states that represent times, and transitions that convert all sub-phones into the
feature vector found between these times, with the correct probabilities. However, this
is not the most enlightening way of looking at this. The following section will use the
active sub-phone at any given time as a random variable, probabilities of sequences of

which are governed by the fully composed weighted finite state transducer.
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Training

Speech recognisers, like most statistical models in machine learning, are trained on
data. The criterion used to optimise the parameters is usually the likelihood. This is
sometimes followed by discriminative training. However, since in this work the noise
model must be estimated on unlabelled data, maximum-likelihood estimation will be
used. This is only consistent if the speech model is generatively trained, so this thesis
will only use maximum-likelihood estimation for the speech model.

The objective is usually to find the model parameters that maximise the likelihood
of the labelled training data. Section 2.3.2 will discuss maximum-likelihood estima-
tion and its instantiation for models with hidden parameters, expectation-maximi-
sation. Section 2.3.3 will discuss how expectation-maximisation is applied to speech
recognisers.

Maximum-likelihood estimation, which normally uses training data, can be ex-
tended in two ways that will be important for this work. First, it is possible to adapt
the model parameters to unlabelled audio that is to be recognised rather than labelled
data. This will be the topic of chapter 3. Second, chapter 6 will introduce predictive
methods, which train parameters not from data, but on predicted distributions.

The generalisation of methods that implement maximum-likelihood estimation
to training distributions requires an unusual presentation. The training data will be
written as a distribution of samples, an empirical distribution, which will be the topic

of section 2.3.1.

23.1  Empirical distributions

It is often useful to approximate distributions by a number of samples. In this work,
these approximations will be called empirical distributions. If p is the real distribution

over U, then its empirical approximation p is defined by L samples u(V:
.1
p=p= i Z 611.(”3 (2.16)
L
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where 1) indicates a Dirac delta at ull. Sometimes, the samples will be weighted.
This work will use empirical distributions for two purposes.

The first is in the well-known Monte Carlo family of algorithms. As models in ma-
chine learning get more complicated, it quickly becomes infeasible to perform exact
inference. Sometimes distributions can be approximated parametrically, with a choice
of forms and types of approximation (e.g. Minka 2005). Monte Carlo algorithms, on
the other hand, replace a parameterised distribution by an empirical distribution ac-
quired by sampling from it. Appendix A.4 discusses Monte Carlo methods that ap-
proximate integrals. However, even for message passing in general graphical models,
distributions can be represented with samples (Dauwels et al. 2006). For example,
Gibbs sampling (Geman and Geman 1984) can then be seen as loopy belief propaga-
tion (Frey and MacKay 1997) with single-sample messages.

The main use for empirical distributions in the next sections, however, is to repres-
ent training data. Data points (in this work: audio recordings of speech utterances) can
be interpreted as samples from a stochastic process. This stochastic process, speech
production, is hard to approximate and arguably impossible to model exactly. The
next section will interpret maximum-likelihood estimation using the empirical dis-

tribution representing the training data, where every utterance is a data point.

2.3.2  Maximum-likelibood estimation

Training speech recogniser parameters, whether on thousands of hours of data with
transcriptions, or a few parameters for adaptation on a few seconds, usually applies
maximum-likelihood estimation or an approximation. This sets the model paramet-
ers to maximise the likelihood of the training data. The distribution that the model
represents will be written ¢y, and one training data point X'. For mathematical con-
venience, the maximisation of the likelihood is usually rephrased as a maximisation

of the log-likelihood, which will be written £(-). The log-likelihood of data point X’
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according to qy is

L(X,qx) élogq;((X). (2.17)

The likelihood of a set of independent and identically distributed data points {X Y} is
the product of the likelihoods of the points, so the log-likelihood of that set is the sum

of the individual log-likelihoods:
logH qX(X(U) = Zlog qX(X(U). (2.18)
l l

In chapter 6, methods trained on data with maximum-likelihood estimation will
be generalised to train on distributions. It is therefore useful at this stage to write the
training data as a distribution. This empirical distribution p(X’) has a Dirac delta at
each point in the training set, as in (2.16). The log-likelihood of the training data can

then be written

L0, qx) 2 J B(X) log g (X)dX. (2.19)

Maximum-likelihood estimation then finds
qx =argmax L(P, qx). (2.20)
qx
Maximum-likelihood estimation invites over-fitting of the training data, which
endangers generalisation. To guard against this, Bayesian approaches are possible,
which factor in a prior over the parameters. However, because of the temporal struc-
ture of speech recognisers, using a distribution over parameters is not feasible and
must be approximated (Watanabe et al. 2004). Instead, speech recognition therefore
uses techniques that control the amount of data that parameters are trained on.
Many learning problems in statistical pattern processing have unobserved, hid-
den, variables. Finding the parameters of the distributions over both the hidden and
the observed parameters that maximise the likelihood is often intractable. An iterative
algorithm that approximates the maximum-likelihood solution is expectation-maxi-

misation (EM) (Dempster et al. 1977).
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2.3.2.1  Expectation—maximisation

Expectation-maximisation increases the log-likelihood £ of the observations by op-
timising a lower bound F of the likelihood. This section will introduce the algorithm
by writing it in terms of the empirical distribution. Appendix A.3 gives a derivation
and proof of convergence. The two stages of the expectation-maximisation algorithm
are the expectation stage and the maximisation stage. The expectation stage optim-
ises the lower bound, making it equal to the log-likelihood. The maximisation stage
optimises the model parameters.
The statistical model whose parameters are trained will be denoted with qyx (U, X),

which is a distribution over the hidden variable ¢/ and observed variables X'. Margin-

alising out over the hidden variables gives the distribution over the observed variables:

qx(X) = JQMX(U>X)C1U (2.212)

The log-likelihood for one data point is then

L(X, qua) 2 logj Qe (U, X)dU. (2.21b)

The lower bound that expectation-maximisation maximises is defined for a single

data point X" as

qux (Z/[, X)

o UIX) (2.210)

F(X, 0, qua) 2 Jp(um log

Compared to L, its lower bound F explicitly takes an extra parameter, p, which is the
distribution over the hidden variables ¢/ for each data point X'.
Expectation-maximisation is an iterative algorithm. An initial parameter setting
qgf;) (U, X') must be given. The expectation stage of expectation-maximisation op-
timises the distribution over the hidden parameters p. Appendix A.3.1 shows that the
optimal setting for p makes the lower bound equal to the log-likelihood. p is then

equal to the posterior distribution of the hidden variables given the old parameter
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setting:
(k=1)
_ Uu,x
p(k) U)X = qz(/];w”(uw) = qu(%()) (2.22)
dr (X)

The maximisation step now sets the model parameters ¢,y to maximise the lower
bound evaluated on the whole training data, written as an empirical distribution as
in (2.19):

qZ(ka‘f = argmaxJﬁ(X) J o™ wx) log qux (U, X)dUdX. (2.23)
qux
It is often possible to perform this maximisation analytically. If not, generalised Em
may be used, which merely requires a new value of qgf /.),( that improves the lower
bound. Appendix A.3 proves that in both cases the likelihood increases at least as
much as the lower bound. The full Em iteration therefore causes the likelihood to con-
verge to a maximum.

Another way of looking at the optimisation in the maximisation step is as min-
imising the KL divergence to the inferred distribution over the complete data (the ob-
served variables as well as the hidden data). This distribution p combines the empirical

distribution and the approximation to the distribution of the hidden variables:
pU, X) =p(X)p™MUx). (2.24)

Minimising the KL divergence of the model qi/x to p can be written as

p(X)p™ (U|X
argmin CL(p||qux) = argminJJfg(){)p(k) (U|X) log Md@ldé\,’
qux qQux qux (U, X)
= argmaXJf)(X)Jp(k)(L{|X)logquX(L{))()dz,{d)(, (2.25)
Qux

which is exactly the expression in (2.23).
Many generative statistical models, including standard speech recognisers, consist
of a distribution over the hidden variables, and one over the observed variables given

the hidden ones. qisx then factorises as
Gux Uy X) = qu(U) Qe (XIU) . (2.26)
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The logarithm of this in the maximisation in (2.23) then becomes a sum, so that the

two distributions can be optimised separately:

log qyx (U, X) = log qu(U) + log qu(«’flu) ; (2.272)
q2<+11 = argmafo)(X)Jp(UlX)log quU)dudx; (2.27b)

qu
qgj‘;;” = argmaxJﬁ(X)Jp(MlX)log qry(XU)dUdX. (2.27¢)

qxu

All the distributions that this thesis will apply expectation-maximisation to will have

this form.

2.33 Baum—Welch

The instantiation of expectation-maximisation for HmMs is also called Baum-Welch
training because it was introduced (Baum et al. 1970) before its generalisation. The
discussion of expectation-maximisation in section 2.3.2.1 denoted the set of hidden
variables with I/ and the observed variables X'. Applying this to speech recognition,
the hidden variables are the sub-phone state and the component at every time in-
stance: U = {0¢, m¢}. The observed variables X’ consist of the feature vectors for
one utterance {X¢}1.. T, and, for training, transcriptions W of the audio.?> Assuming
the transcriptions are given at the word level, the weighted finite state transducer for
the language model is replaced by a simple word sequence for each utterance. This
constrains the state space, so that it is feasible to keep the distribution of the hidden
variables for one utterance in memory. The empirical distribution p(X’) has Dirac
deltas at the utterances in the training data with their transcriptions.

The expectation step of EM finds a distribution p(U/|X’) over the hidden variables
for an utterance. The most convenient form for p will drop out of the derivation below.
For speech recognisers, the model factorises as a distribution over the hidden variables
and a distribution over the observed variables given the hidden ones. Once the dis-

tribution p has been found, the two factors are optimised separately as in (2.27). How

3For decoding, there will be no transcriptions.

33



CHAPTER 2. SPEECH RECOGNITION

to train qy, the state transitions and the mixture weights, is well-known (e.g. Bilmes
1998) and will not be discussed here. How to train q vy, though also well-known, will
become important for estimating adaptation transformations in section 3 and later, so
it will be discussed here in detail.

The form that gy, takes for speech recognition is the product of the likelihood for
component Gaussians for every time t. Let (™ represent the distribution of compon-
ent m, of which the parameters are to be trained. The likelihood of one data point X,

of length Ty, given a setting for the hidden variables ¢/ is

(X IU) HZ1 m =m) q™ (xy), (2.28)

t=1 m

where 1(-) is the indicator function, or Kronecker delta, which is 1 when its argument
is true and O otherwise. Here, ) 1(m = m) merely selects the correct component.

Therefore, the log-likelihood given I/ is

log qy (XIU) = Z > Tmy=m)logq™ (x1). (2.29)

t=1 m
The inner integral in (2.27¢), the expected log-likelihood under the distribution over
the hidden variables p, then is

Tx

J ol 1) log qly;, (Xt )did = J oM @X) Y S 1(my = m)logq™ ™M (x;)aul
t=1 m
Tx
= Z Z U oM X)) 1(my, = m)dL{] log g™ (xy). (2.30)
m t=1

As section 2.3.2.1 has discussed, the expectation step of expectation-maximisation
sets p to the posterior of the hidden variables using the old model parameters. The
value of the integral, in square brackets in the last expression, can therefore be seen
as the posterior marginal probability of component m at time t. For training q(™, it
is all that is necessary to know of the distribution of the hidden parameters. It will be

written yim) with

Yim) = Jp(UIX) 1(my = m)dit, (2.31a)
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and the summed component occupancy over the whole training data

Tx
yim 2 Jf,m S yMax. (2.31b)
t=1

Finding the component-time posterior y,([m)

uses the forward-backward algorithm
(Baum et al. 1970). This is an instantiation of the belief propagation algorithm (Pearl
1988), which finds the posterior distribution of random variables in a graphical model
by message-passing between adjacent variables. In HMMs, the forward probability is
the distribution of m_; given observations X1 .. .x{_j. The distribution of m given
observations X7 ...X; can be computed from the forward message and the observed
X¢. The backward probability is the distribution of m given X, ...x7. Together
with the observed x this yields the distribution of m; given X1 ...x7. Multiply-
ing the forward and backward probability for time t yields the distribution of m, given
X1 ...XT, which is the component-time posterior yim). Since forward and backward
probabilities are computed recursively from opposite ends of the sequence, either the
forward or the backward probabilities are required in the reverse order from the one
in which they are computed. For a state space of size ©, the natural implementa-
tion of the forward-backward algorithm therefore uses O(T - ®) space and O(T - O)
time. To deal with long sequences, it is also possible to cache the probabilities only
at intervals and reduce the space requirement to O(@logT) at the cost of requir-
ingO(@® - T -log T) time (Murphy 2002). However, in practice longer utterances also
contain more words and thus more states. To deal with this, pruning is used: forward
and backward probabilities below a threshold are set to zero.

Having computed ‘y,Em) , the maximisation step instantiates (2.27¢), rewritten using

(2.30) and (2.31a):

Tx
= argmax [ () Y Y v\ log g™ (x) . (232)
dxiu m t=1

This maximisation is used for training the output distributions’ parameters. When
training all speech recogniser parameters, the expectation and maximisation steps are

applied iteratively. Chapter 3 and section 4.7 will discuss adaptation within this same

35



CHAPTER 2. SPEECH RECOGNITION

framework. There is usually enough training data to train all parameters of Gaussians
directly.

The parameters of each Gaussian can be estimated separately. The instantiation of
(2.27¢) for training speech recognition parameters sets the parameters of each com-

ponent to maximise its expected log-likelihood under the distribution of m;:

q™ = arg maxj Z v log q'™ (x)dX (2.33)
qtm

Taking the derivative of the integral to be maximised, the distribution q(™ ~

N(p(m), Z(m)) is maximised when

Tx
T [

plm = o Jp(?{') > yMxedx; (2.342)

t=1

;
s [T (51 S oMy T | T b
= 5 P Y v xix] p™utme (2.34b)

t=1

2.4 Decoding

The purpose of a speech recogniser is to convert audio into text. With the audio to be
recognised represented by feature vector sequence X and the word sequence denoted
with W, Bayes’ rule relates finding the most likely word sequence W to the generative

model in (2.10):

P(W; X)
p(X)

W= arg max P(W[X) = arg max
W w
= argmax P(W, X) = argmax P(W) p(X|W). (2.35a)
w w

Since 1/p(X) does not depend on W, when decoding it is a constant factor in the
maximand and can be ignored. Section 2.2 has discussed the form of the generat-
ive model P(W, X). To find the most likely word sequence, the sub-phone state se-

quence O should be marginalised out, as in (2.10):

A

W = arg max P(W Z P(X|®) P(OIW). (2.35b)
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However, this marginalisation turns out to be computationally infeasible. Therefore,
the sum in (2.35b) is replaced by a max operator. Rather than finding the best word
sequence, speech recognisers therefore find the word sequence corresponding to the

best sub-phone state sequence.

W ~ argmax P(W) mélxp(XIG)) P(OW). (2.35¢)
w

Note that if p(X|®) is off by a factor, this does not influence the maximisation. This
property is often useful in speech recogniser adaptation.

This sequence can be computed with the Viterbi algorithm (Viterbi 1982), which
is a dynamic programming algorithm. The following describes it briefly. The property
of the network it needs is the Markov property discussed in section 2.2: the variables
at time t depend only on the variables at time t, and not on anything before that. This
means that if the best possible path that ends in sub-phone 0 at time t goes through 6’
attime t—1, it contains the best path ending in 0 at time t—1. Finding the best paths to
all states at one time therefore only requires the best paths to all states at the previous
time. The task of finding the best path to a final state at the final time therefore becomes
a recursion backwards through time.

An approximation that increases decoding speed is pruning. This removes unlikely
states from the set of paths at every time step. It defines a pruning beam, the difterence
in log-likelihood between the most likely state and the least likely state to be allowed
through. Pruning does introduce search errors, so setting the pruning beam gives a
trade-off between speed and accuracy.

To assess speech recogniser performance, the word error rate (WER) is often used.
This metric gives the distance from the reference transcription. It is the lowest num-
ber of deletions, insertions, and substitutions required to transform the reference tran-
scription into the result of the speech recognition, as a fraction of the number of words

in the transcription.
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Summary

This chapter has described the structure of a speech recogniser, and how to use it.
Section 2.1 has discussed how the audio is converted into feature vectors that form the
observations to a probabilistic model. The influence of the noise on feature vectors
extracted from noisy data will be derived from this (in section 4.2.1). Section 2.2 has
discussed the structure of the generative model. How this model is trained with ex-
pectation-maximisation was the topic of section 2.3. Similar methods will be applied
for adaptation and noise model estimation (chapter 3 and section 4.7). However, in
the maximisation step the parameters will then be constrained so that they can be
robustly estimated on limited amounts of data. Section 2.4 has discussed decoding,

which will be used for the experiments (chapter 8).
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Adaptation

Speech recognisers are often employed in different environments to the one they were
trained on. There may be, for example, differences in speaker, speaking style, accent,
microphone, and, the topic of this thesis, background noise. This mismatch could be
resolved by retraining the recogniser in the new environment. Re-training the model
on data that is to be recognised is called adaptation. However, usually too little data
is available to robustly train all parameters, and it is unlabelled. To deal with this,
the model parameters are usually constrained. Section 3.1 introduces the concept of
adaptation and general strategies. Section 3.2 discusses training linear transformations
of speech recogniser parameters. Linear transformations for covariance modelling

while training are mathematically similar and will therefore be the topic of section 3.3.

3.1 Unsupervised adaptation

This thesis will denote an utterance from the training environment with X', with ob-
servations X¢. An utterance to be recognised, which is from a different environment,
will be written )) with observations yi. The adaptation methods that this chapter will
introduce are general and can adapt a speech recogniser to many types of difference
between environments. In chapter 4 about methods for noise-robustness, X’ will ex-

plicitly be assumed noise-free, clean, data, and ) noise-corrupted.
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If sufficient training data and the correct transcriptions were available, the mis-
match between the environment the recogniser was trained in and the environment it
is used in could be resolved by retraining the recogniser in the new environment. One
approach would be to apply maximum a posteriori (MAP) training to the speech re-
cognition parameters (Gauvain and Lee 1994). There is no conjugate prior density for
an HMM with mixtures of Gaussians, but if mixture weights and component paramet-
ers are assumed independent, maximum a posteriori estimates for them can be found.
The main problem with this is that each Gaussians parameters are re-estimated sep-
arately, so that to have an effect, sufficient data must be observed for each Gaussian.
MAP adaptation of speech recognition parameters is therefore ill-suited to scenarios
with limited adaptation data.

An alternative is to constrain the parameters to a subspace, by only training a
transformation of the speech recognition parameters that itself has fewer parameters
than the speech recogniser. Ideally, decoding with adaptation would jointly optim-
ise the word sequence and speech recogniser transformation that maximises, for ex-
ample, the likelihood. If £ is the function that is to be optimised with respect to word
sequence W and speech recogniser transformation A, and ) is the adaptation data,

then the joint optimisation can be written as

(W, A) :=argmax L(Y,W, A). (3.1)
W,A

It is possible to approximate this by estimating A for a number of hypotheses (Mat-
sui and Furui 1998; Yu and Gales 2007). However, this is slow. The normal approach
therefore uses coordinate ascent and interleaves optimising word sequence W and
optimising speech recogniser transformation A. Asan approximation to optimising
the word sequence, decoding as discussed in section 2.4 is applied. Optimising the
speech recogniser transformation normally uses expectation-maximisation or gener-
alised expectation-maximisation. By controlling the number of parameters, the need
for Bayesian schemes is avoided. One form of speech recogniser transformation is an

affine transformation of parameters of output distributions q ™), which section 3.2 will
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3.1. UNSUPERVISED ADAPTATION

Figure 3.1 Directed graphical model of a speech hidden Markov model with
A transforming the parameters of the component-conditional distribution. The
Yy are observations from a different environment than the X in figure 2.4 on

page 2o0.

discuss. Methods specifically for noise-robustness, which will be the topic of chapter 4,
can also be seen as adaptation if a noise model is estimated.

Figure 3.1 shows a graphical model of the speech HMM with a transformation,
where the observations from the training environment x; in figure 2.4 have been re-
placed by those from the recognition environment y:. Yy depends not only on my, but
also on A. The component output distribution q(™ (x) is replaced with q™ (y|.A).
q™ (y¢.A) can have various forms, some of which section 3.2 will discuss, but all can
be seen as transforming the parameters of the component output distribution. Note
that the transformation does not affect m, nor the state transitions. For decoding,
the algorithm from section 2.4 still applies, except that the output distributions are
replaced by their transformed versions.

Figure 3.2 on the following page gives a flow diagram for unsupervised estima-
tion of a transformation. First, the recogniser uses an initial transformation (often the
identity transformation) to find a transcription hypothesis W that probably has many
errors. To estimate the transformation, the distribution over the component sequence
is found (the expectation step of expectation-maximisation). In the maximisation

step, this can then be used to decrease the mismatch between the component distri-
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Audio data
'

> Decode

Hypothesis W ———  Final hypothesis
\

> Expectation

Transformation A Posteriors %([m)

Y

Maximisation

Figure 3.2 Unsupervised adaptation.

bution and the actual observations. (This will be discussed in greater detail below.) In
the short loop in figure 3.2 the expectation step immediately follows. Running round
this loop implements expectation-maximisation or generalised expectation-maximi-
sation. The new transformation A is therefore guaranteed not to decrease the likeli-
hood in the joint maximisation in (3.1). It is also possible to replace the hypothesis
with a new one by running the decoder with the latest estimate of the transformation
(the long loop). Since decoding only finds the state sequence, not the word sequence,
with the highest likelihood (see section 2.4), the new hypothesis is not guaranteed to
yield a better likelihood. If it does, then it is a step towards the joint maximisation
in (3.1). After a small number of iterations, this process can stop and yield the final
hypothesis.

The expectation step finds the distribution of the hidden variables. As when train-
ing a recogniser, this distribution is represented by component-time posteriors y,(tm)
The maximisation step finds the best transformation, in a process similar to training
output distributions, but using the hypothesis on adaptation utterances ) rather than

training utterances &X'. The expression is very similar to (2.32), but rather than directly

estimating the output distribution’s parameters, the transformation A is estimated by

42



3.1. UNSUPERVISED ADAPTATION

maximising
Ty
Ak — arg max J p(Y) Z Z y,([m) log q(m) (y¢lA)dY. (3.2)
A m t=1

The empirical distribution p()) here is assumed to represent utterances from a ho-
mogeneous part of the training data.

Unsupervised estimation often works well even if the initial hypothesis contains
many errors. The key to this is controlling the number of parameters that are trained
on a given amount of data. Gaussian components are usually grouped in clusters that
share one transformation. The grouping is normally hierarchical, in a regression class
tree (Leggetter 1995; Gales 1996; Haeb-Umbach 2001). When performing adaptation,
the tree is pruned so that the resulting leaf nodes have enough data for robust estima-
tion of the transformation. The leaf nodes of an unpruned tree result in a component
clustering into base classes 1. ..R. For the methods that this thesis will introduce (in
chapter 6), the amount of adaptation data will be irrelevant, so base classes will feature
most prominently. Estimating the transformations is completely separate per class, so
to keep notation from being cluttered, the notation in sections 3.2 and 3.3 will assume

one class.

3.1.1  Adaptive training

The discussion of adaptation has so far assumed that the speech recogniser model is
trained on homogeneous and noise-free data, and that that the test data is different
from that. In reality, the training data often has different speakers, and sometimes
is even explicitly multi-environment (for example, different noise data may be artifi-
cially added to the audio), to try and capture the different environments the recogniser
might be employed in.

It is possible to use the graphical model with transformations, in figure 3.1, when
training as well. For every set of homogeneous utterances (for example, utterances
from one speaker, or from one noise environment, or just for one utterance) a trans-

formation is trained to maximise its likelihood. The speech recogniser parameters are
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then re-estimated to maximise the average likelihood over all speakers. The speech
recogniser and the transformation are optimised iteratively. This creates a canonical
speech recogniser model, which, unlike a normally trained one, does not represent the
training data without the transformation. It is a conceptually pleasing property that
it unifies the model for training and testing. However, it creates a chicken-and-egg
problem: the speech recogniser does not represent the data without a transformation
and there is no well-defined initial setting for the transformation without a hypothesis.
There is therefore no clear starting point for the interleaved estimation of transforma-
tion and hypothesis. This can be solved by using a conventionally-trained recogniser
initially, and only then using the adaptively-trained one with an appropriate trans-
formation, or using a heuristically determined initial transformation.

Some schemes that apply adaptive training introduce an extra stochastic variable
that represents the identity of the speaker or cluster of speakers. This includes speaker
adaptive training (Anastasakos et al. 1996) and cluster adaptive training (Gales 2000).
Some more recent adaptive training schemes (Liao and Gales 2007; Kalinli et al. 2010;
Flego and Gales 2009; Kim and Gales 2010) have found improvements from using
transformations on speech recognisers with a standard form of speech recogniser ad-

aptation.

3.2 Linear adaptation

Linear adaptation methods are instantiations of adaptation as discussed in section 3.1.
A graphical model was given in figure 3.1 on page 41: the distribution of observa-
tions Yy depend on the component generating it, m, and the transformation A. Trans-
formation A changes the parameters of Gaussian component m, which models the

training data:

p™(x) = N (x; ™, ™). (3.32)
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The parameters of transformed distribution q(™ (y|.A) represents the found data with

q™ (ylA) = M (y; w™, £M). (3.3b)

The general form of transformation that will be considered is an affine transformation

{H, g} to the mean vector, and a linear transformation H’ to the covariance matrix:

wy™ = Hu — g; (3.3¢)
Z&m) = H/EZM™H'T, (3.3d)

The first adaptation method that applied an explicitly mL-estimated affine transform
was maximum-likelihood linear regression (MLLR) (Leggetter and Woodland 1995),
which only adapts the parameters of the mean. Since the main interest in adaptation
transformations for this thesis is in modelling correlations for noise-robustness, the
following sections will focus on two different forms. The first, cMLLR (Gales 19984a)
constrains the mean and covariance transformations to be the same. The second only
transforms the covariance (Neumeyer et al. 1995; Gales and Woodland 1996). Per class,
both have in the order of d? parameters, which means that about 1000 frames are

required to train them robustly.

3.2.1 Constrained tmnsformation

Constrained MLLR (CMLLR) constrains the linear transform applied to the mean and

covariance to be equal. Thus, the likelihood for component m becomes

q™(ylA) = M (y; Hu™ — g, HE/VHT). (3.42)

H can be diagonal (Digalakis et al. 1995) or full (Gales 1998a). The latter shape is of
most interest for this work since it can model some feature correlations. One of its
useful properties is that this can alternatively be written as a transformation of the

observations: A ={A, b} where A = H ' and b = —H'g (Gales 19984):
a™(yl4) =|A] - N (Ay +b; W™, ZM). (3.4b)
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This means that each observation vector is transformed before being passed to the
Gaussian components. In practice, components are usually clustered into classes based
on their distance to each other, with a different transformation for each class (see
section 3.1). In effect, cMLLR then performs a piecewise linear transformation of the
observations. In terms of the implementation, models can calculate the observation
likelihood on the appropriately transformed feature vector. Transforming y to R par-
allel feature vectors A7y + b(") can be computationally cheaper compared to trans-
forming the parameters of each Gaussian. For a diagonal transformation matrix, this
depends on the number of feature vectors to be transformed and the number of com-
ponents: transforming one feature vector has the same complexity as transforming
one component. If the transformation matrix is full, transforming one feature vector
costs (’)(dz) time, whereas transforming one covariance matrix costs O(d?) time.
Additionally, transforming the features means that the original diagonal covariance
matrices can be used, so that no extra memory is required to store the models and the
likelihood computation is not slowed down much.

The interest here is in a method that works for diagonal covariance matrices, so
that decoding is cheap. This allows for the row-wise optimisation algorithm in Gales
(19984a). Estimating transformations for full covariance matrices, with a generalisation

of the row-wise algorithm (Sim and Gales 2005) or gradient optimisation (Ghoshal

(m)
X, °

et al. 2010), will not be discussed. Covariance matrix entries are denoted with o

The maximisation step implements (3.2) with the likelihood calculation in (3.4b).
A derivation of the optimisation is in section B.1.1. What is interesting here is the
statistics that this optimisation requires. (Section 6.2.1 will discuss how to train the
same form of transformation from predicted statistics. The only difference will be the

form of the statistics.) The required statistics from the adaptation data are y, k'), and

G with (from (8.5))

y £ Jf)(y) > S vMay, (3.52)
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m) Ty
K2 [p) - B S ™ [yT 1] (5b)
m Oyii t=1
Ty T
: . 1 YtYy Yt
(RS Jp(y) Z ) Zvim) Tt dy. (3.5¢)
m Oxii t=1 Yy 1

The optimisation algorithm then maximises the likelihood with respect to A per row.
It iterates over each row a number of times. The likelihood is therefore guaranteed
not to decrease, which makes the overall process an instantiation of generalised ex-
pectation-maximisation. If the transformation matrix A is constrained to a block-
diagonal shape, the likelihood expression factorises into likelihoods for these blocks
of coeflicients. They can therefore be optimised separately. In the extreme case, A is
constrained to be diagonal, and the optimisation is separate for each dimension. The
optimisation procedure then yields the global maximum immediately, so that iterating
is not necessary, and the process is an instantiation of expectation-maximisation. The
final transformation is equivalent to the one described in Digalakis et al. (1995), which
applies it in model space, though with an iterative method.

For the full-transformation case, the computational complexity of this algorithm
is dominated by the cost of calculating the cofactors and the inverse of GV, which
is necessary for each row. The latter costs O(d3) per matrix (with d the dimension
of the feature vector). A naive implementation of the former costs O (d?) per matrix
per iteration, but using the Sherman-Morrison matrix inversion lemma this can be re-
duced to O (dz) (Gales and van Dalen 2007). Thus, for R transforms and L iterations,

the cost of estimating the transforms is O (RLd® + Rd*).

3.2.2 Covariance adaptation

Covariance MLLR (Neumeyer et al. 1995; Gales and Woodland 1996; Gales 1998a) up-
dates only the covariances of the component Gaussian. It was originally proposed to

be used in combination with mean MLLR. The likelihood of transformed Gaussian
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component m becomes

™ (ylA) = N (y; ™, HETVHT), (3.6a)

As in the constrained case, this is better expressed with the inverse transformation

A = H ' sothat

™ (ylA) =|A]- N (Ay; A, ZM). (3.6b)

It may not be immediately obvious why this is a better formulation than (3.6a). Nor-
mally, the covariance matrix =M is diagonal. Storing the updated covariance HZ{™HT
would therefore require extra storage, whereas storing A ux ! does not. An even more
important reason in this work, which will use a variant of covariance MLLR to speed
up decoding, is that computing the likelihood is faster with the form in (3.6b) than
with the form in (3.6a), again because of the diagonal covariance matrix.

The derivation is in appendix B.2.1. Just like for CMLLR, section 6.2.2 will compute
the same form of transformation but from predicted statistics. The form of the stat-
istics are therefore of most interest here. The statistics from the adaptation data are y

and G with

Y= J PONY > vMay; (3.72)
m t=1
) T
G“)éjﬁ Z th (ye— ™) (ye — ™) ay. (3.7b)
m xn t=1

v here is the same as for cMLLR (in (3.52)); GV is similar to part of (3.5¢) but uses
Y — uf(m) instead of Y.

Similarly to CMLLR, the optimisation is row-wise, and this again implements gen-
eralised expectation-maximisation. Just as for CMLLR, calculating the inverse of GV
and finding the cofactors are necessary for each row update and form the main compu-
tational cost. Therefore, estimating transforms for R classes in L iterations is O (RLd3 + Rd4) R

with d the size of the feature vector. Covariance MLLR also needs to transform all

model means, which takes O (Mdz).
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3.3 Covariance modelling

The second type of transformation in this chapter aims to model the training data
correlations better rather than to resolve a mismatch between training and test data.
These transformations are normally trained during speech recognition training. Com-
putational cost and data sparsity are therefore not as problematic as in adaptation, and
component parameters can also be updated. This section will denote the observations
from training data with x. In terms of the mathematics, however, there is no significant
difference with adaptation transformations. Training more sophisticated correlation
models again uses expectation-maximisation. In chapter 6.2, they will be applied to
speed up decoding with correlation compensation for noise-robustness in much the
same way as transformations for adaptation will be.

Traditionally, speech recognisers make the assumption that the coefficients of one
feature vector are independent. In that case, Gaussian distributions can have diagonal
covariance matrices, robust estimates for which need less data than full ones. Also, itis
expensive to compute the likelihood of a full-covariance Gaussian. However, real data
does show within-component correlations. There are various techniques to improve
modelling of correlations while for robustness restricting the number of extra para-
meters to be trained. It is possible to derive a structured form of covariance modelling

from factor analysis (Gopinath et al. 1998; Saul and Rahim 2000):

= = AT A + zg?;?g. (3.8)

The loading matrix A, can be specific to the component, but for p small that yields
little extra modelling power, whereas as p becomes equal to the number of features d,
as many parameters are introduced as with full covariances. Alternatively, a gener-
alisation of this (Rosti and Gales 2004) ties A, over all components in a base class.
This reduces the number of parameters to be trained compared to full covariances.
For small p the Sherman-Morrisson-Woodbury formula can make the likelihood
computation efficient. However, to attain good modelling, the loading matrices are

normally tied across many components and p is large, which makes decoding as slow
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as with full covariance matrices.

The following sections will discuss two different types of correlation modelling
that require fewer parameters to be estimated and allow faster decoding than full cov-
ariance matrices. The first form models precision matrices, inverse covariance matrices
(section 3.3.1). The second form to be discussed (section 3.3.2) are projection schemes,
which choose dimensions that discriminate best and reduce the dimensionality of the

data.

331 Structured precision matrices

It is possible to model the precision matrices, the inverse covariance matrices, directly
as a weighted sum of basis matrices (Olsen and Gopinath 2004; Axelrod et al. 2002;

Vanhoucke and Sankar 2004; Sim and Gales 2004):
—1
D i : 1F (3.9)
i

where Bj is a basis matrix for modelling the precision matrices. The advantage of
modelling the precision matrices rather than covariance matrices is decoding speed.

The resulting likelihood calculation is

T -1
4™ ) o exp(—3(x — u™) =M e — ™)) (3.10)

= exp (Z ™ (< 3xTBix + u™ Box— fu™ B ) (3.11)
i

Since x " Bix and Bix do not depend on the component, it is possible to cache them
and share the result between components.

A more restricted, but effective, form of precision matrix modelling is semi-tied
covariance matrices (Gales 1999). Each basis matrix is of rank 1, and components in
one base class share as many basis matrices as there are feature dimensions. It can
therefore be written in a different form, where components have diagonal covariance
matrices that share one rotation matrix per base class. The algorithm finds a trans-

formation that results in a feature space in which a diagonal covariance matrix is a
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3.3. COVARIANCE MODELLING

more valid assumption than in the original feature space. The covariance matrix in

the transformed space will be denoted with =™ The expression for the likelihood

X dlag

is

q(m)(x) N(X Hx HZ HT) (3.12a)

X dlag

Just like for covariance MLLR, in (3.6a), the effective covariance is a component-specific
diagonal covariance in a space specified by a transformation H. The transformation
is tied over all components in a base class. (Again, the dependence on the base class
is not written since the optimisation is separate for each base class.) Unlike for cov-
ariance MLLR, data sparsity is not a problem, because all training data is used, so that

component-dependent covariance =™ s estimated as well as the transformation.

xdg

To improve decoding speed, it is again useful to describe the covariance transforma-

tion by its inverse, A = H~', so that the likelihood is expressed

q(m) (x) =|A]- /\/(Ax; Au&m], ii‘;}i}ag). (3.12b)
The estimation of A and Z 1s iterative. First, A is estimated, with the same form

of statistics and procedure as covariance MLLR. Then, ny diag 1S straightforwardly set
to the maximum-likelihood estimate. As for cMLLR and covariance MLLR, the interest
here is in the statistics that estimation requires. A derivation is in section B.3.1. Stat-
istics that do not change when component covariances are updated are y, again, and

the sample covariance for component m, W(™

Tx
Y= Jf’(X) S Y viMax, (3.13a)
m t=1
.
wim & 5 [P 3 ™ e = ™) (e - ™) 4. Gash)
t=1

The statistics G are of the same form as for covariance MLLR, in (3.7b). They de-

pend on 0' dlagonal element i of ZU™) which for semi-tied covariance matrices

X dlag

is updated in every iteration.

W (3.13¢)
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function ESTIMATE-SEMI-TIED-COVARIANCE-MATRICES({W(™) | y(™)] y)
for all components m do

Initialise i)((n;i)ag — diag(W(m))

Initialise A « I
repeat
i 1
GW — S @y(m)w(m)
A — EsTiMATE-COVARIANCE-MLLR(y, G()
for all components m do

I, o diag(AWMAT)
until convergence

return { ii’j;}a g } JA

Algorithm 1 The maximisation step of expectation-maximisation for estimating
semi-tied covariance matrices.

(m)

xdiag is initialised to the di-

The estimation procedure is given in algorithm 1. b
agonalised original covariance, diag (W(m)), and A to the identity matrix I. In the
first step, the transformation A is updated in the same way as is done for covariance
MLLR transforms, described in section 3.2.2. However, the current estimate for the
covariance, which changes every iteration, is used. The statistics must therefore be

re-computed for every iteration. In the second step, ziﬂ;)a g

is set to the maximum-
likelihood diagonal covariance in the feature space given by A. This process is re-
peated until convergence. Both steps are guaranteed not to decrease the likelihood.
This is therefore a generalised expectation-maximisation algorithm.

Because decoding with semi-tied covariance uses diagonal-covariance Gaussians,
it is almost as fast as decoding with plain diagonal-covariance Gaussians. Adjusting
the number of base classes that transformations are computed for allows a trade-off
between the number of parameters and the accuracy of the covariance model.

Just like for cMLLR and covariance MLLR, the computational complexity of this
algorithm is dominated by the cost of calculating the cofactors and the inverse of GV,

The former costs O (dz) (with d the dimension of the feature vector) per dimension

per iteration. The latter costs (’)(d3 ) per dimension. Thus, for R transforms, K outer
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loop iterations, and L inner loop (of estimating A) iterations, the cost of estimating

the transforms is (’)(RKLd3 + RKd4).

3.3.2  Maximum likelibood projection schemes

A projection of feature vectors onto a different overall feature space, as opposed to a
component-specific one, can also improve speech recogniser performance. This no-
tion motivates the final step of computing MFccs (in (2.6)), which aims to decorrelate
the features with a discrete cosine transform, and then reduces the dimensionality. The
same goes for deriving dynamic features from a window of static features (in (2.7b)).
These two projection schemes have an intuitive motivation. This section, however,
discusses data-driven approaches to decorrelation and dimensionality reduction that
can be applied in combination with or instead of the projections for pcT and dynamic
coeflicients.

Linear discriminant analysis (LDA) (Fukunaga 1972) is a standard linear projec-
tion scheme that transforms the feature vectors to maximise between-class distance
and minimise with-class correlation. For speech recognisers, the classes are usually
Gaussian components. The transformation is supposed to make the assumption that
the components have diagonal covariance matrices more reasonable. An alternative
projection scheme that does not assume that the component covariances are equal,
but does not optimise the feature space to be diagonal, is heteroscedastic discrimin-
ant analysis (Saon et al. 2000).

Heteroscedastic linear discriminant analysis (HLDA) (Kumar 1997) is a method
that finds the best projection as well as a transformation that improves the diagonal
covariance approximation. It finds a projection A, that projects the d-dimensional
original feature space to p-dimensional subspace of useful features. The parameters

for the (d — p)-dimensional nuisance subspace are tied over all components in the
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base class. Thus

A
A= P (3.14)
A[d—p]

so that the base class-specific transformed feature vector is

. Apx
X =Ax = (3.15)
Afg—px
The new parameters for component m become
[ fl(m) A[ ]u(m)
= | = (316)
| Hid—p) ApgpHt
. oo
s(m) _ P , (3.17)
L 0 >:[dl—p]
where p is the global mean, and
$-(m) . TY.
Z[;]l = diag (A[p}W(m)A[p}) ; (3.18)
£(qp) = diag (A[dfP]ZA?(_ipr . (3.19)

where W™ is the actual covariance within components, and X is the global covari-
ance. The transformation is found with maximum-likelihood estimation. Details of
the process are in Kumar (1997).

Because the nuisance dimensions have been tied over all components in the base
class, the component likelihood computation can be split up into a global Gaussian

and a component-specific one:
™) = AL (s, £)
=AWV (A[d—p]x; fra—p), i[d—p]) N (A[p}X; o, £ )) ,  (320)

which reduces the computational complexity because for one observation the first
Gaussian is constant. Since a constant factor does not influence decoding (see sec-

tion 2.4), the determinant and the first Gaussian do not normally have to be computed.
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An useful property of HLDA is that it finds a model for the complete feature space,
not just for the useful dimensions. This allows for a generalisation, multiple hetero-
scedastic linear discriminant analysis (MHLDA) (Gales 2002), which finds a separate
HLDA-like transformation for each base class. (The determinant and the first Gaussian
in (3.20) then do affect decoding, so they do have to be computed.) At the same time,
it is also an generalisation of semi-tied covariance matrices that reduces the feature

dimensionality.

3.4 Summary

This chapter has discussed the general mechanism of speech recogniser adaptation.
Section 3.1 has described how the usual approach, given unlabelled adaptation data,
iterates between decoding and estimating a transformation of the recogniser. Methods
for noise-robustness that the next chapter will discuss can be cast in the same frame-
work when the noise is estimated (section 4.7). Section 3.2, however, has discussed ad-
aptation without a model of the environment, but with linear transformations. They
can therefore adapt to many types of mismatch, and by placing the transformations in
the right places in the likelihood equation, they are essentially as fast to decode with
as without. A similar scheme, semi-tied covariance matrices, discussed in section 3.3,
can be used while training to model covariances, and similarly hardly reduces decod-
ing speed. Section 6 will train both types of linear transformations from predicted

distributions (for example, over noise-corrupted speech) rather than adaptation data.
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Ckapter 4

Noise-robustness

This chapter will discuss methods that make speech recognisers robust to noise. Sec-
tion 4.1 will present a number of strategies for noise-robustness. Compared with the
generic adaptation methods discussed in chapter 3, they need less adaptation data.
This is possible since they make stronger assumptions about the mismatch between
training and test environments. The assumptions are the model of the noise and how
it influences the incoming feature vectors. They will be the topic of section 4.2. Sec-
tion 4.3 will then describe the resulting corrupted speech distribution. It has no closed
form, so it needs to be approximated. Section 4.4 will discuss specific methods of
model compensation, which replace the recogniser’s clean speech distributions with
distributions over the corrupted speech. Rather than using precomputed paramet-
erised distributions, it is possible to approximate the noise-corrupted speech likeli-
hoods only as the observations come in. This will be the topic of section 4.5. Sec-
tion 4.6 will discuss an alternative model-based scheme that reconstructs the clean
speech before passing it to the recogniser. Section 4.7 will describe methods to es-
timated the noise model parameters can be estimated in an adaptation framework as

described in section 3.1.
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CHAPTER 4. NOISE-ROBUSTNESS

Methods fOI‘ IlOiSC—I’ObLlStIlCSS

There are two categories of approaches for making speech recognisers robust to noise.
Feature enhancement aims to reconstruct the clean speech before it enters the speech
recogniser, and is therefore relatively fast. Model compensation, on the other hand,
aims to perform joint inference over the clean speech and the noise, and is slower but
yields better accuracy. If input from multiple microphones is available, then it is some-
times possible to reconstruct the signal from a source at a specific location. However,
this work will consider the general case where only the input from one microphone is
available.

Feature enhancement can work on any representation of the audio signal that is
available in a speech recogniser. For example, the spectrum is sometimes used. Spec-
tral subtraction (Boll 1979) requires the spectrum of the noise to be given, and assumes
the noise is stationary. Alternatively, it is possible to find a minimum mean square er-
ror estimate of the speech and the noise (Ephraim 1990). This requires probabilistic
models of the speech and the noise. It is possible to formulate these in the spectral
domain, and assume all spectral coefficients independent. Though this assumption
is true for Gaussian white noise, this type of noise is not normally found outside of
research papers. For speech, the assumption is particularly unhelpful.

Therefore, approaches to feature enhancement that work on the log-mel-spectrum
or the cepstrum have over the past two decades become successful. Though it makes
formulating the interaction of speech and noise harder, it makes the models of speech
and noise that assume independence between dimensions more accurate. To find the
minimum mean square error estimate of the clean speech, its distribution is normally
assumed independent and identically distributed, often as a mixture of Gaussians. A
joint distribution of the clean and the corrupted speech then needs to be derived. This
normally applies the same methods that model compensation does. Section 4.6 will
discuss this.

However, this work will focus on model compensation, which replaces a speech re-

cogniser’s distributions over clean speech by ones over noise-corrupted speech. Con-

58



4.2. NOISE-CORRUPTED SPEECH

ceptually, a speech recogniser is a classifier that takes an observation sequence as input
and classifies it as belonging to one of a set of word sequences. The Bayes decision rule
for classification says that the best choice for labelling observations is the one with the
highest probability. The probability is factorised into the prior probability of the label,
and the likelihood, the probability of the observations given the label. If the prior and
the likelihood are the true ones, then the Bayes decision rule produces the optimal
classification. Speech recognisers essentially implement this rule.

Assuming that the speech and noise distributions are the true ones, decoding with
the exact distributions for the corrupted speech would therefore yield the best recog-
niser performance. The objective of feature enhancement, reconstructing the clean
speech, may be useful where the clean speech is required, for example, as a prepro-
cessing step before passing the signal to humans. However, as a preprocessing step for
speech recognition, it gives no guarantees about optimality under any assumptions.
This thesis will therefore aim to find accurate corrupted speech distributions for model

compensation.

4.2 Noise-corrupted speech

Noise can be described as the change to the clean speech signal before the speech
recogniser receives it. It is possible to identify a number of different types of noise.
The most obvious is that background noise may be added to the signal. This will
be called “additive noise” and denoted by n. It can be represented by its time-domain
signal. It will be assumed independent of the speech. Second, due to the properties of
the microphone and other elements of the channel, some frequencies may be ampli-
fied and others reduced. This can be represented by convolution in the time domain.
The convolutional noise will be written h and will be assumed constant and independ-
ent of the additive noise and the speech. The environment model with additive and
convolutional noise has been standard for model-based noise-robustness since it was

introduced (Acero 1990). These two types of noise will be handled explicitly in this
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work.

Other forms of noise need to be handled separately, with approaches that may
well be combinable with the approaches from this thesis. One type of noise is non-
linear distortion, for example, gain distortion or clipping. Another is reverberation,
resulting from the characteristics of the room that the microphone is in. Noise also
influences how people speak. To help the listener decode the message, people alter
their speaking style in noisy conditions. This is called the Lombard effect (Junqua and
Anglade 1990) and it has turned out to be hard to model.

As section 2.1 has discussed, speech recognisers preprocess the time-domain sig-
nal to produce feature vectors at fixed intervals. It is the influence of the noise on these
feature vectors that is of interest for making speech recognisers robust to noise. The
function representing the observation vector that results from vectors for the speech,
the additive noise, and the convolutional noise is called the mismatch function. The
following sections will find an expression for this influence in the log-spectral domain,
the cepstral domain, and for dynamic features. The noise will be modelled in the same
domain as the speech. Just like in chapter 3, the observations from the training data
will be written x and the ones from the recognition data y. In the context of noise-
robustness, X is the noise-free, clean, speech, and y the noise-corrupted speech.

The observation distribution, the distribution that results from combining dis-
tributions of the speech and the noise through the mismatch function, is what most
methods for noise-robustness in this thesis aim to model. Section 4.3 will find the

exact expression.

4.2.1  Log-spectral mismatch function

The relationship between the corrupted speech, the clean speech and the noise is cent-
ral to noise-robust speech recognition. The term mismatch function (Gales 1995) or
interaction function (Kristjansson 2002) is often used for the function that takes the
speech and noise signals and returns the corrupted speech signal. This section will de-

rive a mismatch function in terms of speech recogniser feature vectors. Many speech
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recognisers use feature vectors in the cepstral domain, which was described in sec-
tion 2.1.1. Cepstral features are related to log-spectral features by the discrete cosine
transform (DcT), which is a linear transformation. The reason the cepstral domain is
often preferred is that the DcT goes a long way to decorrelating the features within a
feature vector. For the purpose of modelling the interaction between speech, noise,
and observations, however, the log-spectral domain has an advantage: the interaction
is per dimension. Chapter 7 will need the log-spectral domain; the speech recogniser
experiments in chapter 8 will use the cepstral domain. The following will therefore ini-
tially derive the relation for log-spectral features. The conversion to cepstral feature
vectors is then found by converting to and from log-spectral features, in section 4.2.2.

The derivation will rewrite the mismatch function by going through the steps for
feature extraction described in section 2.1 in parallel for different feature vectors. It
will assume the power spectrum (3 = 2), as is often done; appendix c.2 generalises it
to other factors. It follows Deng et al. (2004); Leutnant and Haeb-Umbach (20094;b).

In the time domain, the relationship between the corrupted speech y[t], the clean
speech x[t], the additive noise n[t], and the convolutional noise h/[t] is simply (Acero

1990)
yl[t] = h[t] % x[t] + n[t], (4.1)

which in the frequency domain (after applying a Fourier transformation) becomes a

relation between complex numbers:
Y[k] = H[k|X[k] + Nk]. (4.2)
To find the power spectrum, the absolute value of this complex value is squared:

IYIK][* = HIKIX[K] + N[K]?

= [HIK]|*[X[K]|* +|NK]|* + 2[HIKIX KN [K]| cos O, (43)

where 0y is the angle in the complex plane between H[k]|X[k] and N{k]. This relates

to the phase difference at frequency k between the clean speech and the noise. Since
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there is no process in speech production that synchronises the phase to background
noise, this angle is uniformly distributed, so that the expected value of the cosine of

the angle is

E{cos By} = 0. (4.4)

To extract coefficients for speech recognition, the next step is to reduce the num-
ber of coefficients, by applying I filter bins to the power-spectral coefficients. There
are usually 24 triangular bins. As in (2.1), let wiy specify the contribution of the kth
frequency to the ith bin. The mel-filtered power spectrum is then given by coeffi-

cients Yi:
Yi=) wylYk[
K
= 3 wi(HIIPIX0IP +INKI + 2HKIXK N K] cos B ) . (45)
K
Because this is a weighted average and the expectation of the term with cos 6y is 0, as
shown in (4.4), the cross-term of the speech and the noise is often dropped. Though
retaining this term complicates the derivation, here (4.5) will be used as is.
This value of the mel-filtered power spectrum for the corrupted speech can be

defined in terms of values of the clean speech, the additive noise, and the convolutional

noise in the same domain:
Xi=) walXKI[*; No=) waNKP; Hi=) walHK. (46)
k k k

The rewrite requires an approximation and the introduction of a random variable.
First, the convolutional noise H[k] is assumed equal for all k in one bin, so that for

any frequency k in bin i,
H; ~ HK]|?. (4.7)

Then, replacing the terms in the right-hand side of (4.5) yields
Y, = Z W1k|Y[k]| = H;X; + N; + Zoq\/m, (4.8a)
k
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where a new random variable «; indicating the phase factor is defined as

& 2 Wik[HIK]|[XTK][[N[k]| cos Oy

X = — (4.8b)
XiNi

The next subsections will find properties of «; that are independent of the spectra of
the sources: first, that «; is constrained to [—1, +1], and then that its distribution is
approximately Gaussian.

The mel-power-spectral coefficients are usually converted to their logarithms so
that y'fg = log(V3), x!og = log(Xi), n'iog = log(N;), and hliog = log(H;). The
mismatch expression in the log-spectral domain trivially becomes

exp (yliog) = exp (xl.og - h'iog) + exp (nliog) + 20 exp (% (xliog + R 4 nliog)).

1

(4.9)

This relationship is per coeflicient i of each feature vector. Section 4.2.2 will express
the mismatch function in terms of mel-cepstral feature vectors, which are linearly-
transformed log-spectral vectors. It is therefore useful to write the mismatch between
log-spectral vectors. The relationship between the speech vector x'°8, the additive
noise n'°8, the convolutional noise h'°8, and the observation y'°g in the log-spectral

domain is

exp(ylog) = exp (Xlog + hlog) + exp(nlog) +2x0 exp(% (Xlog + hlog + nlog)))

(4.10a)

where exp(-) and o denote element-wise exponentiation and multiplication respect-
ively. To express the observation as a function of the speech and noise, using log(-)

for the element-wise logarithm,

y'os = log (exp (x'og + h'og) + exp (n'°g) +2xo0 exp(% (x'°g + hlog 4 n'°g)))

2 f(x'°8, n'°8 h'oe, ). (4.10b)
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The symmetry between the clean speech and the additive noise will be important in
this work. However, other work often uses a different form. (4.10b) is often rewritten
to bring out the effect of the noise on the clean speech, as in (4.10¢), or on the channel-

filtered speech, as in (4.10d):

y'°8 = x'°¢ 4 Jog (exp (hbg) + exp (n'°g — xlog)
+ 2 o exp (% (h'og +nlos — X'Og) )) (4.100)
= x'9% 4 nloe 4 log(1 + exp (n'°g —xog h'°g)

+2xo0 exp(% (n'og — xlog _ h'og))) . (4.10d)

In all cases, o encapsulates the phase difference between the two signals that are ad-
ded (channel-filtered speech and noise) in one mel-bin. The phase information is
discarded in the conversion to the log-spectral domain, so that with speech and noise
models in that domain, the phase factor o is a random vector, the distribution of which
will be discussed below.

Before going into the properties of the phase factor term, it is worth identifying
a split in the literature on the model for the phase factor. Traditionally (Gales 1995;
Moreno 1996; Acero et al. 2000), the phase factor term has been ignored. Some papers
(Deng et al. 2004; Leutnant and Haeb-Umbach 2009a) have gone into mathematical
depth to get as close as possible to the real mismatch. For example, they show the
elements of « to be between —1 and +1.

Other papers have been more pragmatic. After all, in practice, model compensa-
tion for noise robustness is a form of adaptation to the data. The parameters that in
theory make up the noise model are usually estimated from the data, with the aim to
maximise the likelihood of the adapted model (section 4.7 will discuss this in more
detail). The difference between traditional linear transformation methods and meth-
ods for model compensation is therefore the space to which the adapted model are
constrained. In both cases, it could be argued that the best choice for this space is the
one that yields the lowest word error rate, which is not necessarily the mathematically

correct one. The mismatch function is one element that determines this space.
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In this vein, it is possible to show that the optimal value for the phase factor is
the mathematically inconsistent o; = 2.5 for the AURORA 2 corpus (Li et al. 2009).
What has really happened is that the mismatch function has been tuned. The possib-
ility of tuning the mismatch function to assume the features use a specific power of
the spectrum (e.g. the magnitude or power spectrum) had been noted before (Gales
1995). Setting the phase factor to 2.5 has a very similar effect to assuming the power
of the spectrum used to be 0.75 (Gales and Flego 2010). This parameter setting im-
proves performance for AURORA 2, but not for other corpora (Gales and Flego 2010).
This illustrates that adjusting arbitrary parameters in the mismatch function, in effect
adjusting the space in which the optimal adapted model is sought, can have an impact
on word error rate in some cases.

However, the following will analyse properties of the phase factor distribution

mathematically.

4.2.1.1  Properties of the phase factor

Two important observations about «;, which was defined in (4.8b), can be made.
First, it is possible to determine the range of «; (Deng et al. 2004). Since a cosine

is constrained to [—1, 1], from (4.8b) the following inequality holds:

21 Wik | XIK]|[N[K]|

It is possible to write the fraction in (4.11) as a normalised inner product of two vectors.

o] < (4.11)

The vectors are )~(;L and Ni, with entries

Xix = Wi XIKI|; (4.122)
N = vwie|N[K]| . (4.12b)

Then, /X in (4.11) can be written as the norm of 5(1, so that

S Wi XN 3, Wi XK wad NIK XN (4.13)
VXN XN XN
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which is a normalised inner product of two vectors with non-negative entries, which

is always in [0, 1]. The inequality in (4.11) then shows that «; is constrained to [—1, 1]:

XTN;
’061‘ S H = (4.14)

X[INgE
Second, an approximation can decouple the distribution of «; from the values of
|X[k]| and|N[k]| (Leutnant and Haeb-Umbach 2009a). Removing magnitude-spectral
terms from the equation is useful because they are not usually modelled individually
in speech recognisers. The assumption is that for one frequency bin 1, all|X[k]| have
the same value, and similar for all|N[k]|. Since the bins overlap, this is known to be
exactly true only if| X[k]| is equal for all k. However, especially for the narrowest bins 1,
the lower ones (see section 2.1.1), it may be a reasonable approximation. By dividing
both sides of the fraction in (4.8b) by |X[k]| and [N[k]|, assuming that they are equal

for all k, «; is approximated as

o — 2 Wik|X[K]| N [K]| cos 6
\/Zk wie[X[KI* X wig N[

- Zk Wik COS ek . Zk Wik COS Gk

- J (4.15)
\/(kaik>(ZkWik) 2y Wik 415

«; can thus be approximated as a weighted average of cosines over independently

distributed uniform variables 8y. The distribution that this model produces is close
to the empirical distribution on various combinations of noises and signal-to-noise

ratios on the AURORA 2 corpus (Leutnant and Haeb-Umbach 2009a).

The distribution of the phase factor The distribution of «; is most easily viewed by
sampling from it. Drawing a sample is straightforward if three assumptions are used.
Since there is no process in speech production that synchronises the speech phase with
the noise phase at a specific frequency, the phase 0y is uniformly distributed and in-
dependent of noise and speech. Also, the phase is assumed independently distributed
for different frequencies k. Thirdly, the distribution of «; is approximated as in (4.15),

removing the influence of particular value of the speech and noise signals.
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procedure DrRAW-0;-SAMPLE(1)
for frequency k for which wjx # 0 do
sample Oy ~ Unif[—7, +71;
compute Vi = cos O.

Compute the sample o = %
x Wi

Algorithm 2 Drawing a sample from p( ;).

0 |
—1 0 1
Vi = cos(0y)

Figure 4.1 The distribution of vy, = cos Oy for one frequency K (after Leutnant
and Haeb-Umbach 2009b).

Algorithm 2 shows how to sample from «;. Samples for 6y are drawn independ-
ently for all frequencies in one bin. This yields samples for cos 0y, which will be called
Uk. A sample for p(«;) can be drawn by taking the weighted average over these.

It is also possible to find a parametric distribution of vy = cos 6. It can be shown
to be (Leutnant and Haeb-Umbach 2009a;b)

—, vl <1,

plug) = ¢ TV . (4.16)

0, otherwise.

This distribution is pictured in figure 4.1.
The distribution of «; is a weighted average of distributions over the vys in the bin.

As the number of frequencies goes up, the central limit theorem means that the dis-
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/A\

plxo)
plazs)

0—1 —0.5 0 0.5 1 —1 —0.5 0 0.5 1
X0 x23
(a) Bin 0 is the narrowest, so that &g (b) Bin 23 is the widest, so that o3
has the least Gaussian-like distribu- has the most Gaussian-like distribu-
tion. tion.

Figure 4.2 The distribution of «; for different mel-filter channels i (—), and their
Gaussian approximations (- - ).

tribution of ; becomes closer to a Gaussian (Deng et al. 2004). For lower-frequency
bins, the number of frequencies that is summed over is smaller, so the distribution
of «; is expected to be further away from a Gaussian. This effect can be seen in fig-
ure 4.2, which shows the distributions for two values of i. These distributions were
found by sampling many times from «; using algorithm 2 on the preceding page. The
dashed lines show Gaussian approximations. For o, the Gaussian is least appropriate,
but still a reasonable approximation.

The covariance of the Gaussian can be set to the second moment of the real distri-
bution. It can be shown that, again assuming that all spectral coefficients in one filter

bin are equal, that (Leutnant and Haeb-Umbach 2009a)

2
o2 & efad) = KMk

2(5 wi)?

(4.17)

This gives values very close to the actual variance of ; on various subsets of AURORA 2

(Leutnant and Haeb-Umbach 2009a). This work will therefore approximate the dis-
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tribution of «; as a truncated Gaussian with

N(exi; 0, 05;) o€ [=1,+1];

plo) o (4.18)

0 otherwise.

Evaluating this density at any point requires the normalisation constant 1/ fﬂ N (e 0, 02)da,
which could be approximated with an approximation to the Gaussian’s cumulative dis-
tribution function. However, it is straightforward to draw samples from this distribu-

tion, by sampling from the Gaussian and rejecting any samples not in [—1,41].

4.2.2  Cepstral mismatch function

The recognition experiments in this thesis will use cepstral (Mrcc) features. To con-
vert the log-spectral mismatch function in (4.10b) to the cepstral domain, the feature
vectors must be converted to and from log-spectral feature vectors. This uses the bcT

matrix C (analogously to (2.6)):

S

y* = Cy's. (4.19a)

This converts a log-spectral feature vector into a cepstral-domain one. As discussed in
section 2.1, the DCT matrix is normally truncated, so that the cepstral feature vector y*
is shorter than the log-spectral one y'°8. Converting from y® to y'°® therefore incurs
smoothing of the coeflicients: high-frequency changes from coefficient to coefficient
disappear. The pseudo-inverse of the truncated pcT matrix is performed by the trun-
cated transpose of the matrix, which will be written C~'. The reconstructions of the

speech and the additive and convolutional noise are then
x'°8 ~ C7 x5 n'°e ~ C 'ns; h'°e ~ C'hs. (4.19b)

Substituting (4.10b) and then (4.19b) into (4.19a) yields the cepstral-domain mismatch

function:

y° ~ Clog(exp(C*] (x*+h%)) + exp(C*Ins) + 2o exp(%C*] (x*+h° + ns))>

2 f(x5,n%, hs, o). (4.20)
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4.2.3  Mismatch function for dynamic coefficients

As section 2.1.2 has discussed, speech recogniser feature vectors normally contain
static as well as dynamic features. Dynamics features represent the change over time
of the static features. A mismatch function is required for dynamic features to com-
pensate model parameters. The dynamics features y2 are a linear combination of
static features in a window. As in section 2.1.2, the window will be assumed +1 for

exposition. The dynamic coefficients of the corrupted speech are

Ui fxg_p i, ey, &,
A A A
Yy = D y‘? =D f(xi»n;hi) oy, ) ’ (4.21)
Yi f(x3, 1 niy Ny, ey )

where D? projects an extended feature vector to dynamic features. The specific in-
stance of this form where the dynamics are computed as the difference between the
statics at time t + w and t — w (“simple differences”) was used in Gales (1995) for
noise-robustness.

However, usually an approximation is used: the continuous-time approximation
(Gopinath et al. 1995). The approximation assumes that the dynamic coefficients are
actual derivatives with respect to time:

yA ~ of (x§, ni, hi, e, )
o ot

(4.22)

Section 4.4.2 will discuss how this approximation is used for speech recogniser com-

pensation with the state of the art vector Taylor series approximation.

4.3 The corrupted speech distribution

Section 4.1 has argued that if the models of the clean speech and the noise, and the
mismatch function are the correct ones, decoding with the true corrupted-speech dis-
tribution would yield the optimal recogniser performance. Later sections will discuss
specific methods for model compensation, and model-based feature enhancement.

This section discusses how the speech and noise models can be combined to find a
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Figure 4.3 Model combination: a schematic view.

Figure 4.4 Model combination: a speech HMM with states 01 and a noise HMM
with states 0, generate feature vectors that combine to form observations Y.

model for the noise-corrupted speech. This process is called model combination, and
is pictured in figure 4.3. This section will assume the speech to be modelled by an
HMM. It would be possible to model the noise with a hidden Markov model that is in-
dependent of the speech. This allows for as much structure for the noise as the speech
model does. Figure 4.4 depicts a graphical model that combines a speech HMM with
a noise HMM. As in section 2.2, the speech states 0; generate feature vectors x¢. In
this model, the noise states 0,,, similarly generate feature vectors n. They combine to
form observation vector Yy.

Using this model directly results in a two-dimensional model containing a state
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CHAPTER 4. NOISE-ROBUSTNESS

@ T

Figure 4.5 Model combination with a simplified noise model compared to fig-
ure 4.4: the noise feature vectors are independent and identically distributed.

for every pair of the clean speech and noise state (6, 0, ). For recognition, a “three-
dimensional Viterbi decoder” (Varga and Moore 1990) can be used (the third dimen-
sion is time). A problem is that the number of states in the resulting model explodes to
the product of the number of states in the clean speech and noise models. Increasing
the number of states is undesirable since it slows down decoding. Another problem
is that unlike the speech model, the noise model is usually not known in advance and
usually has to be estimated from test data. (Section 4.7 will discuss this in greater
detail.) A noise model with fewer parameters can be estimated robustly on less data.
It is therefore standard to model the noise as independent and identically distrib-
uted. Figure 4.5 depicts that: the noise at each time instance is independent. The
number of states in the HMM that results from combining this model for the speech
and the noise is the same as of the original, clean speech, HMM. To keep the number
of parameters low, the prior over the noise feature vectors n is usually restricted to

be one Gaussian for the additive noise, and the convolutional noise is assumed fixed:
n~N(un, Zn); h = u,. (4.23)

This work will therefore use the noise model M,, = {un, X, un}. Section 4.7 will
discuss the structure of its parameters and how to estimate them.

Per time frame, the noise is assumed independent and identically distributed and
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4.3. THE CORRUPTED SPEECH DISTRIBUTION

1 I 1 I 1 I 1
—10 0 10 20 30
Y

Figure 4.6 The corrupted speech distribution for speech x ~ N(10.5,36) noise
n ~ N (4,1), and phase factor & = 0.

the speech is independent and identically distributed given sub-phone 6. The phase
factor is assumed independent of the noise and speech, and independent and identic-
ally distributed per time frame, as in (4.15). None of those variables are directly ob-
served. For decoding, it is therefore possible to marginalise them out and directly
describe the distribution of the observation vector given the sub-phone. This can be
performed in either the log-spectral domain (with mismatch function f as in (4.10b))
or the cepstral domain (with mismatch function f as in (4.20)). Given vectors for the
speech, noise, and the phase factor, the observation vector is fully determined by the
mismatch function. Denoting vectors in the appropriate domain with y,x,n, h, &,

the distribution of the observation vector is

p¥(y) =plyle)
= | plylx) p(x|60)dx (4.242)
= p(ylx,n,h)p(h)dhp(n)dnp(x|6)dx (4.24b)

— [ [ [3tnner @) pledap(hianpinianpice)ax (4240

= J d¢(xnha) (Y) P(X, M, &, h|0)dxdhdndx. (4.24d)
where 8¢(x n 1« (Y) is the Dirac delta at f(x, n, h, o). This expression is exact. (It is
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still valid if « is fixed: then p(«) is a Dirac delta at the fixed value.) However, since
the mismatch function f is non-linear, for non-trivial distributions for x, n, h, &, like
Gaussians, the expression does not have a closed form. Figure 4.6 shows a one-dimen-
sional example of the corrupted speech distribution for Gaussian speech and noise.

The topic of much of this thesis will discuss how to best approximate the distribution.

4.3.1  Sampling from the corrupted speech distribution

Expressing the corrupted speech distribution parametrically is normally not possible.
However, if distributions for x, 1, h, and « are available, then it is straightforward to
draw samples y! from the distribution. This applies Monte Carlo to the expression
in (4.24d). The joint distribution p(x, N, h, &|0) is replaced by an empirical version

by sampling each variable from its prior:
Uspixie);  mt~pm); hUsph); o alVspla). (4259)
The empirical distribution over these then becomes
i,y h, odf) = ¢ Zs w(xmnh ). (4.25b)
By substituting this in in (4.24d), the empirical distribution over y becomes

p(ylo) = Z dxtt « (), (4.262)

where through the Dirac delta in (4.24d) the observation samples are defined by the

mismatch function applied to the samples of x, n, h, o:

y(l) — f(x(l)’ n(lJ) htY, cx(l]). (4.26b)

Sampling from the corrupted speech distribution will be used in this work to train
parametric distributions (DPMC and IDPMC) in section 4.4.1, and to examine how well

approximated distributions match the actual distribution in section 7.4.
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----- @ e @ T

Figure 4.7 Model compensation: the speech and noise in the graphical model in
figure 4.5 have been marginalised out.

.

Figure 4.8 The conventional implementation of model compensation: each com-
ponent is compensated separately.

4.4 Model compensation

Integrating out the speech and noise, in (4.24), leads to the graphical model in fig-
ure 4.7. It is a simple HMM. This has the useful property that the structure is the same
as that of a normal speech recogniser for clean speech (in figure 2.3 on page 19), with
the state output distribution now modelling the corrupted speech. In an implementa-
tion, this means that if the corrupted speech can be approximated with the same form
of model as clean speech uses, the speech parameters in the original speech recog-
niser can be replaced by estimated corrupted speech parameters. This is called model
compensation.

For computational reasons the compensation is normally performed per Gauss-
ian mixture component rather than per sub-phone state. Figure 4.8 show a graphical

model for this, which has the same structure as the model in figure 2.4 on page 20.
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Model compensation normally approximates (4.24) with a Gaussian:

d™(y) =N (y; w™, £, (4.27)

This Gaussian then replaces the clean speech Gaussian in the original speech recog-
niser (in (2.12)). This Gaussian, N ( p,f(m), Zf(m)), also gives the clean speech statistics.

As section 4.3 has shown, given standard speech and noise distributions, the cor-
rupted speech distribution has no closed form. Model compensation methods there-
fore minimise the KL divergence between the predicted distribution p(m) in (4.24) and
the Gaussian q(™:!

g™ = argmin KL (p™ ™)
q m

= argminjp(m)(y) log q™ (y)dy. (4.28)

The observation vector Yy contains static coefficients y* and dynamic coefficients y.
It is often harder to estimate compensation for dynamics. (Indeed, most of chapter 5
will be dedicated to that subject.) Not all compensation methods that the next sections
will discuss also compensate dynamic parameters.

There is a range of model compensation schemes that produce Gaussians, includ-
ing the log-normal approximation (Gales 1995), Jacobian compensation (Sagayama
et al. 1997), the unscented transformation (Hu and Huo 2006; van Dalen and Gales
2009b), and a piecewise linear approximation to the mismatch function (Seltzer et al.
2010). Only the following schemes will be be discussed in this work. ppmc, which
section 4.4.1 will discuss, approximates the predicted distribution p(™ by sampling,
and trains the optimal Gaussian on that. A variant is iterative ppmc, which also uses
samples, but trains mixtures of Gaussians rather than single Gaussians. The state-of-
the-art scheme, which will be the topic of section 4.4.2, applies a vector Taylor series
(vTs) approximation to the mismatch function, so that the resulting predicted distri-
bution becomes Gaussian. Section 4.4.3 will describe a scheme that speeds up com-

pensation by finding compensation per base class rather than per component. Finally,

'In chapter 6, this type of scheme will be interpreted as an instantiation of predictive methods, which
approximate a predicted distribution.
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section 4.4.4 will discuss single-pass retraining, which trains a speech recogniser on

artificially corrupted speech to find the ideal compensation in some sense.

4.4.1  Data-driven parallel model combination

Data-driven parallel model combination (pDpMmc) (Gales 1995) approximates the distri-
butions with samples and applies the correct mismatch function. A Gaussian assump-
tion is made only when training the corrupted speech distribution on the samples. In
the limit, it finds the optimal Gaussian distribution for the corrupted speech.

The original algorithm did not use phase factor «; however, the generalisation to
include this term is straightforward. pPMc represents the predicted distribution p(™
by an empirical version p{™). Section 4.3.1 has discussed how to find this distri-
bution by sampling. The empirical distribution has L delta spikes at positions yV

(see (4.26a)):

I

pM™(y) = L Z%m (y). (4.29)
1

The parametric distribution for the corrupted speech that ppmc finds is chosen to
minimise the KL divergence with the empirical distribution P, approximating (4.28)

with

q™ = argmin KL (p™ la)
q

= argmaXJf)(m) (y)logq(y)dy

q
= arg max Z logq(y Wy, (4.30)
q 1

This is equivalent to finding the maximum-likelihood setting for g™ from the sam-

ples. Standard ppmc finds a Gaussian distribution for the corrupted speech:

q™(y) =N (y; T Z§/m)) - (4.312)
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The maximum-likelihood setting for its mean and covariance parameters are set to:

L
1
p,gm) = gf)(m){y} =1 Z Um; (431b)
1=1

£ = g {yyT - = ( ¢ i ymym) M o)
1=1

where E3{-} denotes the expectation under p.

This allows the static parameters to be compensated. In previous work on bpmMcC
a method for compensating the dynamic parameters was proposed (Gales 1995). This
approach is only applicable when simple differences (linear regression using a window
of one time instance left and one right) are used. It uses the mismatch function for
simple differences from section 4.2.3: by modelling the static coefficients from the
previous time instance to the feature vector, x;_;, the dynamic coefficients for the

noise-corrupted speech can be found using®

1 Ak 1 1 1
Oont® e nt® he) — £, e he). (4.32)

A(K) A
Yy :f(xt +x t—1

However, this form of approximation cannot be used for the linear-regression-based
dynamic parameters, which is the form in modern speech recognisers.

In the limit as the number of samples goes to infinity, bPMcC yields the optimal
Gaussian parameters given a mismatch function and distributions for the speech,
noise, and phase factor. However, as a large number of samples are necessary to ro-
bustly train the noise-corrupted speech distributions, it is computationally expensive.

Figure 4.9a on the next page shows an example of the corrupted speech distribu-
tion and the pPMcC approximation in one dimension. Even for the one-dimensional
case, the corrupted speech can have a bimodal distribution that is impossible to model
with one Gaussian, as the figure shows. Iterative pPMcC (1IDPMC) also finds a para-
metric distribution that is close to the empirical distribution, but the distribution is
a mixture of Gaussians associated with a speech recogniser state rather than a single

Gaussian. This allows it to model the multi-modal nature of the corrupted speech

*Normalisation of dynamic parameters is ignored for clarity of presentation.
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(a) ppmc, with one component.
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(b) ippMc with four components.

Figure 4.9 ppmc and IDPMC in one dimension. The corrupted speech distribution

for speech x ~ N'(10.5,36) and noisen ~ N'(4,1).
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distribution. The word “iterative” in the name of the scheme refers to the iterations of
expectation-maximisation necessary to train a mixture of Gaussians. To draw corrup-
ted speech samples, the procedure in section 4.3.1 is applied again, but now the clean
speech model is a state-conditional GMM. Analogously to (4.30), the approximation

is3

q(e] = arg(rg)lin KL (ﬁ(e) H q(e))
q

= arg mian)(e)(y) log q(e) (y)dy
q(®

= arg min Z log q(eJ (y v ). (4.33)
@

The corrupted speech GMmM is then trained on the samples, without reference to the
clean models, and is not restricted to have the same number of components as the

clean speech GMM. Let the sub-phone-conditional distribution be defined

) 2> mg™(y), (4.34)

meQ©®)

where Q®) is the set of components in the mixture of Gaussians for 6.
Training mixtures of Gaussians from samples is similar to expectation-maximi-
sation. It works iteratively, as follows. At iteration k, first the hidden distribution, the

posterior responsibilities of each component, is computed for each sample:

(x) —
P (m, 1) = o= | : (4.352)

*In section 6.1.2 this will be analysed in terms of a predictive method, as an approximation of (6.9).
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The new parameters for the mixture distribution are then trained with maximum
likelihood using the distribution over the hidden variables. The component weights,

means, and covariances for iteration k become

(k) ._ ] () .
=T ; p™(m, U); (4.35b)

(m)(k) . |

by > oM(m,y"; (4.35¢)

o > e (m,1) -
(m)(k) ._ 1 (x) T (m)(k) (m)()T

pa = —————— m,l — .
y (lem( 1 El P (m, Uy My Hy " Hy

(4.35d)

Initialisation for training Gaussian mixture models is often a problem. However, in
this case, DPMcC provides a sensible initial setting with the number of components
equal to the original state-conditional mixture. To increase the number of compon-
ents, “mixing up” can be used, which progressively increases the number of compon-
ents. The component with the largest mixture weight is split into two components
with different offsets on the means, and a few iterations of expectation-maximisation
training are run. This is repeated until the mixture has the desired number of com-
ponents.

Figure 4.9 on page 79 shows how the approximation becomes more accurate when
the number of Gaussians increases. In the limit as the number of Gaussians M goes
to infinity, and the components are trained well, the mixture of Gaussians becomes
equal to the real distribution.

However, this requires each component to be trained well, for which it needs suf-
ficient samples. When increasing the number of components M, the number of total
samples L must increase by at least the same factor. An iteration of expectation-maxi-
misation takes O(ML) time, so in effect this is O(M?). Additionally, the number of
iterations of mixing up, which needs a number of iterations of expectation-maximi-
sation at each step, increases linearly with M. In practice, then, the time complexity of
IDPMC is at least O(M3). This becomes impractical very quickly, especially since com-

pared to figure 4.9, which shows only a one-dimensional example, many components
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may be required to model the distribution well in a high-dimensional space.

4.4.2  Vector Taylor series compensation

Vector Taylor series (vTs) compensation (Moreno 1996; Acero et al. 2000; Deng et al.
2004) is a standard method that is faster than ppmc. Rather than approximating the
noise-corrupted speech distribution directly, it applies a per-component vector Taylor
series approximation to the mismatch function f in (4.20). The most important result
of this is that, given Gaussians for the clean speech, the noise, and the phase factor,
the predicted noise-corrupted speech also becomes Gaussian. vTs compensation does
not aim to minimise any criterion, like the kL divergence.

The first-order vector Taylor series approximation to the mismatch function f with
expansion point (x3, n3, h3, o) is

£ (x5, 1% S, &) = (x5, 13, h, o)

F I —x3) + I M —nd) + T (M = hd) + T (& — &), (4.36a)

where the Jacobians for the clean speech, additive noise, and phase factor are

yom oy® . ym oy® .
X - ) n - )
X Jxs g s ox0 O [ n o
oy® oy®
L= 5 ; T = 5o (4:36b)
x3,n{,h,e0 x3,ny,hy,x0

Appendix c.1 gives expressions for these in terms of the expansion points. If the ex-
pansion point of the speech is much larger than that of the noise, the speech will dom-
inate, so that the Jacobian for the speech L((m) (in (c.3) and (c.5)) will tend to I. The
Jacobian for the noise ]E,m) will then tend to 0. Conversely, under high noise condi-
tions, L((m) will tend to O, and ]E,m) will tend to I.

An aspect that often goes unmentioned but is of importance is compensation of
dynamic parameters. This usually uses the continuous-time approximation (Gopinath
et al. 1995), discussed in section 4.2.3, which approximates the dynamic parameters.

However, to model the influence of the phase factor o on the dynamics, the dynamic
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part of its covariance, £4 is required. Rather than finding it, previous work has as-
sumed the phase factor O (Acero et al. 2000), or fixed to a different value, like T (Liao
2007) or 2.5 (Li et al. 2007). Assuming « fixed causes ® to be zero by definition.
A phase factor distribution has previously only been used for feature enhancement
(Deng et al. 2004), where no distribution over dynamics is required. The following
will therefore assume that ox = 0.

As discussed in section 2.1.2, when extracting feature vectors from audio, deltas
and delta-deltas are computed from a window of static feature vectors. However, they
aim to indicate time derivatives of the static coeflicients. The continuous-time approx-

imation (see section 4.2.3) assumes that they are in fact time derivatives:

A Y

dx®
A ~
yt - dt

. A, dn®
- dt

dh®
™= gt v

T odt

(4.37)

) ; b M
t t t t
Combining this approximation and the vTs approximation in (4.36a), the dynamic

coeflicients become

yh ~ dy® dx® dy® dn® dy® dh®
Y7 dxs dt|, dns dt|, dhs dt |,
~ JIMxA £ 7Mnd 4 MR, (4.38)

This uses the same Jacobians as the linearisation of the statics. The analogous expres-

sion for the delta-deltas yields

2 2 2 2
TEARESS SLEVANE (LT () T (4.39)

For clarity of notation, the following will only write first-order dynamics.
Having linearised the influence of both the static and the dynamic coefficients,
the observation feature vector that results can be written as a mismatch function for

static and dynamic coefficients: f\(,?;) (x,n, h). It applies (4.36a) for the static coeffi-

cients and (4.38) for the dynamic coefficients. f\(,z) is a sum of linearly transformed
independently Gaussian distributed variables. These are also Gaussian. For example,

for the clean speech statics:

.
TV (e —x3) ~ N (Iim)(ui“‘” —x§), M Esmyim) ) , (4.40)
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=) / Real distribution
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Figure 4.10 vTs compensation in one dimension. The corrupted speech distribu-
tion for speech x ~ N'(10.5,36) and noisen ~ N'(4,1).

and similar for the dynamics, and for the noise.
The linearised mismatch function f\(,?;) replaces f in the delta function in (4.24¢).

The approximation for y then is the sum of the mismatch function at the expansion

point and the two Gaussians (this assumes the convolutional noise h is fixed):

— . cym s (m)
q™(y) = JJéf(m)(x,n,uh)(y)N(n’ oy, Zn) ARV (x; ™, 2 dx

vts

=N(y; by, Zy). (4.41)

The parameters p, £, consist of parameters for the static and dynamic coefficients.

Compensation for the static parameters applies (4.36a):

5™ = £, 3, b, O) + LY (5™ —x@) + TV (05— ) (44e)
T T
AR EAD ) LIS (AP 353 (AR (4.42b)
and compensation for dynamics applies (4.38):
A A
A A T T
DD i e AR L X3 ISR (4.42d)

Because in the mel-cepstral domain the Jacobians are non-diagonal, the covariance

matrices Z;S,(m) and ZyA ™) are full even when the covariances of the clean speech and
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the noise are assumed diagonal. The expansion points are usually set to the means of
the distributions for the clean speech and the additive noise, so that the terms (pi(m) —

x3) and (u;, —ng) in (4.42a) vanish. The mean of the statics in (4.42a) then becomes

g™ = (g™, s, 13, 0). (4.43)

Figure 4.10 on the preceding page illustrates a vTs approximation to the corrupted
speech distribution. The approximation is reasonable, but not the same as the max-
imum likelihood Gaussian in figure 4.9a on page 79.

The parameters for the feature vector with statics and dynamics in (4.41) then are

the concatenation of the parameters of the parts in (4.42):

(m) (m)

| M m . |Zy 0

By = 2y Alm) (4.44)
Hy 0 zy

Since Zi’,(m) and Zé(m) are full, the overall corrupted speech covariance ng) is block-
diagonal. However, the block-diagonal structure is not normally applied for decoding,
because of two problems. First, it is computationally expensive. Second, the continu-
ous-time approximation for the dynamic parameters does not yield accurate block-
diagonal compensation (section 8.1.1.1 will show this). Therefore, the standard form

of vTs compensation is
Q™ = N (y; wy", diag (")), (4.45)

where diag(-) denotes matrix diagonalisation.

The most obviously useful effect of linearising the mismatch function is that the
corrupted speech turns out Gaussian. There are also other advantages that arise from
fixing the expansion points, so that the relationship between speech, noise, and cor-
rupted speech becomes linear per component. The means of the noise model can be
estimated with a fixed-point iteration (Moreno 1996) and the variance with a gradient-
descent-based scheme (Liao 2007). Alternatively, since the first-order approximation
makes the noise, speech, and corrupted speech jointly Gaussian, an EM approach (Kim

et al. 1998; Frey et al. 2001b; Kristjansson et al. 2001) can be used. Section 4.7 will give
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more details. Also, it is possible to use adaptive training with it (Liao and Gales 2007;
Kalinli et al. 2009). These aspects make vTs compensation very useful in practice.

Compared to using a distribution over &, assuming it constant has two effects on
the approximated distribution of the statics. One is that the term ]&m)Z“]&m)T drops
out from the covariance expression in (4.44). Since the entries of the phase factor
covariance are small, this decreases the variances only slightly. Since X is constant
across components and ]((xm) changes only slightly between adjacent components, dis-
crimination is hardly affected.

If « is equal to its expected value, O, then the mean of the compensated Gaussian
does not change compared to when « is assumed Gaussian. If « is set to a higher
value, the mean is overestimated. Also, Jacobians L((m] and ]gm) move closer to %I
(see appendix c.1 for the expressions).

In practice, « is often assumed fixed but the noise model is estimated. This should
subsume many of the effects that using a phase factor distribution would have had.
This includes a wider compensated Gaussian and overestimation of the mode.

There are other ways of approximating the corrupted speech distribution with a
Gaussian. One possibility is to approximate the mismatch function with a second-
order vector Taylor series approximation (Stouten et al. 2005; Xu and Chin 2009b),
and estimate the Gaussian to match the second moment of the resulting distribution.
Another approximation that has recently attracted interest is the unscented transform-
ation (Julier and Uhlmann 2004). This approximation draws samples like ppmc, but
it the samples are chosen deterministically, and if the mismatch function were linear,
then it would yield the exact distribution, just like vTs. It has been applied to feature
enhancement (Shinohara and Akamine 2009), without compensation for dynamics,
and model compensation (Li et al. 2010), with the continuous-time approximation.
Yet another approach approximates the mismatch function with a piecewise linear
approximation (Seltzer et al. 2010), the parameters of which are learned from data.
Whatever the differences between how these methods deal with the mismatch func-

tion, they all approximate the corrupted speech distribution with a diagonal-covari-
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O
Figure 4.11 Joint uncertainty decoding: the noise is subsumed in p(y|x).

ance Gaussian. When applying maximum-likelihood estimation to estimate the noise
model (see section 4.7), the differences between these compensation methods come
down to slight variations in the parameterisation. For example, Li et al. (2010) finds
that compensation with the vTs and the unscented transformation yields the same
performance when parameters for both are correctly optimised. Rather than looking
into all these variations, this thesis will look into full-covariance Gaussian (chapter 5)

and non-Gaussian (chapter 7) distributions.

4.4.3 ]oint uncertainty decoding

The model compensation schemes discussed so far incur considerable computational
cost, since they compensate components individually. A way of overcoming this prob-
lem is to apply compensation at a different level. It is possible to describe the mismatch
between the clean speech and the corrupted speech as a joint Gaussian of the speech
and the observation. This is called joint uncertainty decoding (yup) (Liao 2007). Fig-
ure 4.11 contains a graphical model for this. The influence of the noise is subsumed in
the link between x and y. The joint distribution is defined

X ux ZX ZX
~N , e (4.46)

y Ly Ly 2y

If stereo data with parallel clean speech and corrupted speech is available, then this

distribution can be trained directly (Neumeyer and Weintraub 1994; Moreno 1996).
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However, this means the scheme cannot adapt to new noise environment. More gen-
eral schemes estimate a noise model and apply a form of model compensation. Most
of the parameters of this joint distribution can be found with a model compensation
scheme that takes a clean speech Gaussian and produces a corrupted speech Gauss-
ian, like vTs or ppmc. The cross-covariance X, however, needs an extension. Sec-
tion 4.4.3.1 will discuss how to estimate a joint distribution with vts and ppmc. The
only approximation that this requires is the one that the original model compensa-
tion method applies. However, no additional approximation is necessary to find the
corrupted-speech distribution for one speech recogniser component: it drops out as
Gaussian. The following derivation will show that.

A useful property of a joint Gaussian is that the conditional distribution of one
variable given the other one is also Gaussian. This is a known result, which is derived
in appendix A.1.3. The distribution of the observation given the clean speech p(ylx)

therefore becomes
plylx) =N (y; by + Xy (X — 1)y Zy — ZpEZy ‘ny)
= N(y; By + Ajy (X — 1)y Zy — Aj—u]jzxy)
= [AjualV (Ajuays Ajuabty +X = 1 AjweE, AL~ 5, (447)
with
Ajud = ., (4.47b)

For the component-conditional distribution of the corrupted speech, joint uncertainty
decoding uses the expression for model compensation given in (4.24a). The environ-
ment model p(y|x) is replaced by the one in (4.47a). The component distribution for
the corrupted speech that results from convolving this conditional with the compon-
ent distribution of the clean speech is Gaussian. It can be written as a base-class-spe-
cific transformation of the clean speech parameters: an affine transformation of the

observation and a bias on the covariance:
q™(y) £ JP(U|X)P(X|m)dx
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JN(U; Hy + Ajzzﬂ (x —1x), Zy — Zx) 'N(X; u™, Zim))dx
- J [Ajual - N (Ajuays Ajuabty +X — by AjuaZy ALy — )

N (% ™, 2 ax
= |Ajud] 'N(Ajudy + Hy — Ajudby;

u)((m)) Zim) + AjudZyA‘j—[L_Jd - Zx)

= [Ajual - N (Ajuay + b ™, 2V 4 s (4.482)
with
Ajud = x5 (4.48D)
bjud = Mx — Ajud Hy; (4.48C)
Zhias = judZyAJj;d — % (4.48d)

If the joint distribution has full covariance, A;,q and Xy, are also full. However,
if Zpias is full, the covariance matrices used for decoding become full as well, even
if they were diagonal before being compensated. This means that decoding is slower.
Conceivably, X ;,s could simply be diagonalised, but this yields bad speech recogniser
performance (Liao and Gales 2005). A solution is to find a joint distribution with di-
agonal covariances and cross-covariances, so that A;,q and Z,;,s drop out as diagonal.
This is the approach taken in Liao and Gales (2006). Section 6.3 will discuss how to
generate full A4 and X5 and convert them into a form that is faster in decoding.
Normally, joint uncertainty decoding associates every component m of the speech
recogniser HMM with one base class 1, each with a different Gaussian joint distribu-
tion. Note that a regression class tree is not necessary if the joint Gaussians are es-
timated with a compensation method, because the number of parameters in the noise
model does not vary when the regression class tree is expanded. The speech recogniser
components in one base class are close in acoustic space. Joint uncertainty decoding
therefore can be viewed as partitioning the acoustic space and approximating the en-

vironment properties for each partition.
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Since the model compensation scheme is applied to all components in one base
class at once, it is faster than applying model compensation separately per compon-
ent. Varying the number of base classes gives a trade-off between computational cost
and accuracy. If every base class contains just one speech recogniser component, then
the number of components is equal to the number of base classes, and the compens-
ation is exactly equal to if the compensation scheme had been applied directly to the

components.

4.4.3.1  Estimating the joint distribution

Any model compensation scheme that takes a clean speech Gaussian and produces a
corrupted speech Gaussian, like vTs or DPMC, can be used to find most of the para-
meters of the joint distribution in (4.46). The parameters of the clean speech p,, X
can be found from the clean training data. They can be derived from the distribution
of all components in a base class, which is the obvious choice for joint uncertainty de-
coding. The parameters of the corrupted speech that a model compensation method

finds give u, and X,. That only leaves X, = Zl—y to be estimated.

With ppmc  Finding the joint distribution with ppmc (Xu et al. 2006) extends the
algorithm for model compensation with ppmc straightforwardly. The following only
considers static parameters; section 5.4 will find a joint distribution over statics and
dynamics.

Section 4.3.1 has discussed how to draw samples y!! from the noise-corrupted
speech distribution. To train the joint distribution, sample pairs of both the clean
speech and the corrupted speech are retained. The empirical distribution has L delta

spikes at positions (xY, y (W), analogous to (4.29):
5 1
(xV,yV) ~ p™(x, y); p(x,y) = i Z B(x(v) yv)y- (4.49)
1

Just like in (4.31), the parameters are set to maximise the likelihood of the resulting dis-

tributions on the samples. However, for the joint distribution in (4.46), the mean and
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covariance parameters are set at once to the mean and covariance of the tuple (x,y)

under the empirical distribution:

L Q)
Hx X 1 X
= gf, = i Z 0 ) (4.50a)
Hy | Y =1|Y
- - T T
ZX ny g x([) X(U WUy Uy
SRS U B DCIN
Ty Xy i Y y Hy Hy
L Q) ) T T
1 X X My || Bx
=| = — . (4.50b)
L 1Z1 yv [y uy | |u
= y y

With vrs As in section 4.4.2, the vector Taylor series approximation by itself only
finds compensation for the static parameters. For the dynamic parameters, an addi-
tional approximation, the continuous-time approximation, is necessary. (Section 5.4
will estimate the joint distribution without that approximation.)

How to estimate the corrupted speech parameters u,, X, was discussed in sec-
tion 4.4.2, in (4.44). Since the speech is independent of the noise, and the mismatch
function in (4.36a) is linearised, the cross-covariance of the speech and the observa-

tion does not contain any noise terms, so that (Moreno 1996; Xu et al. 2006):
T T
£5 2 & (s, 5,15, 0) = 153) (o — 1) T} = £{0 0 — 1) (¢ — m3) T}
=J.X5. (4.51a)

The cross-covariance for the dynamics follows in the same manner from the approx-

imation of the corrupted speech dynamic coefficients in (4.37):

= J.Z2. (4.51b)

Similarly to (4.44), the cross-covariance of the feature vector with statics and dy-

namics then is the concatenation of the parameters of the parts:
£, 0

Ty i=
0 A

(4.510)
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Alternatively, it is possible to use different approximations to find the joint distri-
bution. This includes the methods that were mentioned at the end of section 4.4.2:
second-order vTs (Xu and Chin 2009b), the unscented transformation (Xu and Chin
2009a), and the trained piecewise linear approximation should also be applicable to
estimating the joint. However, the final shape of the joint distribution is still the same,
with the diagonal blocks. When the noise is estimated, this limits the amount of im-
provement different techniques can yield. Section 5.4 will discuss how to estimate a

full-covariance joint distribution.

4.4.4  Single-pass retraining

Single-pass retraining (Gales 1995) is a technique that takes a speech recogniser trained
on clean speech and retrains it for corrupted speech. It requires stereo data, a parallel
corpus of clean speech and exactly the same speech in the noisy acoustic environment.
Stereo data is only available in laboratory conditions, for example, when noise is ar-
tificially added to clean speech. Also, it is unlikely that in practical situations clean
speech data is available but not preferred over noise-corrupted speech data as input to
a speech recogniser. Single-pass retraining is therefore not a practical technique itself,
but one that more practical compensation techniques can be compared to.

Single-pass retraining trains a speech recogniser with expectation-maximisation
as normally, but between the expectation step and the maximisation step of the last
iteration it replaces the clean audio with artificially corrupted audio that is exactly
aligned. One utterance in the stereo data will be denoted (X', )), with X" the clean
data, and ) the corrupted data. The empirical distribution representing the whole
training data will be denoted with joint distribution p(&X’, V).

The expectation step of EM yields a distribution p(U/|X’), based on the clean speech,
as in normal training. However, the speech recogniser that is trained is not a dis-
tribution over clean observations qsx, but a distribution over the corrupted speech
observations iy . Just as in normal speech recogniser training, this distribution fac-

torises into a distribution over the hidden variables q;; and a distribution over the
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observations given the distribution of the hidden variables, here qyy.

The optimisation of the former has the same effect as normal training, in (2.27b),
since the observations do not directly enter into the equation. The latter, however,
maximises the likelihood of ) rather than X'. Adapted from (2.27), then, the optim-

isation in the last iteration, K, is given by

alf) = argmanx [ (¥, ) | pltd1) log u (L) (1, (4:520)
qu

) = argmax | 5(,Y) [ pUIY)log ayuVUUAX, V). (as2b)
dyiu

Again, p(X') is represented by component-time occupancies yt ) found on the clean
speech. The output distributions q(™ are then trained on the corresponding corrup-

ted speech vectors (similar to (2.32)):

ay, —argmaxJ (X,)) Zth log ™ (y¢)d(X, V). (4.53)

m t=1

It is interesting to relate this to model compensation. The clean training data p(X’)
represents samples from the real distribution of the speech. The corrupted utterance )
corresponding to each clean speech utterance &, found by artificially adding the noise,
is drawn from a distribution p ()| X') representing the mismatch. Single-pass retrain-
ing therefore effectively trains a speech recogniser on a non-parametric distribution
of the noise-corrupted speech that results from combining non-parametric distribu-
tions for the clean speech and the noise. This is in contrast with ppmc, discussed in
section 4.4.1, which, even though it represents the corrupted speech with an empir-
ical distribution as an intermediate step, assumes parametric distributions for both
clean speech and noise, and a known mismatch function. If there is enough data to
train the distributions robustly, single-pass retraining yields the optimal parameters
for component distributions. A single-pass retrained speech recogniser therefore re-
flects the corrupted data better than model compensation methods that estimate the
same form of component distribution could, because they derive from parametric rep-

resentations of the speech and the noise. This work will therefore compare model
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compensation methods against a single-pass retrained speech recogniser, which gives
the ideal compensation for a form of output distribution.

Single-pass retraining is normally applied only in the last iteration of speech recog-
niser training. With additional training iterations, on just the noisy data, the component—
time alignments would shift, and the state model of the speech and that of the noise
cease to be independent. In model compensation, the speech and noise models are as-
sumed independent (see figure 4.4). When training reference recognisers, this work

will therefore not apply additional training iterations after single-pass retraining.

4.4.4.1  Assessing the quality of model compensation

Normally, word error rates are used to evaluate the performance of speech recogni-
tion systems. However, this does not allow a detailed assessment of which aspects
of the compensation process are working well and which poorly. An alternative ap-
proach is to compare compensated systems’ distributions to their ideal counterparts.
A well-known tool for estimating the distance between two distributions is the Kull-
back-Leibler (kL) divergence, discussed in appendix A.2. The only work that has used
the KL divergence to investigate the performance of model compensation methods
is Gales (1995). However, it will turn out that the xL divergence can help to assess
compensation quality with a much finer granularity than word error rates alone.
A useful comparison method is the occupancy-weighted average of the component-

for-component KL divergence of the compensated system to the single-pass retrained
system (Gales 1995). If p(m)is a Gaussian of the single-pass retrained system, and q (m)

is the corresponding Gaussian of the compensated system, then this metric D is
1
DE Y YKL (p™|q™). (4:54)
= S e )

v™ is the occupancy of component m in the last training iteration, for both the com-
pensated and the single-pass retrained system. Apart from being an obvious measure

of compensation quality over a whole speech recognition system, it is also propor-
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tional to the expression (in (6.7)) that this thesis will analyse predictive methods such
as model compensation methods as aiming to optimise.

Another useful attribute of this form of metric is pointed out in appendix A.2. De-
pending on the structure of the covariance matrices, it is possible to assess the com-
pensation per coeflicient or block of coefficients. When diagonal covariance matrices
are used, each dimension may be considered separately. This allows the accuracy of
the compensation scheme to be assessed for each dimension. Similarly, block-diag-

onal compensation can be examined per block of coefficients.

4.5 Observation—dependent methods

Section 4.4 has discussed model compensation methods, which approximate the cor-
rupted speech with a parameterised distribution. This section will describe two meth-
ods that use a different approach: they start the computation only when the obser-
vation has been seen. The Algonquin algorithm (section 4.5.1) extends the vTs ap-
proximation by iteratively updating the expansion point. It comes up with a different
Gaussian for each clean speech Gaussian for each observation. It is also possible to
approximate the integral over the speech and noise using a piecewise linear approx-

imation (section 4.5.2).

4.5.1  The Algonquin algorithm

The “Algonquin” algorithm (Frey et al. 20014; Kristjansson and Frey 2002) is an exten-
sion to vTs compensation, which updates the expansion point given the observation.
This thesis will view the algorithm from a different slant than the original presenta-
tion. The original presentation extended model-based feature enhancement to per-
form variational inference, which section 4.6.2 will discuss. This section, on the other
hand, will discuss how Algonquin iteratively updates its approximation to the corrup-
ted speech distribution for one speech Gaussian, in line with the rest of this chapter.

At the same time, the algorithm updates an approximation to the the posterior of the
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clean speech and the noise, which will come in useful in section 7.2.

The most important conceptual addition of the Algonquin algorithm is that it
takes into account the observation vector. In the following discussion, when an ac-
tual observation is meant it will be indicated with y. Whereas vTs linearises the mis-
match function at the expansion point given by the means of the prior distributions of
the speech and the noise, the Algonquin algorithm updates the expansion point iter-
atively, finding the mode of the posterior of the speech and the noise. It can therefore
be seen as an iterative approach to finding the Laplace approximation to the posterior.

For the presentation of the Algonquin algorithm, the convolutional noise will be
assumed zero and not written. (As long as it is assumed Gaussian, as in the original
paper, the extension is trivial.) Feature vectors will be written x, n,y, but they can
stand for any type of feature vectors that there exists a linearisable mismatch func-
tion for. The original presentation assumed just static coeflicients, but a feature vector
with statics and dynamics can be used. Section 5.3.4 will introduce a version that uses
“extended” feature vectors.

The Algonquin algorithm uses a approximation of the environment model com-
pared to the one discussed in chapter 4.2, in (4.24¢). The influence of the phase factor
on the observation is captured by a Gaussian around the mode of the distribution for

given x and n. Thus, that distribution is approximated as

plylx,n) = jéf(x,n,a) (W ple)da~N(y; fx,n), ¥), (455

where f(x,n) £ f(x,n,0), and ¥ is the fixed covariance that models the uncertainty
around the mismatch function.

Figure 4.12 on the next page shows a one-dimensional example. The prior of the
speech and the noise is given in the left panel. Their posterior distribution after having
seen an observation Y is in the right panel. This posterior will be approximated with
a Gaussian centred on its mode.

To deal with the non-linearity in the mismatch function, it is linearised (as in vrs
compensation). The Algonquin algorithm iteratively updates the linearisation point to

the mode of the posterior distribution. The linearisation point in iteration k is denoted

96



4.5. OBSERVATION-DEPENDENT METHODS

11 11
10 10
9 9
8 8
7 n 7z
6 6
5 5
4 4
3 3
3 5 7 9 11 3 5 7 9 11
X X
(a) The prior distribution p(x, ). (b) The posterior p(x,nly = 9).

Figure 4.12 The Algonquin-derived distribution of the clean speech and noise for
x~N(10,1);n~N(9,2); ¥ =0.04,y =9.

by (x(()k), n(()k)). The linearised mismatch function in iteration k is

fua () = F(xg” g7 ) + 1 (x = %) + T (n = mg?), (456)

where the Jacobians are

j dy . j dy

X - ) n - .
k k k k
dx X k) dn X k)

(4.57)

For the first iteration k = 0, the linearisation point is set to (i, 1n), so that the mis-
match function is equivalent to the one used in vTs compensation in (4.36a), leaving
out the phase factor.

Using the linearised mismatch function in (4.56), the speech, the noise, and the

observation become jointly Gaussian:

X X TN ., 0 ZQ;)

g In||=M|n]|;|w || 0 Z. ¥ |- (4.58)
K K) (k) (K
| [z e 2
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Note that the parameters of the marginal of x and n (uy, pn, 4, and X)) are given
by the prior and do not depend on the iteration k. On the other hand, the covari-
ance of the observation and the cross-covariances are found through the linearised
mismatch function, which changes with every iteration. Those parameters are found
as follows. Using the linearised mismatch function and assuming the error A/(0, ¥)
of the mismatch function, the distribution of the corrupted speech is Gaussian y ~

N (u§k), ZW) with parameters similar to those for vTs compensation in (4.42):

)= £ {806} = £, ) 4 109 (e =) + T (g — )

(4592)
£ = e (Ehlem) — ) (Hixm) — )+ ¥
{1 (1) 0 (1) 4T () O ()"}
— ]Q‘)g{(x — ) (x — ux)T}Iik)T + Iﬁk)f{(n — ) (n— un)T}L(wk)T +W

T T
=J¥E g® ¥ g (4.59b)

The cross-covariance between the speech and the observation and between the noise

and the observation can be derived similarly:

Zy;) = 6{ (f\(/g (x,n) — uy) (X — Mx

)
= {0 () (x— )

)

- ]‘Xk)s{ (x — o) (x — ux)T} =15, (4.602)

Note that the original implementation (Frey et al. 2001a; Kristjansson 2002) diagon-
alised the covariances and the cross-covariances. This requires that the Jacobians are
diagonalised too, otherwise the relationship between speech, noise, and observation
is invalid.

Assuming the joint distribution of the speech, noise, and observations in (4.58),
the posterior distribution of the speech and the noise conditioned on an observa-

tion Yy follows from a standard result (derived in appendix A.1.3, (A.10¢)). This ap-
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proximation to the posterior distribution will be written q*:

(k)
X X 18 Xy K1 K
q" Yt =N< 300 8 Bl R (TR
n Hn Zhy

£, 0 pate o
x v | (K

B ) G
0z, baly

Note that the speech and noise priors are not correlated, but the posteriors are.

Algonquin sets the expansion point for the next iteration to the mean of this ap-

proximation to the posterior:

k+1 K) (k)] k
MRETOED aivh (TR TOASE
K41 K) (k)7 k
ng Y = e+ ZWEN T (y - ), (4.62)

so that the expansion point is updated at every iteration, and the Gaussian approxim-
ation to the posterior is moved. There is no guarantee that the mode of the approx-
imation converges to the mode of the real posterior: the algorithm may overshoot. A
damping factor could be introduced for this, but this appears to slow down conver-
gence without benefit (Kristjansson 2002).

After K iterations, the Gaussian approximation ( to the distribution of y is found

from (4.58) and (4.59):

ay () =N (v; ", £,)
= 7y 1m0 10 o)+ T (o — ),

T T
JOLJ + 0zl +w). (4:63)

Figure 4.13 on the following page shows a one-dimensional simulation of the Al-
gonquin algorithm in (x, n)-space. The left panel shows the prior of the clean speech
and the additive noise, and the right panel the Algonquin approximation to the pos-
terior. Note again that the priors of the clean speech and noise are not correlated, but
the posterior is.

Algonquin applied to the model compensates each Gaussian separately for each

observation. It is not clear from the original presentation that this happens, so it is
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Figure 4.13 Iterations of Algonquin.

proven in appendix D. The problem with using this Gaussian approximation is that
the effective distribution is not normalised. Even though q in (4.63) is a normalised
Gaussian if estimated iteratively for one Y, in practice it would be estimated and then

applied to the same observation y;. Thus, in general,

Jq(yt)dyt #1. (4.64)

However, Algonquin applied to the model compensates each Gaussian separately for
each observation. The output distribution is therefore optimised differently for each
component, and there is no reason to assume their densities at one position can be
compared in the way decoding normally does. The original Algonquin algorithm
works around the problem that q(y¢) is not a normalised distribution by finding the
minimum mean square error estimate of the clean speech. Section 4.6.2 will discuss

this.
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4.5.2 Piecewise linear approximation

The compensation methods in the previous sections have used a single Gaussian to

represent the observation distribution. However, the actual observations are not Gauss
ian distributed even when the speech and noise are. It is possible to approximate the
integral that gives the likelihood of the observation. Myrvoll and Nakamura (2004)
use a piecewise linear approximation for this as a step in estimating the noise model
for feature enhancement. Like for the Algonquin algorithm, the model for the interac-
tion of the speech, noise, and observation the original work uses is somewhat simpler
than the one in section 4.2. The following will adhere to the original presentation,
because it provides good insight in both the main idea and the main limitation.

The main idea is to transform the integral over the speech and the noise into an-
other space. It then becomes easier to apply a piecewise linear approximation. The
main limitation is that the method works on a single dimension, and uses log-spec-
tral domain coeflicients. In the log-spectral domain, coefficients are highly correlated.
Appendix E.2 shows that it is theoretically possible to perform the transformation of
the integral in more dimensions. However, if the piecewise linear approximation in
the one-dimensional case requires 8 line segments, the d-dimensional case requires
8¢ plane segments. This makes the scheme infeasible for correlated feature vectors.

In one dimension, the scheme works as follows. Speech x, noise n, and observa-

tion y are assumed deterministically related, with

exp(y) = exp(x) + exp(n), (4.652)

which is equivalent to (4.9) where the convolutional noise and the phase factor are
assumed 0. Ify is observed to be y¢, and x is changed, n automatically changes too. A
substitute variable 1 is therefore introduced to replace both x and n in the integration

in the likelihood expression. It is defined

u=1—exp(x —yi), (4.65b)

101



CHAPTER 4. NOISE-ROBUSTNESS

so that (see section E.1 for details)

n =y +log(u); (4.65¢)

x =yt + log(1 —u). (4.65d)

Given a speech coefficient, the distribution of the observation can be written in terms
of the distribution of the noise. As this is a transformation of the variable of a probab-

ility distribution, it is a standard result (see section A.1.1) that a Jacobian is introduced:

on(x, yt)

ayt P(n(X»Ut)) ) (466)

Pyelx) =’

where p(n(x,yt)) is the prior of n evaluated at the point implied by the setting of x
and yy.
The likelihood of y can be expressed as an integral over x. It follows from (4.65a)

that x < yg. It can then be transformed into an integral over u € [0, 1] as follows:

plwd = [ plydho px)dx

J—00

¥t | on(x,y)

| |Pma ) peIax

J—00

rl

Yt

on(x,y)

dy

ax(u—)yt)
ou

p(n(u,yi)) p(x(u,yd)du, (4.67)

Jo ue
where p(n(u,y¢)) is the prior of n evaluated at the point implied by the setting of u
and yy, and similar for p(x(u,yq)).

Appendix E gives the complete derivation. The likelihood can be rewritten

1 1
plyd) = exp(zcﬁ + igi — Hn — Hx + 29t>

J] N(log(u); tn — Op — Yt Gﬁ) N(IOgU —); py — 0% — Yt Gﬁ) du.

0
(4.68)

The variables of the two Gaussian, log(u) and log(1T — u), can be approximated with
piecewise linear functions. Myrvoll and Nakamura (2004) use 8 line segments. For
any observation Yy, the expression then becomes a sum of integrals of a fixed factor

times an integral over a Gaussian, for which well-known approximations exist.
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This derivation crucially depends on the assumption that coefficients can be con-
sidered separately. To model the likelihood well, the priors p(x) and p(n) need to
model correlations between coeflicients. In the cepstral domain where correlations
are not usually modelled, they become more important as the signal-to-noise ratio
drops (Gales and van Dalen 2007). But any generalisation of the derivation to vec-
tors of cepstral coeflicients will need to convert to log-spectral vectors anyway, and
turn diagonal-covariance priors into full-covariance ones. Note that though Myrvoll
and Nakamura (2004) give the derivation for log-spectral coefficients, they apply the
method to cepstral coefficients.

Appendix E.2 gives the generalisation of the algorithm in Myrvoll and Nakamura
(2004) to d-dimensional log-spectral vectors. It turns out that the integral in (4.68)
becomes an integral over [0, 1]¢. This means that the 8 line segments for the single-
dimensional case become 8¢ hyperplanes. It is infeasible to apply this to a standard
24-dimensional log-spectral feature space. Section 7.3 will therefore use a similar idea
but a different transformation and a different approximation to the integral. It will
use a Monte Carlo method, sequential importance resampling, to approximate the

integral.

4.6 Model-based feature enhancement

As section 4.1 has discussed, a faster but less principled technique for noise-robustness
than model compensation is feature enhancement. The objective of feature enhance-
ment is to reconstruct the clean speech. An advantage of this is that it sidesteps issue
of finding compensation for dynamics. Early schemes used spectral subtraction (Boll
1979). However, knowledge of the clean speech and noise distributions make a statist-
ical approach possible (Ephraim 1992). The distributions of the noise and especially
the speech are best given in the log-spectral or cepstral domain. Usually, a minimum

mean square error (MMSE) estimate of the clean speech given an observation Yy is
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found (Ephraim 1990):

x = Exlyy). (4.69)

This requires p(x|y), and therefore p(x), a model for the speech, which is simplified
from a speech recogniser. Normally, a mixture of Gaussians is used for the joint dis-

tribution of the clean and corrupted speed:

() (r) (1)
X )INSED X
2 TN u;) ) (470)
Yy T Ly Ty Ly

The parameters of this joint distribution can be found with the methods described in
section 4.4.3.1. Given the model in (4.70), the estimate in (4.69) is found by margin-
alising out the front-end component identity. It is a known result, which is derived in
appendix A.1.3, that from a joint Gaussian the distribution of one variable conditioned

on another is Gaussian with parameters
-1 -1
xynwwv(®”+z$zy)(y—uWLZSL—ﬂQZW ZQ) (4.7)

The expected value of the clean speech for one component is the mean of the condi-

tional distribution in (4.71):

=Y Plriyy) Exlye, )

—1
=Y Plrly) <u£” + 295 (ye— u&”)) : (4.72)
The posterior responsibilities P(r|y:) are found with the component-conditional mar-
ginal distribution of y:
P(rlyo) o P(r) plydlr) = A (yis ), 2)7). (473)

This can be written as a affine transformation {A mmse, bt,mmse} that depends
on the observation vector. It is a linear interpolation between affine transformations

{ Aff]znse, bmnse} that can be precomputed with

—1
An(;lnse = Zg/)zy} ) bgg’nse = H)Er) - Agr:lnseuy)- (4.74)

104



4.6. MODEL-BASED FEATURE ENHANCEMENT

The estimate of the clean speech then becomes

X = At,mmseyt + bt,mmse) (4.75)

where the interpolation weights are given by components’ posterior probabilities P (r|y+):
At,mmse = Z P(T|yt) Ar(‘r:lnse; bt,mmse = Z P(T|yt) br(‘r:lnse- (4.76)
T T

When decoding with the clean speech estimate X as the input vector for speech

recogniser, the likelihood for component m is computed with

q(m) (Yyt) = P(m) (X) = P(m) (At,mmseyt + bt,mmse)- (4.77)

It is possible to write this as a transformation of the whole speech recogniser which is
different for every observation vector. However, this transformation does not have a

probabilistic interpretation.

4.6.1  Propagating uncertainty

A problem that has been recognised (Arrowood and Clements 2002; Stouten et al.
2004a) is that the clean speech estimate X is a point estimate which does not carry any
information about its uncertainty. A number of approaches have been suggested. It
is possible to propagate the uncertainty of the posterior p(x|y, ) of the clean speech
reconstruction (Arrowood and Clements 2002; Stouten et al. 2004a). This uses the
covariance of the Gaussian conditionals in (4.71), and effectively computes likelihoods

as

4™ (yy) = Jp(xmt) ™ (x)dx, (4.78)

which is not mathematically consistent (Gales 2011).
An alternative is to propagate the conditional distribution p(y¢|x) (Droppo et al.

2002):
g™ (y) = J plyeh) P (x)dx, (4.79)
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where

plydx) =) Prx)pydx,T). (4.80)

The problem with this is that the component posterior P(r|x) depends on the clean
speech, because it is conditioned on latent variable and must therefore be approxim-

ated.

4.6.2  Algonquin

So far, the joint mixture of Gaussians in (4.46) has been assumed fixed. If the joint
was trained on stereo data, then this is sensible. However, if it was estimated with
vTs, then the linearisation points may not be optimal. Section 4.5.1 has introduced
Algonquin for model compensation, which iteratively updates the linearisation points
towards the mode of the posterior given the observation. The original Algonquin
algorithm (Frey et al. 2001a) applies feature enhancement, which finds the minimum
mean square error estimate of the clean speech. Algonquin extends this idea by at the
same time as updating the observation distributions, finding an approximation to the
component posteriors of the mixture of Gaussians.

The algorithm replaces the static joint distribution in (4.46) by an approximation

(Kristjansson 2002)

X,y ~ Z T[(m) ’ p(xa Tl|T) : q(r)(k) (y |X,T1) . (4.81)
T

At each iteration k, the component-dependent observation distribution g

is up-
dated by re-estimating the expansion point as in section 4.5.1. The component distri-
bution of the speech and the noise is Gaussian, and q™*) is assumed Gaussian be-
cause of the mismatch function. Therefore, the posterior distribution q™¥™ (x, njy;)

of the speech and the noise given the observation also becomes Gaussian. Its mean

gives the expansion point for the next iteration.
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After a number of iterations, the MMSE estimate for the clean speech is found ana-
logously to (4.72)
k=) q(r)-£{qd"Mxlys) }, (4.822)
T
where the expectation is the mean of the Gaussian posterior. The posterior respons-

ibilities q(r) are found with, analogously to (4.73),

q(r) oc ™ MM (y,). (4.82b)

4.7 Noise model estimation

The discussion so far has assumed that a distribution of the noise is known. In practice,
however, this is seldom the case. The noise model must therefore be estimated. The
usual approach is to apply expectation-maximisation in an unsupervised-adaptation
framework discussed in section 3.1. The aim then is to optimise the noise model para-
meters to improve the likelihood using the form of model compensation that is used
for decoding.

Conceptually, this moves the interface of the model with the real world. It does not
matter any more whether the noise model matches the actual noise. What matters is
that the parameters can be estimated robustly and that they allow the resulting model
to match the real world reasonably well. Discrepancies between the model and the
real process therefore become allowable: the noise model estimate can absorb some
of the mismatch.

The noise model M,, = {u,, X, un} comprises the parameters of the additive
noise, assumed Gaussian with A/(u,, X, ), and the convolutional noise w;,, which is

assumed constant. The parameters are of the form

TH diag(Z3) O T5
o = S IENTE A
0 0  diag(Z3) 0
The expected value of the dynamic coefficients of the additive noise are zero because

this work assumes that the noise model has no state changes. Since the convolutional
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noise is assumed constant, its dynamic parameters are also zero. The noise covariance
is normally assumed diagonal, just like for clean speech Gaussians. With standard
feature vectors, with 13 statics and 13 delta and 13 delta-delta coefficients, the noise
model has only 65 parameters, as opposed to CMLLR’s 1560 per class. This means that
methods for noise-robustness can adapt to a few seconds of data, in situations where
applying CMLLR decreases performance (for a comparison, see Flego and Gales 2009).

Though noise model estimation can conceptually be seen as adaptation, the gen-
eric derivation is different from the derivation of adaptation in section 3.1. The noise
is explicitly a hidden variable distributed according to some distribution, whose para-
meters must be trained. Training uses expectation-maximisation (see section 2.3.2.1)
(Rose et al. 1994). Here, the hidden variables I/ consist not only of the component
sequence my, but also the sequence of the noise vectors n; and h;. The expressions

for the expectation and maximisation steps are (after (2.22) and (2.27b))

o) = qu, o<y (4.842)
) = arg maxjf)(y) J oM UIY) log qu (U)dudY. (4.84b)
qu

For noise estimation, the posterior distribution over the hidden variables is a joint

distribution over the components and the noise vectors, which can be expressed as

pUY) = p({mi,ni, hi}|Y)
= p(fmd|Y) o ({ne, R [{mi}, V). (4.85)

The distribution over the components, p({mt}’y), is the same as for speech recog-
niser training, and again it is sufficient to keep component-time occupancies y,(tm)
The distribution over the noise consists of a distribution for each component. The
relationship between the noise and the noise-corrupted speech is non-linear. This
relationship is captured by gy, which the computation of the hidden variable pos-
terior in (4.84a) uses (see section 2.3.2.1). The posterior distribution of the noise for
one component My is p ({nt, ht}‘{mt}, y) therefore does not have a closed form.

Noise estimation is of practical value. It is therefore not surprising that most meth-

ods that have been proposed work on a practical compensation method, which lin-
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earises of the mismatch function. This is mostly either vTs compensation or joint
uncertainty decoding. Methods use either of two ways of approximating the hidden
variable posterior. Some fix the linearisation of the influence of the noise on the ob-
servation to make computing the parameters possible. Others approximate the real
posterior given the mismatch function with numerical or Monte Carlo methods, but
apply the linearisation when compensating anyway. Neither is guaranteed to yield an

increase of the likelihood.

4.7.1  Linearisation

Both vTs compensation and joint uncertainty decoding linearise the influence of the
noise (and the other sources) on the corrupted speech. It is possible to find a new noise
model estimate that is guaranteed not to decrease the likelihood as long as the vTs ex-
pansion point of the noise is fixed. However, the linearisation depends on the noise
model: the expansion point of the additive noise is normally set to the noise mean (see
section 4.4.2). As soon as the expansion point changes, therefore, the guarantee drops
away. This can lead to oscillations. However, it is always possible to evaluate the result
of the likelihood function before accepting a new noise model estimate. Then, a back-
off strategy can decrease the step size until the likelihood does increase. Alternatively,
the noise model mean and the noise expansion point can be disconnected, so that the
guarantee about the likelihood remains valid, even though the vTs approximation be-
comes less close to the real distribution. Schemes that combine these strategies adapt-
ively are possible. The actual estimation of the new parameters can work in two ways:
either by setting up a joint Gaussian distribution of noise and corrupted speech, yield-
ing a factor analysis-style solution, or by iteratively optimising the likelihood function
directly.

Since the additive noise is assumed Gaussian, the linearisation makes the additive
noise and the noise-corrupted speech jointly Gaussian for each speech component

(independently introduced by Kim et al. 1998; Frey et al. 2001b). This results in a
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distribution of the form

n n Zn Zn
m~A[ " , 1. (4.86)

Y Hy Zyn Ly
This has only been used for statics, but dynamic compensation with the continuous-
time approximation yields a linearised relationship of noise and observation too, so
the principle can be extended to vectors with statics and dynamics.

From this joint distribution, the distribution of the noise conditional on an ob-
servation Y is also Gaussian (see appendix A.1.3). This yields a factor analysis-style
solution for the optimal noise distribution for each time instance and component.

However, finding the convolutional noise parameters is not possible in this frame-
work if the convolutional noise is assumed constant, because the posterior distribution
of it cannot move from its prior estimate. It is possible to assume a convolutional noise
covariance while estimating the parameters and then ignore it when compensating,
but that again yields no guarantee of finding the optimal likelihood.

A greater problem, however, is that some blocks of the joint distribution in (4.86)
are usually diagonalised. The noise estimate is usually constrained to have a diagonal
covariance, and so is the resulting corrupted speech covariance. Diagonalising the
corrupted speech covariance, however, happens after compensation. Since it is not an
intrinsic property of the process, it cannot be reversed. To infer a distribution over n
from a given value of y, the joint distribution needs to be valid. In the case of the joint
Gaussian, the cross-covariance X,, must be diagonal as well. Diagonalising X, is
equivalent to diagonalising J,,. Thus, this assumes that the relationship between noise
and corrupted speech is per coefficient. However, as section 4.4.2 has pointed out, the
Jacobian that gives that relationship is not diagonal. If it is constrained to be diagonal
in estimation, this, again, must be applied in compensation as well for the estimation
process to yield a guaranteed improvement in likelihood. However, diagonalising the
Jacobian is an additional approximation that reduces the quality of the compensation.

An alternative is to directly optimise the noise model parameters. The static noise

means can be updated at the same time using a fixed-point iteration (Moreno 1996).
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The additive noise covariance, however, is more complex to estimate. It is possible
to estimate it on the parts of the waveform known to contain noise without speech.
Another options is to use gradient ascent to find an estimate for the additive noise
variance for vrs with the continuous-time approximation (Liao and Gales 2006). This
needs to be alternated with the estimation of the noise mean. This scheme does allow
the convolutional noise to be estimated, and it does not require the Jacobians to be
diagonalised. This is the approach that this work will take. The resulting noise model
estimate maximises the likelihood of model compensation with vTs. Thus, the para-
meters do not necessarily correspond to the actual noise or to a consistent sequence

of static observations.

4.7.2  Numerical approximation

It is possible to find a numerical approximation to the hidden variable posterior. Myr-
voll and Nakamura (2003) propose a method that uses a consistent approximation
for estimation and compensation (see section 4.5.2), which does not apply the vector
Taylor series approximation. However, it assumes all dimensions independent, and it
is not feasible to generalise it to multiple dimensions (see appendix E).

Alternatively, it is possible to approximate the noise posterior with an empirical
distribution (Faubel and Klakow 2010). The empirical noise posterior is acquired with
importance sampling (see appendix A.4.2). Samples ng) are drawn from the noise
prior for the previous iteration. They are then re-weighted to give an approximation
to the noise posterior p(n|)).# Since the noise is assumed identically distributed, the
number of samples required per time frame is low. Faubel and Klakow (2010) apply
this per dimension, but it may be possible to extended the method to more dimen-
sions. However, note that this method improves the likelihood under the assumption

that the exact distribution (given the mismatch function) is used. This has the advant-

age over using the vTs assumption that no overshoot happens because of the linear-

*Faubel and Klakow (2010) uses Parzen windows to approximate the importance weights, but this
can be replaced by a straightforward analytical solution. The required expression is (4.66) with x and n
exchanged.
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isation. However, in practice, a different form of compensation will be applied, so that

the method does not optimise the likelihood for the actual form of compensation.

4.8 Summary

This chapter has discussed existing approaches for noise-robust speech recognition.
Section 4.2.1 has derived the mismatch function, which relates the speech, noise, and
the corrupted speech. This resulted (in section 4.3) in an expression for the corrup-
ted speech which has no closed form. Model compensation, the topic of section 4.4,
approximates the corrupted speech distribution with a parameterised density. The
state-of-the-art vrs compensation finds one corrupted speech Gaussian for one clean
speech Gaussian. The Gaussian is diagonalised, because of the imprecise estimation of
the off-diagonals and decoding speed. These two issues will be dealt with in chapters
5 and 6, respectively. The methods in section 4.5 use a different approach: they find
a different approximation to the corrupted speech distribution for every observation.
This philosophy will also apply to the scheme that chapter 7 will introduce. Section 4.6
has described model-based feature enhancement, which only uses a linear transform-
ation to the feature vector. Section 4.7 then cast methods for noise-robustness in an
adaptation framework, by estimating the noise model. The interesting aspect is that a
standard noise model has only 65 parameters, as opposed to at least 1560 for CMLLR.
This means that methods for noise-robustness need far less adaptation data than gen-

eral adaptation methods.
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Chapter 5

Compensating correlations

This chapter will describe the first contribution of this thesis."

The previous chapter has described model compensation methods. They diag-
onalise the Gaussians they produce, because the oft-diagonals are more sensitive to
approximations. For the state-of-the-art vTs compensation, the continuous-time ap-
proximation it applies for the dynamic coefficients will turn out problematic.

This chapter will propose a new approach for compensating the dynamic paramet-
ers so that the correlations can be estimated accurately, which, section 5.1 will show,
is important. Section 5.2 will then explain how the dynamic coefficients can be ex-
pressed as a linear transformation over a vector with all static feature coefficients in
a window. When a distribution over this “extended” feature vector is known, then
the distribution of the static and dynamic parameters can often be found by linearly
transforming the parameters of the distribution over the extended feature vector. Sec-
tion s5.2.2 will explore under which conditions this is valid. In the same fashion as
standard model compensation, there is a range of schemes, that section 5.3 will intro-

duce, that can be used to combine the extended clean speech and noise distributions

'Extended pprmc, and its application to joint uncertainty decoding, was introduced in van Dalen
and Gales (2008). Extended vTs was introduced in van Dalen and Gales (2009b;a; 2011). Van Dalen and
Gales (2010a;b) mentioned briefly the form in which this chapter will present them, with a distribution
for the phase factor. Extended 1ppMmc also got only a brief mention. This thesis newly introduces the
extended Algonquin algorithm.
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to yield the extended corrupted speech distribution. In particular, section 5.3.3 will in-
troduce “extended vTs”, a faster method that approximates the mismatch function for
each time instance with a vector Taylor series. Section 5.4 will discuss how to estimate
extended parameters for joint uncertainty decoding, which compensates a base class
at a time. Section 5.5 will discuss how to find robust estimates for speech and noise
distributions over extended feature vectors, which have more parameters than normal
ones. Estimates for the extended noise distribution can be found from estimates for
statics and dynamics. Alternatively, because the off-diagonals can now be estimated,

an expectation-maximisation approach is possible.

5.1 Correlations under noise

Feature correlations change under noise. Figure 5.1 on the next page shows the overall
correlations of the zeroth and first cepstral coefficients in Toshiba in-car data from
different noise conditions (for details, see section 8.1.3). The differences in the orient-
ation of the ellipses indicate differences in correlations. How this comes about can
be seen by considering feature correlations of only speech, and of only noise. If the
feature space is optimised to reduce correlations for clean speech, which Mmrccs make
an attempt to do, correlations will appear under noise. However, in the limit as the
noise masks the speech, the correlation pattern will be that of the noise. It is therefore
important for noise-robustness that these correlations are modelled.

Though correlations could be modelled with full covariance matrices, speech re-
cogniser distributions are normally assumed Gaussian with diagonal covariance ma-
trices. This is true for the clean speech distributions and so ingrained that methods
for noise-robustness are proposed without even mentioning that diagonalisation is
performed (Kim et al. 1998; Acero et al. 2000). When estimating corrupted-speech
distributions on stereo data, full covariance matrices have been shown to increased
performance (Liao and Gales 2005). However, stereo data is seldom available.

To compensate for correlation changes under noise in realistic scenarios, a noise
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Figure 5.1 Overall correlations of the zeroth and first cepstral coefficients in
Toshiba in-car data (see section 8.1.3) for different noise conditions.

model must be estimated, and full-covariance compensation computed with a model
compensation method like vTs, discussed in section 4.4.2. As mentioned in that sec-
tion, vTs compensation is normally diagonalised. This is for two reasons: decoding
speed, and compensation quality. Chapter 6 will introduce forms of compensation
that model correlations but are fast to decode with. This chapter will look into the
quality of compensation for correlations. The estimates for full-covariance Gaussi-
ans are expected to be more sensitive to approximations in the compensation process
than for diagonal covariance matrices. In particular, and section 8.1.1.1 will show this
by comparing against a single-pass retrained recogniser, the continuous-time approx-
imation, which standard vTs compensation uses for dynamic coefficients and was in-
troduced in section 4.2.3, does not provide good compensation.

In HMM-based speech recognition systems, dynamic features (usually delta and
delta-delta coeflicients) are appended to the static features to form the feature vectors
(see section 2.1.2). The continuous-time approximation makes the assumption that
the dynamic coeflicients are the time derivatives of the statics. For vts, the form of
compensation for the dynamic parameters is then closely related to the static para-

meters. Though compensation with the continuous-time approximation can generate
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block-diagonal covariance matrices (as section 4.4.2 has shown), the estimates are not
accurate enough to yield an increase in performance.

An advantage of the continuous-time approximation is that it is possible to find
compensation for any form of dynamic parameters, both those computed with linear
regression and with simple differences. A scheme for dynamic parameter compensa-
tion with DPMC stores extra clean speech statistics (see section 4.4.1), but is only applic-
able to simple differences. As section 2.1.2 has mentioned, state-of-the-art speech re-
cognisers compute dynamic parameters with linear regression. Another scheme that
attempts to improve compensation by using additional statistics, but in the log-spec-
tral domain, is described in de la Torre et al. (2002). However, as section 5.3.3.1 will
show, this approach involves approximations that negate any potential improvements
and basically yields the same form as the continuous-time approximation. Though
there are known limitations to the use of the continuous time approximation, it is still
the form used in the vast majority of model compensation schemes (Acero et al. 2000;

Liao and Gales 2007; Li et al. 2007).

5.2 Compensating dynamics with extended feature
vectors

This section will describe an alternative method to using the continuous-time approx-
imation for compensating the dynamic model parameters. The key intuition is that
the dynamic coeflicients are a linear combination of consecutive static feature vectors.
Thus, it is possible to model the effect of the noise separately per time instance, and
only then combine the time instances. This applies the same linear transformation
that speech recognisers apply to find dynamic coefficients from a range of statics. At
which point in the process it is valid to apply the linear transformation depends on
the details of the compensation methods. This will become clear in this section.

For simplicity, a window of 1 and only first-order dynamic coefficients will be

considered. An extended feature vector y§, containing the static feature vectors in the
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-
. . . . e __ T T T 2 .
surrounding window, is given by y§ = [y;] SERTH | .2 The transformation of
the extended feature vector yg to the standard feature vector with static and dynamic
parameters Y can be expressed as the linear projection D that was introduced in

section 2.1.2 (analogous to (2.7b)):

Yi
y3 ot1o|| " .
Y = = y; | =Duyy, (5.1a)
A Il
Yi 2 Y2 <
Yi

The second row of D applies the transformation from a window of statics to yield the

standard delta features. Similarly,
xt = Dx{; ny=Dn§; hy=Dh{; o =Da«af, (5.1b)

where extended feature vectors -{ all contain consecutive static feature vectors -3_;, ¢, 3. 1-
The form of their distributions will be discussed in section 5.5.

Model compensation, described in section 4.4, approximates the predicted distri-
bution of the noise-corrupted speech for one component (from (4.24d); the depend-

ency on the component will not be written in this chapter)

p() = | || ] Sramnen (v) plx 1, e derdhanax. (5.2

To model the effect of the noise on each time instance separately, an extended mis-

match function f€ can be defined as
flx—1, 1, hg, 1)
fe(x’?» Tl‘:, hi» “’?) = f(Xt, Ty, hy, (Xt) y (5.3a)
f(Xer1, g1, N1, 1)

where f(-) is the per-time instance mismatch function defined in (4.20). Section 4.2.3

has given the mismatch function for dynamics, which used a projection matrix D2,

*It is straightforward to extend this to handle both second-order dynamics and linear-regression
. . T
coefficients over a larger window of £w, so that y§ = [yi,v-\l,— e yiﬂl— ]
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The full noise-corrupted speech vector with statics and dynamics can be found with

projection matrix D:
Yt = Dfe(xf»n; %) (Xf) (5.3b)

To use this to express the distribution over the corrupted speech, the integral in (5.2)

is rewritten in terms of extended feature vectors:

ply) = J J J J dDfe(xe,ne,he,a0) (Y) P(XE, N RS o) da®dh®dn®dx®. (5.3¢)

It is possible to approximate the quadruple integral in (5.3¢) by sampling. The Dirac
delta yields corresponding samples with statics and dynamics, in a similar way to
standard pDPMC in section 4.4.1. Extended ppMc and extended iterative bpMc, which
sections 5.3.1 and 5.3.2 will introduce, train on these samples.

However, bpMc (not iterative bPMc) can also be viewed from a different perspect-
ive, which corresponds to the original presentation (in van Dalen and Gales 2008). It
will turn out possible to estimate a Gaussian over extended feature vectors, and only
then convert to a Gaussian over standard feature vectors with statics and dynamics.
This will allow section 5.3.3 to introduce extended vTs, a method that applies a vector
Taylor series approximation for every time instance of extended feature vectors. Ex-
tended vTs therefore has a reasonable time complexity. The following will detail how a
Gaussian over extended feature vectors can be converted into one over statics and dy-
namics. Section 5.2.2 will prove under what condition optimising a distribution over

extended feature vectors is equivalent to optimising one over statics and dynamics.

5.2.1  The extended Gaussian

It is interesting to look at the structure of a Gaussian distribution over extended fea-
ture vectors, y ~ N (uf,, Zf,) . The mean p§ of the concatenation of consecutive static
feature vectors is simply a concatenation of static means at time offsets —1, 0, +1. For
the corrupted speech, these will be written u§, |, uj , 15 . The covariance Z§ con-

tains the covariance between statics at different time offsets. The covariance between
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offsets —1 and +1, for example, is written £, |, . Thus, the full parameters of the

extended distribution are

s s s s
H'}’71 Z}LU/—I ZLWo Zy71Y+1
- s . e — s s s .
Hy Hyo | y ZYoyfl ZYO)’O ZYOY+1 (5-4)
s s s s
HYH ZY+1Y—1 ZYHYO Y+1Y+1

An extended vector and its equivalent with statics and dynamics are related with
y = Dy®. As D isalinear transformation, if the distribution of the extended corrup-
ted speech y{ is assumed Gaussian, then the extended corrupted speech distribution

can be transformed to a distribution over statics and dynamics with
y =Dy°~N(Dus,DZSDT) (5.5)

The internal structure of the matrices will have ramifications for how to store statistics
and how to compensate distributions. For example, the covariance in (5.5), substitut-

ing 2§ from (5.4) and D from (5.1a), can be expressed as

I
010 Ziqu Ziqyo Z?’—H’H 0 2
_ e T _ s s S
Zy_DZYD IR 0l Z>'oy71 Zym’o ZYOY+1 o] (5.6)
2 VY2 I
Z}S/HY—I Z}S/+IYO Z;MYH 0 2

5.2.2 Validity of optimising an extended distribution

It would be interesting to find under what conditions optimising the distribution over
extended feature vectors of the noise-corrupted speech, for example, the Gaussian
in section 5.2.1, optimises the distribution over statics and dynamics. The standard
feature vector y with statics and dynamics is related to the extended feature vector y*©

by (repeated from (5.1a))

e

y = Dy". (5.7)

The distribution q° over extended feature vectors would therefore approximate a dis-

tribution similar to the one in (5.3¢). There, the integrals were over extended feature
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vectors, and the resulting distribution over standard feature vectors. Alternatively, as

in section 5.2.1, the resulting distribution is over extended feature vectors as well:
e (ye) = ” J J e e e (US) PXE, 6 ) o) datdhednedxe.  (5.8)

The question that the following will answer is under what conditions approximating
p¢ (in (5.8)) with g is equivalent to optimising the approximation q to p (in (5.3¢))

directly:
4 :=argmin KL(p||q); (5.92)
q
4% == argmin LL(p®||q°) . (5.9b)
qe

To relate distributions over y and y¢, the determinant of the Jacobian of the con-
version is necessary. Since the relation is linear, this would be the determinant of D
if it were square. As a trick, extra dimensions can be appended onto Yy to increase its
dimensionality. These irrelevant dimensions are similar to the “nuisance” dimensions
for HLDA (discussed in section 3.3.2). They will be written y ), and the vector with

these appended Yy, so that

Yy
Y+ = . (5.10)

Yo
Similarly, the projection D from extended feature vectors to ones with statics and

dynamics is extended:

D+ = . (5'11)
Dy

Provided D is full-rank, it is irrelevant what entries D has exactly, because it is

merely a mathematical construct. Then,

y+ =D y". (5.12)

The distributions p and its approximation q are similarly extended:
Py =p) polply):  arlyd) =aly)-apluoly)  Gwm)
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Again, it is irrelevant how the distribution over the nuisance dimensions P is defined
or what its approximation ¢, is optimised to. In any case, the distributions over ex-
tended feature vectors and over standard feature vectors plus nuisance dimensions are

related by the determinant of the Jacobian (a well-known equality, in (A.1)):

PY(Y°) =D |- pr(y+); q°(y°) =Dy |- q+(y+). (5.14)

The question now is whether when q° is optimised, q is optimised in the process.
This can be taken in two parts. The first question is whether optimising q° is equivalent
to optimising q.. This is the case since |D| is constant, so that it drops out of the

optimisation, when it is rewritten with (5.14):

q° = argmax | p°(y°®) log(q®(y°®))dy°®
e

—argmax || DZ'| D+ |p+(y+)log(D- | q (y+))dy«

= argmax | p+(y+)log(q+(y+))dy-. (5.15a)

The second part of the question is when optimising q. also optimises q. To express
this, substitute (5.14) into (5.15a):

r

q° = argmax | p+(y+)log(q+(y+))dy+

r

= argmax | p(y) - JP()(UMU) log(q(y) - q((yp|y))dydy

= arg max Jp(y)log(q(y))dy
qe L

+JP(U)JPU(9()\U)log(q()(yo\y))dyody : (5.15b)

Therefore, if the parameters of q and () can be set independently, then finding the
optimal q° means finding the optimal q.

For a Gaussian q°, the parameters of q and q() can indeed be set independently.
Appendix A.1.3 details the well-known composition of a multi-variate Gaussian into
the marginal of some dimensions (here, y) and a conditional of the other variables

(here, y()) given the first set. The projection D, changes the parameter space, so that
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this factorisation is not explicit when optimising q®. However, since the projection
is full-rank, the optimisation in one feature space gives the optimal parameters in
another feature space, and the argument still applies. This therefore proves that it is
possible to optimise a Gaussian over the extended corrupted speech distribution and

convert it to a distribution over statics and dynamics.

5.3 Compensating extended distributions

The following will introduce four ways of estimating an extended distribution for y°.
The first, extended ppPMc, uses sampling. Its variant, extended iterative ppmc, finds
a mixture of Gaussians. A faster scheme, extended vTs, applies a vector Taylor series
approximation to every time instance. Extended Algonquin uses the same approxim-
ation, but iteratively updates the expansion point.

They all assume that the extended speech x° and noise n® are Gaussian, and that
the convolutional noise h€® is constant. The elements of « are assumed Gaussian dis-
tributed but constrained to [—1,+1]. Section 5.5 will discuss the form of parameters
for their distributions.

It would be possible to apply the extended feature vector approach to other ap-
proaches that find Gaussian compensation. Indeed, an appendix of van Dalen and
Gales (2009a) uses the unscented transformation to find a Gaussian extended cor-
rupted speech distribution. However, as pointed out at the end of section 4.4.2, the
difference between model compensation schemes that come up with the same form
of distribution largely disappears when the noise model is estimated. The models then
differ only in the exact parameterisation that the optimisation uses. The only schemes
that this thesis will introduce that find one fixed Gaussian for the corrupted speech are
therefore extended ppmc, a sampling scheme that in the limit produces the optimal

Gaussian, and extended vTs, based on the state-of-the-art vTs.
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5.3.1 Extended DPMC

The first method of finding a Gaussian for the extended corrupted speech distribu-
tion is extended ppMc (eppMc). It derives from the integral of the exact expression
for the extended corrupted speech distribution analogously to standard ppmc (sec-
tion 4.4.1). However, there is also a second perspective on ppmc, which converts
samples to standard feature vectors immediately and trains a distribution on those.
The first perspective ties in with extended vTs, which section 5.3.3 will introduce. The
second perspective makes it possible to extend the algorithm to mixtures of Gaussians,
for extended iterative pPMC (section 5.3.2).

The first perspective on ppMc finds an extended corrupted speech Gaussian. It

derives from the integral over extended feature vectors in (5.8):

Pe(y°®) = J J J J dfe(xe,me ke, o) (Y) P(X5, M WS ) dax®dh®dn®dx®. (5.16)

Extended pPMc approximates this by representing this distribution p® by an empirical
distribution p¢. To find the empirical distribution, sample tuples (x*Y), ne!), he()| (V)
can be drawn from the extended distributions of the clean speech, noise, and phase
factor. These are joint samples over consecutive feature vectors, so that (again, assum-

ing a window £1)

XS“% ns[l% hs(l% (xs(l%
t— t— t— t—
Xi(l) — xi(l) : ni(l) — ni(l) : hi(l) — hi(l) ’ O‘i(l) — o‘i(l)
s(1) s(1) s(1) s(1)
X1 LS hig Xt

(5.17)

The distribution of the extended feature vectors over the corrupted speech y€ is then
defined by applying the mismatch function on each time instance, as in (5.3a). The
mismatch function f for the static parameters in (4.10b) (for log-spectral feature vec-

tors) or (4.20) (for cepstral feature vectors) is applied to each time offset. This yields
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an extended corrupted speech sample y©(V):

! 1 ! ! 1
v oS, e, e, o)
1
y:( ) _ Uim _ f(Xim»nim>him> O‘im) ) (5.18)
s(l) s(l) . s(l) ,s(1) _s(l)
Y ey by, &)

The empirical distribution then has delta spikes at the positions of these samples:

. 1
P =10 e (5.19)
1

This approximation can be substituted in for p® in (5.9b):
q° == argmin CL(p®||q°)
qe
= arg maXJf?e(ye) log q°(y®)dy°
qe

1
= argmaxi Zlog q%(y°®). (5.20)
qe 1

This is equivalent to finding a maximum-likelihood solution on the samples, which
has a well-known procedure for many distributions. For a Gaussian q ~ A (uf,, Z}e,) ,
maximum-likelihood estimates of the extended corrupted speech parameters pg and

Z}e, can then be found with

L
1
My =1 >yl (5.21a)
=1
1 T
zp= (1wl - wgu” 5210
1=1

The samples have been generated from distributions in which the time instances are
correlated. Therefore, the time instances in the corrupted speech sample will also be
dependent. The cross-correlations of by (with the structure in (5.4)) will therefore be
estimated correctly.

Having thus found Gaussian parameters for the extended corrupted speech dis-

tribution, distributions over statics and dynamics can be found with (5.5):

y =Dy*~ N (Dkj, DEDT). (5.22)
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In the limit as the number of samples goes to infinity, this finds the optimal Gaussian
for the corrupted speech distribution.

An alternative perspective on DPMC gives less insight in the cross-correlations
of the corrupted speech distribution but allows other distribution than Gaussians to
be trained from the samples. It is possible to directly express the corrupted speech
distribution with statics and dynamics while integrating over extended distributions

(from (5.3¢)):
ply) = J J J' J 6Dfe(xe,ne,he,oce) (y) p(x%,n% he o) dax®dh®dn®dx®. (5.23)

Note that the Dirac delta has a projection D added, so that the delta spike is directly in
the standard domain. The Monte Carlo approximation of this integral is very similar
to that of the first perspective on ppmc. Extended corrupted speech samples y©V are
found exactly as in (5.18), but then immediately converted to samples with statics and

dynamics:

y(l) — Dye(l]_ (5.24)

The empirical distribution then is similar to p€ in (5.19):

. 1 1
P=1 ; 5y£n =1 ; 6Dyim' (5.25)

This distribution is in the domain with statics and dynamics, so that the proced-
ure from here follows that of standard ppmc, in section 4.4.1. The parameters of

Gaussian q are trained on samples yg) in exactly the same way. Substituting (5.24)

into (4.31),
1 & 1 &
Uy == i Z y(]') = i Z Dye(l), (5263)
1=1 1=1
L
1 T 1 T
Zy = <L > ylyl ) —mypy = (L 2_Dysltyet DT) — Hyky - (5.26b)
1=1 1=1

This is equal to the parameters of bpmc viewed from the first perspective (combining

(5.21) and (5.22)). As section 5.2.2 has proven, this is because ¢, and therefore q,
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is Gaussian, and D is a linear projection. The next section will introduce extended
iterative DPMC, which trains a mixture of Gaussians rather than one Gaussian, using

the second perspective.

5.3.2  Extended IDPMC

Extended iterative DPMC is an extension of DPMC to train a mixture of Gaussians, as
iterative DPMC is to DPMC (see section 4.4.1). It should be possible to train a mixture
of Gaussians over extended feature vectors, and convert each of the Gaussians to be
over standard vectors with statics and dynamics afterwards. However, as section 5.2.2
has shown, there is a requirement for this to be equivalent to optimising the distri-
bution in the standard domain. When the extended distribution is transformed to a
distribution with as many dimensions, some of which are the statics and dynamics,
and the rest the nuisance dimensions, the distribution over the nuisance dimensions
must be separate from the other distribution. In the case of a mixture of Gaussians,
the nuisance dimensions are not allowed to depend on the hidden variable which in-
dicates which component has produced the observation. This would mean that while
training the mixture of Gaussians, some dimensions, in a different feature space, must
be tied across components. A more straightforward way of deriving iterative pPMC
is from the second perspective on pPMc, which converts each sample to the standard
domain (in (5.24)) first, and then trains the distribution on those samples.

Training a mixture of Gaussians from extended samples without tying dimensions
is not guaranteed to be optimal, whereas training it on samples with statics and dy-
namics is. This is straightforward to see from the procedure of training iterative ppPmc.
Training mixtures of Gaussians uses expectation-maximisation, with in each iteration
assigns responsibilities (component-sample posteriors) to train the parameters of each
Gaussian. The iteration is guaranteed not to decrease the likelihood, i.e. not to increase
the kL divergence with the empirical distribution. Since recognition uses statics and
dynamics, it is the likelihoods in that domain that the responsibilities should be com-

puted for to optimise the KL divergence between p and q.
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Extended iterative bpmc, then, uses the samples y ), found with (5.24). Training

the mixture of Gaussians then applies exactly the iteration in (4.35):

~1 —
mi g k=1 (y (1)

() ._ .

p ' (m,l) = ; (5.27a)
C L veae T gm0 (y(v)
1
o T Z p™ (m,1); (5.27b)
1
1

ll;m)(k) . Z p(k)(m, l)y(”; (5.27¢)

a Zl p(k)(m) l)
(m)(k) 1 (x) UV OTY L mK) m)T
Ly = (le(k)(m)l);p (m,Jyy My My :
(5.27d)

Analogously to IDPMC, a good initial setting for extended 1ppmc, which this thesis
will use, is extended ppMc. To increase the number of components, it will again ap-
ply “mixing up”: the component with the greatest mixture weight is split into two
components. Then, a few iterations of expectation-maximisation are run, and the
procedure is repeated until the desired number of components has been reached.

In the limit as the number of components M and the number of samples L go to
infinity, the modelled distribution of the corrupted speech can become equal to the
real one. However, as explained in section 4.4.1, to train the mixture model well, the
parameters of each component need to be trained on a large enough portion of the
samples. Therefore, as the number of components M is increased, L must grow faster
than M. One iteration of expectation-maximisation takes O(LM) time. The number
of iterations of mixing up and expectation-maximisation increases linearly with M.
In practice, therefore, the time complexity of 1DpPMc is at least O (M3 ).

It is important to realise the difference with normal training of speech recognisers,
where the amount of training data is limited, and the number of components is there-
fore limited. Here, an unlimited number of samples can be generated within machine
limitations, and a high number of components can be chosen. To represent the noise-
corrupted speech as well as possible, a much larger number of samples is useful than is

usually required for training a speech recogniser, especially to estimate full covariance
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matrices. However, it is not a priori clear how many Gaussians is enough to correctly
represent the corrupted speech distribution in 39 dimensions. The experiments in
section 8.2, which will model the distribution as exactly as possible, will increase the

number of components, and therefore the number of samples, to the machine limits.

5.3.3  Extended VTS

Another method of finding Gaussian compensation adapts vTs compensation (sec-
tion 4.4.2) to extended feature vectors. Just like the first presentation of extended
DPMC in section 5.3.1, extended vTs (evTs) will approximate the extended corrup-
ted speech with a Gaussian, and then convert the Gaussian to the standard domain.
Section 5.2.1 has shown that, if the approximation is Gaussian, minimising the xr di-
vergence between the extended distribution and its approximation is equivalent to
optimising the kL divergence in the standard domain with static and dynamic fea-
tures.

Since the extended feature vector is a concatenation of static feature vectors, it
is possible to use a linearised version of the static mismatch function for each time
offset to yield an overall mismatch function for y®. This alleviates the need for the
continuous-time approximation for dynamics, so that no distribution over dynamics
is required for the phase factor. It is possible to define a distribution for the exten-
ded phase factor «®. The elements of & are approximately Gaussian distributed but
constrained to [—1, +1] (see section 5.5.3). To simplify the distribution of y*, the con-
straint can be ignored, so that &® ~ A/(0, Z%).

An extension to static compensation using vTs can be used to find the exten-
ded corrupted speech distribution. The first-order vector Taylor series approximation
in (4.36a) is applied to each time instance separately. Thus the expansion point for
each time instance is given by the static means at the appropriate time offsets. These
are obtained from the extended distributions distributions over the clean speech x¢,

noise n¢, and the phase factor «®. Thus, using the form of the vTs approximation in
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(4.36a) per time instance:

feo1ves(Xe—1, -1, Rty ot 1)
s (X5, Mg, W, f) £ i ves (Xt T, Ry 0t)
fiitves (X1 g1, N1, 1)
P15 o m5 15 5 0) + T (3 —ms )+ T (nEy — ks ) + T e
= (15 Hog» 15 0) + To (X5 — 15,) + Tno (M — 115,) + T OF
f(”iﬂ yHRL ”fm+1>0) + Jxir (Xiﬂ - ”>S<+1> +Jn (niﬂ - ”rs1+1> + J o &

(5.28)
where the offset-dependent Jacobians are given by
y, = 4y : J = U :
X1 — s ) X0 — s )
dx HA_ MR oMy 00 dx Hag Mg MRy 0
dy®
Jx, = e ) (5.29)

Mo B Mg, 00
and similar for J,, and J4. Note that ], is equal to the Jacobian for standard vrs
in (4.36b).

As in standard vTs (in (4.41)), approximating the corrupted speech distribution
works by substituting the vector Taylor series approximation of the mismatch func-
tion. Again, using this approximation, the extended corrupted speech distribution
drops out as Gaussian. The approximation ¢ to the extended corrupted speech dis-

tribution then is

@°(u%) 1= | | [ B e (%) PO, 1 1, ) decdn axe
= JHéfsts(xe,ne,he,aﬂ(ye)N (x%5 mg, %)
NnE us, Z)N(af; ug, £5) da® dn® dx®

N (Y% b5, Z5) . (5.30)

1>

This Gaussian is found by compensating each block of the mean and covariance separ-

ately with the appropriately linearised mismatch function. The structure of the para-
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meters of q° is (repeated from (5.4))

S S S S
p}’—l ZY—l}’—l ZY—IYO ZY—TY-H
e _ s . e — s s s 1
Hy Hyo | y ZY<>y71 ZYoYo ZYOY+1 : (5-31)
s s s s
uy+1 ZY+1y71 ZY+1Y0 ZYHYH

The parameters of this extended corrupted speech distribution can be found by com-
puting expectations over the Gaussians. The mean for time offset +1, for example,

uses the linearisation for that time instance:

u;+] = g{ft+]$VtS (Xi-‘r] ) ni+] ) hi+]) (xis:-i-] )} = f(u)s(+1 ) u?u,] ) ui+] ) ° (532)

The covariance matrix 2§ requires the correlations between all time offsets in the win-
dow. The covariance between offsets 0 and +1, for example, uses the linearisations for

time instances O and +1:

Z;O)Url = 5{(ft,vts(xf)»n(s)> (s)) 0‘3) - Uyo)(ft-i-],vts(xi])nj-])hj-b 0‘3—1) — My, )T}
= &{ (o = 15,) + Tno (0 — 13,) + T )
T
(IX+1 (XiJr] - Hiﬂ) + In+1 (n‘iJr] - u?\+1) + I(X-M O('iJr]) }

= IXOZS T + ]nozs T + I‘XOZ?XO“JH . (533)

XOX417X41 noNn417N4 Xp1”®

This is applied for each of the possible time offset blocks in Z7. Thus, each block
(t,t’) in the covariance matrix combines Jacobians at time offsets t and t’ and cross-
covariances of the speech, noise, and phase factor for t and t’. This is the main differ-
ence between standard vTs (which uses the continuous-time approximation) and ex-
tended vTs. Section 5.3.3.1 will examine standard vTs in the light of this. Section 5.3.3.2

will discuss the time complexity of extended vTs.

5.3.3.1  Relationship with VTS

It is interesting to examine the relationship between standard vts and extended vTs

described in the previous section. It is possible to describe the mismatch function for
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the dynamic coefficients of standard vTs, which uses the continuous-time approxim-
ation for the dynamic coeflicients, in terms of extended vTs. To be able to compare
with standard vTs at all, the phase factor has to be assumed O.

The approximation that standard vTs uses for the static coefficients is exactly the
same as the one extended vTs uses for the statics at the centre time offset. Therefore,
the compensated static mean and covariance that standard vTs finds are the same as
the ones extended vTs finds for time offset 0. However, dynamic parameter compens-
ation with standard vTs uses the continuous-time approximation. This uses the vector
Taylor series expansion point of the static coefficients for all the dynamic coefficients.
When the vector Taylor series expansion uses the same clean speech and noise means

U3, Hp, and thus the same Jacobian J, for all time offsets in (5.28), it becomes

Yo (13, Mgy B3y, 0) + To (61 — 15,) + Tno (M — 13,
ui | =] (e M M50 0) + Tk (O — %) +Tne (M —13,) |- (5:34)
yi“ f(Ui()) p'?10’ wa) O) + IX0 (xi+1 B LL>S<o) + Ilno (niﬂ - uzo)

This approximation results in the following when substituted in the expression for
computing dynamic coefficients in (2.8):

Z?:l T(yi-&-’c — yi—'r)

ye = 2y T
_ P T(Ixoxi-i-'r + JnoMipr — JxoXior — Ino“i—x)
2y o,
_ IXo Z?ﬂ T(Xi+,r - Xi,_r) + Ino ZTW:1 T(niﬂ — nif"r)
2y T
= JxoXt + JnoMp (5.35)

This is exactly the same expression as the continuous-time approximation when ap-
plied to vTs compensation (in (4.37)). Extended vts compensation therefore becomes
equivalent to standard vTs compensation when the expansion point is chosen equal
for all time offsets. Extended vTs performs the transformation from extended to
standard parameters after compensation. This allows extended vTs to use a differ-
ent vector Taylor series expansion point for every time offset to find more accurate

compensation.
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VTS evTs
Statistics diag. block-d.  striped full
Decoding diag. block-d. diag. full
Jacobians s3 es’
Compensation dAs? dAs3 e?s? e’s’
Projection — ddse?  dAs2e?

Table 5.1 Computational complexity O(-) per component for compensation with
vTs and with extended vTs, for diagonal blocks and for full blocks.

5.3.3.2  Computational cost

Compensation with extended vTs is more computationally expensive than vts with
the continuous-time approximation. This section examines the differences in detail.
The computational complexity per component will be expressed in terms of the size
of the static feature vector s (typically 13), the total width of the window e = 4w +
1 (typically 9), and the number of orders of statics and dynamics da (typically 3).
Since the calculation of the covariance matrices dominates the computation time, the
analysis will not explicitly consider the means.

Table 5.1 gives a comparison of the computational complexity for the three oper-
ations that can be distinguished in extended vTs compensation. The first one is com-
puting the Jacobian of the mismatch function, which takes O (33) . Standard vTs com-
pensation uses one linearisation point per component, and therefore needs to compute
the Jacobian only once. Extended vTs, however, uses a different linearisation point for
all e time offset in the window, and computes a Jacobian for each of these.

Compensation of the covariance matrix is done one s x s block at a time. The

expression for standard vTs (see (4.42b)) is of the form:
Z; = IXZXI;(F + InZnII (5-36)

The expression for extended vTs compensation has the same form (but different vari-
ables) for each block of the covariance matrix. It has time complexity O(s?) if the
blocks for the noise L7, the clean speech X5 and the corrupted speech LJ are diag-

onal. For standard vTs, this happens when the covariances for statistics and decoding
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are all diagonal; for extended vTs, when the blocks in the covariance matrices for
statistics are diagonal (“striped”), and covariances for decoding are diagonal. When
either the statistics or compensation uses full covariance matrices, then compensation
takes (’)(53 ) For vTs, the d2 blocks along the diagonal are compensated; for exten-
ded vTs, for the %e(e + 1) blocks in the extended covariance matrix. The row labelled
“Compensation” in table 5.1 summarises this.

Extended vTs projects the compensated distribution onto the standard feature
space with statics and dynamics. Since the blocks of the projection matrix D are di-
agonal, computing one entry of the resulting covariance matrix X3 = DZ;DT takes
(@] (ez). For diagonal-covariance decoding, ds entries need to be computed; for full-
covariance decoding, dAzsz.

Thus for full-covariance compensation, the computational complexity of evTs is
significantly higher than standard vrs. However, in practice per-Gaussian compensa-
tion is often too costly even when the standard version of vTs is used. Joint uncertainty
decoding (Jup) (Liao 2007, section 4.4.3) addresses this by computing compensation
per base class rather than per Gaussian component. Section 5.4 will detail how to find
a joint distribution using extended vTs. Chapter 6 will deal with another important
issue: the computational cost of decoding. If full-covariance compensation is found,
joint uncertainty decoding still compensates for changes in the correlations by decod-
ing with full covariance matrices. This is slow. Predictive linear transformations can
solve this issue by applying transformation to the feature vectors that eliminate the

need to decode with full covariance matrices.

534  Algongquin with extended feature vectors

Section 4.5.1 has discussed the Algonquin algorithm, which applies a vector Taylor
series approximation but iteratively updates the expansion point to fit the observation
better. This used the joint distribution of the sources, the speech and the noise, and
the observation. The way it was originally presented, it only acted on the static part

of feature vectors. This is all that is necessary for feature enhancement. The covari-

135



CHAPTER 5. COMPENSATING CORRELATIONS

ance matrix of the observation was supposed to be diagonal. To make the process
consistent, the relation between the sources and the observation must then also be
assumed independent, which is an additional approximation. If this approximation
is to be removed, then the observation covariance must be full, which runs into the
same problem as for standard vTs compensation: compensation for dynamics, which
applies the continuous-time approximation, is not accurate enough.

However, it is possible to apply the Algonquin algorithm to extended feature vec-
tors so as not to rely on the continuous-time approximation. This makes it possible
to express the influence that one coefficient in the speech vector, for example, has
on another coefficient in the observation vector. The main intuition is that once the
mismatch function is linearised for a component, the extended speech and noise vec-
tors and the observation vector with statics and dynamics are jointly Gaussian. The
following will detail how this intuition can be used to find an extended Algonquin
algorithm.

Extended vTs applies the mismatch function per time instance. One way of view-
ing the resulting transformation from extended speech and noise to extended obser-

vation vectors is as a function fS.. defined in (5.28):

vts

yegfe

\%

(X5, N hE o). (5.37)

Just like in the original Algonquin algorithm, the phase factor will not be assumed
to have a distribution, but assumed 0, and instead the uncertainty will be modelled
with an error term AV (0, W) on the observation. Also, for notational convenience, the
convolutional noise h® will again be omitted. It is handled the same as the additive

e(k)

noise n¢. The linearised mismatch function f,

wts. at iteration k relates the extended

vectors of the sources to the extended observation vector y¢, which in turn is related to
the observation vector with statics and dynamics by the linear projection D asin (5.1a),

plus error term N (0, ¥). This implies that if x® and n® are Gaussian, x, n® and y are
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jointly Gaussian, similarly to (4.58):

xe xe ue e 0 =¥
k
aw [ [ne| | =N |ne|;|pe|,| 0 ¢ 2], (5.38)
k k k k
y y w |z )

ug, py, X5, and X7 are taken directly from the priors of the speech and the noise. The
Jacobians that related the extended speech and noise with the observation with statics

and dynamics, y, are

Is(k) 0 0
X_1
(0 _ 4y dy dy° s(k)
X - - e D ; .
J dx xék) dye dx xék) 0 I><0 0 (5.392)
k
o o ¥
Is(k) 0 0
n_i
j dy| _dy dy*| 0o M o |. (5.30b)
dn n(()k) dye dn n(()k) no
Kk
o o ik

The parameters of the joint distribution that depend on the linearisation at iteration k

are then
Zy;) — Iﬁ(k)zﬁ; (5.40b)
T T
£ =z e (5.400)

Having set up the joint distribution in (5.38), the Algonquin algorithm proceeds
as in section 4.5.1. From the joint distribution, each observation gives a Gaussian ap-
proximation of the posterior distribution of the extended speech and the noise. The
expansion point is set to the mean of this distribution, which yields a newly linearised
mismatch function f%,., and therefore a new joint distribution. After a few iterations
of this process, the expansion point should be centred on the actual posterior of the
speech and the noise. The advantage of applying this to extended feature vectors is
that the distribution of the corrupted speech with dynamic coefficients can be mod-

elled with a full covariance matrix. The original algorithm diagonalised the corrupted
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speech distribution. To make the joint distribution valid, the Jacobians must then also
be assumed diagonal, which is an additional approximation compared to vTs com-
pensation. Using extended feature vectors, compensation is of good enough quality

to find full covariance matrices.

5.4 Extended joint uncertainty decoding

Section 4.4.3 has discussed joint uncertainty decoding, which applies a compensation
method to a base class at once. The Gaussian joint distribution can be estimated us-
ing any model compensation method, with an appropriate extension. Given the joint
distribution per base class, it is possible to compensate the components in that base
class more quickly than by applying the compensation method on each component
separately.

Applying extended vTs to each component is slower than normal vrs. There-
fore, applying extended vTs per base class leads to an even greater increase in speed
than applying standard vTs per base class. However, one of the important aspects of
extended vTs is that it can generate full-covariance compensation. This leads joint
uncertainty decoding to produce full-covariance compensation as well, which slows
down decoding. Therefore, section 6.3 will present predictive linear transformations,
which enable fast decoding from full-covariance joint uncertainty decoding. This sec-
tion will produce joint Gaussian distributions with extended bpmc and extended vTs

(repeated from (4.46)):

X Hx Zx ny
~N , : (5.41)

Yy Hy Ty Iy
Since this joint distribution over statics and dynamics is Gaussian, like in section 5.2,
finding the optimal extended Gaussian distribution and then converting it yields the

optimal distribution over statics and dynamics. The extended joint distribution is

Xe
~N M
y°© u

28y
e I

X ™

(5.42)

< ™
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To transform the joint distribution over extended feature vectors in (5.41) into the one
in (5.42), the relation between the joint vectors applies to the Gaussian:
X DO x©

= 0D E (5.43)
Yy Yy

Therefore, the same transformation can be applied to the joint extended distribution
in (5.42):
X Dy DI:D' D¢, DT
~ N N, Xy : (5-44)
y Duy DZ;XDT DZS,DT
Given these parameters per base class, decoding uses the same form as standard joint
uncertainty decoding, in section 4.4.3.

The rest of this section will therefore estimate the parameters of the joint extended
distribution in (5.42). Just like for standard joint uncertainty decoding, the original
compensation methods (here, extended ppMmc and extended vTs) already provide the
clean and corrupted speech marginals x® ~ A (us, Z¢),yc ~ N (uﬁ, Z}e,) The clean
speech is given, and the corrupted speech Gaussian is what a model compensation

method finds. The cross-covariance X5, is what the extension needs to find.

With extended pPMC  Section 4.4.3.1 has detailed how to find a standard joint distri-
bution with bpmc. The procedure for producing an extended joint distribution with
extended pPMC is analogous.

Section 5.3.1 has discussed how to draw extended samples y*!) from the noise-
corrupted speech distribution. To train the joint distribution, sample pairs of both
the clean speech and the corrupted speech are retained. The empirical distribution

has L delta spikes at positions (x® ,y Wy, analogous to (5.19):

B(x%,u®) L26xe yelb)- (5.45)

Just like in (5.21), the parameters of the Gaussian are set to minimise the xr diver-

gence to the empirical distribution. This is equivalent to maximising the likelihood
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of the resulting distributions on the samples. However, for the joint distribution, the
mean and covariance parameters are set at once to the mean and covariance of the

tuple (x,y) under the empirical distribution:

pg| 1 xelV
T . .46
" [ ; e | (5.462)
y =
ye ye ] 1 L xe(l) xe(l) T pe pe i
x “xy | Z X X
e e o t e(l) e(l) B e e ) (5‘46b)
L0 2y | =1|Y y uy || My

With extended vrs When finding the joint distribution with extended prpmc, the
estimating of the cross-covariance is implicit. When using extended vTs for the same
purpose, however, the structure of the cross-covariance has to be considered. It is
analogous to (5.4):

x> e P2y

Y—1X—1 Y—1X0 TY-1X41

5o = 5= s s . .
yXx Z>/o><71 Z}’oXo ZYOX+1 (5-47)
S S S
ZYHX—l ZYHXO ZY+1X+1

The blocks of this can each be found analogously to (5.33). For example, for the cross-
covariance between the corrupted speech at time instance 0 and the clean speech at
time instance 41, noting that the clean speech is assumed independent of the noise

and the phase factor,

Z;OXJH = g{(thS(xS»n8> 8) 0‘?)) - Uyo)(xt—H — Mxyy )T}
i
= &{ (o (06 = 3,) oo (5 — 13,) + Tgo) (i — 15, )}

= JxoZiox. - (5.48)

The equivalent computation can be performed for all blocks of X, This gives the

complete joint distribution in (5.42).
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5.5 Extended statistics

A practical issue when compensating extended feature vectors is the form of the stat-
istics for the clean speech and the noise. For standard vTs, the clean speech statistics
are usually taken from the recogniser trained on clean speech and the noise model is
usually estimated with maximum-likelihood estimation, as discussed in section 4.7.
In contrast, extended vTs and extended ppMc require distributions over the extended
clean speech and noise vectors. As these have more parameters than standard statist-
ics, robustness and storage requirements need to be carefully considered. A model for

the phase factor is also needed.

5.5.1  Clean speech statistics

Model compensation schemes, such as vTs, use the Gaussian components from the
uncompensated system as the clean speech distributions. For extended vTs and exten-
ded ppmc, however, distributions over the extended clean speech vector are required.
For one extended clean speech Gaussian N (ug, £¢), the parameters are of the same

form asin 5.4:

S S S S
M, ZX71X71 ZX—1XO ZX71X+1
e __ s . C— s s S
My = H’XO ) ZX - ZX()X_] ZX()X() ZX()X_H * (549)
S S S S
HXH ZX+1X—1 ZX+1XO ZXHXH

In common with standard model compensation schemes, when there is no noise the
compensated system should be the same as the original clean system trained with ex-
pectation-maximisation. To ensure that this is the case single-pass retraining (Gales
1995) should be used to obtain the extended clean speech distributions. Here the same
posteriors (associated with the complete data set for expectation-maximisation) of the
last standard clean speech training iteration (with static and dynamic parameters) are
used to accumulate extended feature vectors around every time instance.

Another problem with using the extended statistics is ensuring robust estimation.

The extended feature vectors contain more coefficients than the standard static and
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dynamic ones. Hence, the estimates of their distributions will be less robust and take
up more memory. If full covariance matrices for X¢ are stored and used, both first-
and second-order dynamic parameters use window widths of +2, and there are s static
parameters, this requires estimating a 9s x 9s covariance matrix for every component.
This is memory-intensive and singular matrices and numerical accuracy problems can
occur. One solution is to reduce the number of Gaussian components or states in the
system. However, the precision of the speech model then decreases. Also, this makes
it hard to compare the performance of compensation with extended vTs and standard
VTS.

An alternative approach is to modify the structure of the covariance matrices, in
the same fashion as diagonalising the standard clean speech covariance model. To
maintain some level of inter-frame correlations, which may be useful for computing
the dynamic parameters, each block is diagonalised. This yields the following struc-

ture:

diag (ZS ) diag (ZS ) diag (Zs )

X_1X—1 X_1X0 X_1X41
L= diag (Ziox,J diag (ZioXo) diag (Zioxﬂ) (5.50)
diag (Z)S(HL1 ) diag (Z;]XO) diag (mexﬂ)

For each Gaussian component, the ith element of the static coeflicients for a time in-
stance is then assumed correlated with only itself and the ith element of other time
instances. This causes X to have a striped structure with only 45s parameters rather
than 9s(9s + 1)/2 for the full case. This type of covariance matrix will be called
“striped”. It is a simple instantiation of structured precision matrix modelling,? dis-
cussed in section 3.3.1, with the special attribute that when there is no noise it will still

yield the standard static and dynamic clean speech parameters.

* A striped matrix can be expressed as a block-diagonal matrix transformed by a permutation matrix.
This can straightforwardly be expressed in terms of basis matrices.

142
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5.5.2 Noise model estimation

A noise model with extended feature vectors is necessary to perform compensation

with extended vTs. This noise model is of the form M§ ={ug, X%, up}, with para-

meters
S S S S S
ntf‘l l"l'n,1 Zn,mq Zn,mo Zn,]nJr]
€ _ s ~ s s s s .
n®=| ng NI s, o] Zoony Zoone Zoonss ; (5.51)
S S S S S
[ T Moy, Znﬂ"q Zn+1ﬂo Zn+1n+1
S S
t—1 My,
e
=1 h | =|w |- (5.52)
S S
L M1 Hh

In this thesis, and the majority of other work, the noise model consists of a single
Gaussian component. The distribution for each time offset therefore is by definition
the same. This means that the extended means for the additive and convolutional
noise simply repeat the static means. The structure of the extended covariance X is
also known. Since the noise is assumed identically distributed for all time instances at
the same distance, the correlation between time instances is always the same. Thus, all

diagonals of the covariance matrix repeat the same entries. Let 7 , 27

s i1
L7, indicate
the cross-correlation between noise that is 0, 1, or 2 time instances apart. The extended

noise model then has the following form:

T T
T PRSP EHP =S b
ue = | Lp=|gs s ozl | h=| | (5.53)
pf] eru Z?\] Zf10 ui

In theory these noise parameters could be found using maximum likelihood estim-
ation. However, this would make the noise estimation process inconsistent between
standard vTs and extended vTs. It would be useful to use the standard noise estima-
tion schemes and map the parameters to the ones in the extended forms above. This
has the additional advantage of limiting the number of parameters to be trained, thus

ensuring robust estimation on small amounts of data. These standard noise paramet-
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ers are (repeated from (4.83))

T diag(£3) O 1y
Un = ; i,= ; wp = . (5.54)
0 0 diag(Zﬁ) 0

The extended noise means are straightforward functions of the static means of
the standard noise model (5.54). Similarly, X3 o the covariance between noise 0 time
instances apart, is the static noise covariance £} . Computing the off-diagonals of the
extended covariance, however, is not as straightforward. The next subsections will
discuss two forms of extended noise covariance from the standard noise covariance:
the diagonal form, and a smooth reconstruction.

A simple way of reconstructing the extended noise covariance from a standard
noise model assumes that the noise is uncorrelated between time instances. This is

done by setting the oft-diagonal elements are set to zero, which yields

550 0
IN=10ZxXs0 |- (5.55)
0 0=

This only uses the static elements of the estimated noise covariance. For very low
signal-to-noise ratio (SNR) conditions this form of extended noise distribution will
not yield the standard noise distributions for the dynamic parameters.

Another option is to use the dynamic parameters of the noise model to find a
reconstruction of the extended noise covariance from (5.54). A problem is that the
mapping from the extended feature domain to statics and dynamics is straightforward,
but the reverse mapping is under-specified. The standard feature vector n; is related

to one in the extended domain n§ (analogously to (5.1a)):

ns
t—1
ng o10]| " .
nt g = nt — Dnt' (556)
na ~Ipl
t 2 Y3 <
L

To reconstruct n§ from ny, extra constraints are necessary as D is not square, and

therefore not invertible. These constraints should yield an extended feature vector that
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represents a plausible sequence of static feature vectors. The Moore-Penrose pseudo-
inverse of D could be used. However, this would result in the n{ with the smallest
norm. For the three-dimensional example used here, the reconstruction would set
n{_; = —ng ; without any reference to the value of the static coefficients n3. Thus,
the Moore-Penrose pseudoinverse might lead to reconstructions with large changes
in coefficients from one time to the next.

The need for smooth changes from time instance to time instance can be used as
additional constraints. Thus the aim is to find a smooth reconstruction whilst satis-
tying the constraints to yield the standard static and dynamic distributions. To im-
plement this constraint, rows representing higher-frequency changes are added to D
and zeros added to n to indicate their desired values. The extension of the projection

matrix D, E, can then be made invertible. Thus

n; n;
nd | =En; E7' | nd | =nf (5.57)
0 0

For the extra rows of E, the corresponding rows from the discrete cosine transform
(DcT) matrix are appropriate, since they indicate higher-order frequencies and are

independent. The entries of a N X N pct matrix C are given by (see (2.3))

2 2j-1i-
Cij:\/;COS() 12)](\} ”ﬂ. (5.58)

The form of E, D with pct-derived blocks appended, is:

0
E=| —

I O
o 1. (5:59)

o=

C31 I 0321 C331

Because the dynamic mean of the additive noise is zero, E~' ,, is equal to the extended
mean in (5.53) (and similar for the convolutional noise). To reconstruct the extended
covariance X from a standard noise model, the cross-covariance between statics and

dynamics can be ignored, and the higher-order covariance terms set to zero to make
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the reconstruction as smooth as possible. This results in the following expression:

L, I I I

A | =EZET=E |5 oz o£sT | ET, (5.60)
0 PRSP XD -

where the empty entries on the left-hand side are ignored. This is a system with

three sets of matrix equalities, which can be simply solved.* In this work, the estim-

ated noise covariance matrix X, is diagonal, so that £} , X7

s .
nos Znqs =n, are also diagonal.

This results in a striped matrix for X¢.

§.5.2.1  Zeros in the noise variance estimate

An additional issue that can occur when estimating the noise model using maximum
likelihood, is that noise variances estimates for some dimensions can become very
small, or zero. Though this value may optimise the likelihood, it does not necessarily
reflect the “true” noise variance. This can lead to the following problem in compens-
ation.

One problem for the small noise variance estimates is that the clean speech silence
models are never really estimated on silence. In practice, even for clean speech there
are always low levels of background noise. Thus, the estimated noise is really only re-
lative to this clean background level. At very high sNRs the noise may be at a similar
level to the clean silence model. This will cause very small noise variance values. An-
other problem results from the form of the covariance matrix compensation. For the

static parameters this may be written as (repeated from (4.42b))
T T
5™ = M g e (5.61)

At low sNRs L((m) — O and ]&m) — 1, so the corrupted distribution tends to the noise
distribution. Conversely, at high sNrs, L((m) — T and ]E,m) — 0, as the corrupted
speech distribution tends to the clean speech distribution. The impact of this when

estimating the noise covariance matrix X7 in high sNr conditions is that changes in

#*This implicitly sets X7, | to Z3.
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the form of the noise covariance matrix have little impact on the final compensated
distribution.

When vts with the continuous-time approximation, along with diagonal corrup-
ted speech covariance matrices, is used during both noise estimation and recognition
then the process is self-consistent. However if the noise estimates are used with evTs
to find full compensated covariance matrices this is not the case. This slight mismatch
can cause problems. To address this issue a back-oft strategy can be used. When the
estimated noise variance has very low values rather than using full compensated cov-
ariance matrices, diagonal compensated variances can be used. This will occur at high
SNRs, where the correlation changes compared to the clean speech conditions should
be small. In this condition little gain is expected from full compensated covariance

matrices.

5.5.2.2  Estimating an extended noise model

An alternative approach to address this problem is to make the noise estimation and
decoding consistent for evrs. This would mean: estimating the parameters of the
extended noise distribution directly. Some of the methods in section 4.7.1 can be ex-
tended. The most important difference with the circumstances in that section is that
now the compensated components have full covariances. Section 4.7.1 discussed two
types of methods: one type modelled the noise as a hidden variable in the expectation-
maximisation framework, and the other directly optimised the noise model. Directly
optimising the noise model has become harder, because of the full covariance matri-
ces. However, the biggest problem with seeing the noise as a hidden variable was the
inconsistency arising from the diagonalisation. Since the resulting component distri-
butions are not diagonalised any more, this ceases to be a problem. This section will
sketch how estimation of the extended noise distribution could proceed.

Justlike in section 4.7, training uses expectation-maximisation (see section 2.3.2.1).
Here, the hidden variables I/ consist of the component sequence m; and the sequence

of extended noise vectors n{ and h{. At an abstract level, the expressions for the ex-
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pectation and maximisation steps are the same as in (4.84):

ol = gy, o dupys (5.62a)
qy = arg maXJf?(y) J o)UY log qu () dUAY. (5.62b)
qu

For simplicity, assume only additive noise. The expectation step again is approximate:
the linearisation of the mismatch function from the last iteration is used. With ex-
tended feature vectors, each time instance is linearised separately. For time instance
t + 1, for example, the influence of N} ; on y3,; is defined by J,,, ;. The extended
feature vector y§, which consists of time instances y3_,,, . . . Y3, is related to the ob-
servation with statics and dynamics with another linear projection D. The influence
of the extended noise vector on the observation vector with statics and dynamics is
therefore linear. The details of the relationship are the same as for extended Algon-
quin (see section 5.3.4). Both the noise and the observation are modelled Gaussian
per component m, so that their relation can be expressed as a joint distribution:
ne . N Hﬁ Zﬁ ZE]T;I)(k)

)
y plmi) |7 g mi) g(m)i

y (5.63)

where X, is the cross-covariance of the extended noise vector and the conventional
observation vector. None of the blocks of the covariance matrix is diagonal. The
posterior distribution of the noise vector for component m at time t, p,Em) (m§) =
P (nﬂyt, mt), is then Gaussian. Its parameters can be found as in appendix A.1.3.

In the maximisation step, the noise parameters are set to the empirical mean and
covariance of p. This requires summing over all time slices and components and
weighting the distributions by the posterior component-time occupancy yim) defined

in (2.31a):

Ty
e(k) e 1 - (m) 13
i = i) = e [PV L D iy e
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T
Z?\(k) — gp{neneT} . uﬁ(k) uﬁ(k)

1 Ty (m) T e(k) e(k)T
) <ij(y);;yt Em{nn® Y | —pn

(5.64b)

Additionally, the convolutional noise should be estimated, and the structure of the
noise model must be constrained. This work does not investigate this. Instead, the
extended noise model will derive from a noise model estimated with standard vrs.
By using the same noise estimates for both vTs and evTs, only differences in the com-
pensation process are examined, rather than any differences in the noise estimation
process. It should be emphasised that the results presented for evTs may a slight un-

derestimate of the possible performance if a fully integrated noise estimate was used.

5.5.3  Phase factor distribution

The phase factor «® is assumed to have independent dimensions (within and between

time instances). It is
oG
=1 o |, (5.65)
o g

where every dimension is independent and distributed as in 4.18:

15 0) z. i _1) 1 >
ploy) o N« %,1) o € =+ (5.66)

0 otherwise.

5.6 Summary

This chapter has described the first contribution of this thesis. It has extended model
compensation methods from chapter 4 to produce full-covariance compensation.
The most important insight is that full covariance matrices require higher-quality

compensation for dynamics. This claim will be validated in section 8.1.1.1. Section 5.2
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has therefore shown how from a distribution over the statics in a window (an extended
feature vector) a distribution over dynamics can be found. This uses the same linear
projection that feature extraction uses. Section 5.3 has introduced instances of com-
pensation methods that model the effect of the noise separately for each time instance
in the extended feature vector. They are therefore capable of generating accurate full
covariance matrices. Section 5.5.2 has shown how to find an extended noise model
from a standard noise model, so that model compensation with extended feature vec-
tors needs as little adaptation data as standard model compensation.

The same principle of compensation can apply to a base class at once: section 5.4
has detailed how joint uncertainty decoding can be extended. The choice of the num-
ber of base classes gives a trade-off between speed and accuracy. However, decoding
with full covariance Gaussians is still slow. The next chapter will present approxima-

tions to deal with this.



Chapter 6

Predictive transformations

This chapter will describe the second contribution of this thesis."

The previous chapter has introduced methods of model compensation that need
little data to train, but find full-covariance model compensation, which it is slow to
decode with. This chapter will introduce predictive methods, which approximate a
distribution predicted with one model with another, differently parameterised model.
For example, this enables fast transformations to be trained from full-covariance com-
pensation.

Section 6.1 will formalise predictive methods. They can combine the advantages
of one method and those of another. For example, section 6.2 will introduce predic-
tive linear transformations, which like their adaptive versions (which were discussed
in sections 3.2 and 3.3) allow fast decoding. The interesting aspect for this work is

that they can model correlations without the computational burden of full-covariance

"Though van Dalen (2007); Gales and van Dalen (2007) introduced predictive linear transforma-
tions, they derived the predicted statistics by intuition. This chapter introduces a rigorous framework for
predictive transformation. Additionally, this chapter will introduce a number of new schemes. Front-
end cMLLR schemes, joint work with Federico Flego, in section 6.4 were published as van Dalen et al.
(2009). Section 6.3.5 will newly introduce predictive HLDA.

Since the introduction of predictive linear transformations, a number of variants of specific trans-
formations have been proposed. Xu et al. (2009) used joint uncertainty decoding in a different feature
space for estimating predictive CMLLR transforms. This chapter will give the theoretical underpinnings
for this. Another interesting line of work combines predicted statistics with statistics from data (Flego
and Gales 2009; Breslin ef al. 2010)
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(a) The predicted noise-corrup- (b) Compensated hidden
ted speech, from figure 4.5 on Markov model, from figure 4.7
page 72. on page 75.

Figure 6.1 Model compensation as a predictive method: the predicted corrupted
speech is approximated with a standard HMM.

Gaussians. Section 6.3 will use full-covariance joint uncertainty decoding (discussed
in section 5.4) as the predicted distribution.

Another use of the predictive framework is for fast feature transformations. Un-
like conventional feature transformations for noise-robustness, which aim to recon-
struct the clean speech, the methods that section 6.4 will introduce aim to model the

corrupted speech distribution.

6.1 Approximating the predicted distribution

Predictive methods are methods that train parameterised distributions from distribu-
tions predicted with another model. This is useful when it is impossible or impractical
to use the former model. This section will introduce the general framework for predic-
tive methods. It will give a formalisation of predictive transformations as minimising
the KL divergence between the predicted distributions and the model set.

For example, section 4.4 has introduced model compensation, which approxim-

ates the predicted model for the corrupted speech. Figure 6.1a shows that predicted
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(a) Predicted corrupted speech (b) A hidden Markov model with
with joint uncertainty decoding. a linear transformation.

Figure 6.2 Predictive linear transformations: a juD-compensated HMM is ap-
proximated with a linear transformation.

model, which results in an integral (in (4.24)) that has no closed form. Figure 6.1b
shows the approximated model. The abstract idea of interpreting model compensa-
tion as a predictive method was proposed in Gales (1998b).

In many cases, it is possible to sample from the predicted distribution, and train
the approximated distribution from those samples. Indeed, extended prmc (see sec-
tion 5.3.1) drops out when the parameters of all Gaussians of the approximate distri-
bution are trained separately, and extended iterative bPMcC when the state-conditional
mixtures of Gaussians are trained. These schemes are slow but in the limit yield the
optimal parameters for their parameterisations.

Faster predictive methods, such as speech recogniser transformations, are pos-
sible. Section 6.2 will introduce an application of the predictive framework that finds a
speech recogniser transformation that approximates another distribution. Predictive
transformations could be estimated with Monte Carlo. However, this would negate
the reason for estimating transformations, which is speed. Figure 6.2a shows a graph-
ical model for joint uncertainty decoding, a fast compensation method discussed in
section 4.4.3. Section 6.3 will discuss how to find an approximation to this with linear
transformations (discussed in 3.2), depicted in figure 6.2b. This combines the advant-

ages of joint uncertainty decoding, which needs little data to adapt but can generate
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full-covariance compensation (see section 5.4), and linear transformations, which are
fast in decoding.

The rest of this section will discuss the general framework of predictive transform-
ations. They are estimated by minimising the KL divergence between the predicted
distributions and the target transformation of the model set. Section 6.1.1 will intro-
duce a form of predicted distribution that predicts and approximates distributions per
component (normally, a Gaussian). This is the form that most model compensation
methods presented in the chapter use, and will be the form used in the rest of this
work. However, it is also possible to approximate the distributions per sub-phone
state. The formal derivation of this will be introduced in section 6.1.2. Iterative ppmc,

introduced in section 4.4.1, is the only method in this thesis that applies this.

6.1.1  Per component

The idea of predictive transformations is that they are analogous to adaptive trans-
formations, but are estimated on predicted statistics rather than statistics from data.
Section 2.3.2.1 wrote the maximisation step of expectation-maximisation as minim-
ising the kL divergence between the inferred distribution of the complete data and the
model to be trained. Here, the idea is to minimise a KL divergence in the same way;,
but between the predicted distribution and the model.

The predicted distribution over the hidden variables ¢/ and test data observa-

tions ) will be written

pU,Y) =pU)pU). (6.1)

For speech recognition, U/ is the component sequence {m}, which no transforma-
tion method in this thesis changes. p()|U/) consists of the predicted component-
conditional distributions p{™). This replaces the empirical distribution from data and
the inferred distribution over the hidden parameters in (2.24) on page 32, which was

pU, X) =p(X)pU|X).
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The distribution to be trained is g4, which for speech recognition factorises into
a distribution over the hidden variables q;/, and one over the observed variables given

the hidden ones gy, (as in (2.26)):

Quy U, V) = quU)qyu(VIU) . (6.2)

Of these, only qy, the component-conditional distributions g™, will be trained, so

that

: - pU,Y)
arg min CL( ) = arg min (U,y)lo
%uy quuy %uy JJ P ’ 8 QL{y(UJ})

o PUPO)
=argmin | [ pUpYlog oy )

[ pVIU)
= U U)log —— 0
argyrlrbl{mu d pU)p(YIU)log o L0

dydu

dydu

dydi. (6.3)

In this case, the minimisation is performed per component distribution, so that/ rep-
resents just the component identity m, and ) just the observation y it generates. The

output distribution gy, factorises per time step, so that the expression becomes

(m)
arg min KL (p||quy) = argminJZp(m) p™(y) log p(m)(y) dy
dyju dyu m q™(y)
= argmian(m) Kﬁ(p(m]Hq(m)). (6.4)

Ay m
A maximum-likelihood estimate of the prior distribution on the component can be
found from the training data. The expectation step of expectation-maximisation gives
the total component occupancy Y™, which in (2.31b) was defined as

Tx

‘Y(m) éJf)(X)ZJP(UW)](mt:m)dUdX (6.5)
t=1

The maximum-likelihood estimated prior of the component is
y(m]
Zm/ y(m/) .

This can straightforwardly be substituted into (6.4). However, the normalisation term

p(m):= (6.6)

1/ v{™') does not make a difference for the minimisation. Therefore, and be-
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cause without the normalisation the minimand turns out to be easier to relate to trans-
formations trained on data, the minimisation in (6.4) will be written
arg min KL (p||qyy) = arg min Z ymKL (p(m) H q(m)) . (6.7)
Ay Qv m

The objective of predictive transforms, then, turns out to be to minimise the occu-
pancy-weighted kL divergence between the predicted component distributions and
the distributions used for decoding. For the model compensation methods that were
discussed in the previous chapters, the parameters of each component distribution g™
were independent, so that the optimisation (in (4.28)) was separate for each compon-
ent. For the predictive linear transformations that section 6.2 will introduce, however,
the component distributions q(™ cannot be optimised separately, because they share
parameters. The weighting by training data occupancy y™ therefore is necessary.

The per-component KL divergence consists of the entropy of p(™ and the cross-
entropy of p(™ and q(™ (see appendix A.2), of which only the cross-entropy can be

optimised. To solve (6.7), it therefore suffices to find

arg min KL (p||qyy) = arg min Z y(m)fH(p(m) H q(m))

dyu AQyu  m
= argmax » y'™ Jp“‘” (y)logq™(y)dy.  (6.8)
dyiu m

The minimisation of the cross-entropy turns into a maximisation of something that

can be interpreted as the expected log-likelihood.

6.1.2  Per sub-phone state

The discussion so far has assumed that the hidden variables are components m. How-
ever, it is also possible to match the decoding process more closely. Section 2.4 has
discussed how Viterbi decoding finds a state sequence ©, and marginalises out over
the component sequences M. Finding a transformed distribution that minimises the
per-component KL divergence is often sub-optimal compared to minimising a per-

state KL divergence. The following first presents the expression for the per-state op-
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timisation, and then a method to approximate this for the specific case of two mixture
models.

By following the derivation in section 6.1.1, but using the sub-phone state se-
quence © ={0¢} as the hidden variables I/ and per-sub-phone output distributions for
the predictions and approximations, pyy, = {p(e)} yAyu = {q(e) }, the expression

to optimise becomes (analogous to (6.7)):

arg min KL (p||qyy) = argmin Z yOKLE|q?), (6.9)
dyiu dyiu 0
where y(®) is the sub-phone occupancy, p'®) is the predicted distribution for state 6,
and q(© the transformed speech recogniser model for that state.

For the case where p(®) and q(®) are mixture models, this expression normally has
no analytic solution. However, assuming that it is possible to compute and improve
the divergence between pairs of components of the mixtures, the divergence between
pairs of components of the mixtures, the divergence between sub-phone state pairs can
be improved starting from the per-component one (Yu 2006; Dognin et al. 2009). This
uses the upper bound on the cross-entropy presented in section A.2.2. After finding
the tightest upper bound, qy, is set to improve the upper bound by setting variational
parameters. This process can be repeated a number of times to iteratively improve the
bound.

To apply this, (6.9) must be written as a minimisation of only one half of the xL

divergence, the cross-entropy H (p(e) H q (e)), which is analogous to (6.8):

arg min L (p||qyy) = arg min Z y(e)’H(p(e) H q(e)) . (6.10)
dyu dyiu 0

This is the minimisation that iterative bPMC approximates with a sampling method
(in (4.33)). The following will optimise an upper bound on this. For simplicity of nota-
tion, it will assume that the components of the mixture distribution p(®) are not shared
with other distributions p®"), and similar for components of q®). The algorithm is

straightforward to extend to the general case.
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The distributions p'®) and q(®) are assumed mixture distributions with component

sets Q®) and Q(©)

J=> mp™)k d% =) wn’dV). 6w

TT].EQ(QJ neﬁ(e)
The sub-phone occupancy can be written as the sum of the occupancies of the com-

ponents:

Z 8% (6.12)

meQ(®
The algorithm for finding the upper bound to the cross-entropy between two mix-
tures (Yu2006; Hershey and Olsen 2007) is discussed in appendix A.2.2. The algorithm
optimises a probabilistic mapping between the components from one mixture and
components from the other mixture. This mapping is represented by variational para-

meters (I)Elm), with (repeated from (a.16))
Y o =1, o > 0. (6.13)
n

Appendix A.2.2 shows that the cross-entropy between mixtures can be upper-bounded
by a function of the sub-weights and the KL divergence between all component pairs.

The expression is given in (a.17b). Applied to one sub-phone state pair it is

(m)
HED?) < 3 3 e (7“‘(10‘“”!!(4(“))“0%%)
Wn

men®) neQo)

- ]:( » q d)) (6.14)

To find an upper bound on the kL divergence of the whole model set, this can be

substituted in the expression optimised in (6.10):

ZY(S)H(P(G)Hq(G))
0
(m)
<Y T Al (e ) +10g 2 )
) w

(6)
meQ® neq(®) n

2 F(pyus Ay ) - (6.15)
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function OPTIMISE-PREDICTIVE-DISTRIBUTION(Py/)
Initialise qyy,
repeat
for all m,n do

q)(m) — o exp(—H(p™[[g™))
n

Y@M exp(—H(pm)q™)))
Ayp < argmaxg  F(Pyps Ay §)

until convergence

return qy|u

Algorithm 3 Optimising the upper bound to KL divergence to a predicted distri-
bution for mixture models.

Optimising the state-for-state KL divergence works as in algorithm 3. The initial-
isation for approximate distribution gy, could be the component-for-component op-
timum, or another setting. The variational parameters are then optimised to tighten
the upper bound as in (A.20), after which the upper bound is improved by setting qy;.
Both these steps are guaranteed not to increase the cross-entropy, so iterating over
them finds a local optimum.

Since for most of the methods in the rest of this thesis, the components of the
predicted distribution and its approximation both derive from the same clean speech
component, the component-for-component optimisation from the previous section
will be used most. It is interesting to see how the component-for-component optim-
isation relates to the state-for-state optimisation. Itis straightforward to set parameters
q>$l“) so that (6.15) is equal to the component-for-component kL divergence in (6.7)

(repeated from (A.21)):
(m) _
dn = . (6.16)

Since the inequality in (6.15) still holds under this setting, optimising the component-
for-component KL divergence gives is an upper bound on the optimal state-for-state KL
divergence with variational parameters d)T(lm) . It is called the matched-pair bound (see

section A.2.2 and Hershey and Olsen 2007). This means that even when optimising
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the component-for-component KL divergence, this optimises an upper bound on the

state-for-state KL divergence, which is consistent with the decoding process.

6.2 Predictive linear transformations

Adaptive linear transformations have been discussed in section 3.2. They do not have
a model of the environment, but restrict the number of parameters that need to be
trained, compared to training a full speech recogniser, by estimating linear trans-
formations. However, they still require more data than methods for noise-robust-
ness. However, decoding is often hardly slowed down at all. For examples, CMLLR
(section 3.2.1) transforms every observation feature by a small number of transforma-
tions, which is fast. It then feeds the differently-transformed feature vectors to differ-
ent groups of components.

No such tricks are possible for model compensation methods. Methods that find
Gaussian compensation, like standard vTs and extended vTs, apply a different trans-
formation to each component. Converting them into fewer linear transformations,
however, could leverage the fast adaptation of extended vTs, and the fast decoding of
linear transformations.

As section 3.1 has discussed, adaptation uses expectation-maximisation. The max-
imisation step is equivalent to minimising the KL divergence between the empirical
distribution and the modelled distribution. The framework of predictive transforma-
tions, introduced in section 6.1, approximates one distribution by another, also min-
imising the kL divergence between them. That the optimisation in both cases is similar
makes converting adaptive transformations into predictive transformations relatively
straightforward. The derivation of, for example, predictive CMLLR, runs parallel to the
derivation of standard cMLLR. The main difference will be that the statistics from data
will be replaced by predicted statistics.

Predictive transformations approximate a predicted distribution p. The approx-

imate distribution ¢y, over observed variables ) given hidden variables I/ is set to
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(repeated from (6.7) and (6.8)):

arg min K L(p||qyy) = arg min Z Y(m)’Cﬁ (p(m] H q m

Ay aviu  m
= argmin Z vy (p(m) H q™
Ay m
= argmax ) _y'™ JP(’“) (Wlogq™(y)dy,  (617)
U m

where y(™ is the total occupancy on the training data for component m. Linear trans-
formations are defined by a set of transformations .A, one of which acts on each com-
ponent. The output distribution of transformed component m is written q'™ (y|.A).

The optimisation in (6.17) then becomes
A := arg min Z L) o (p(m) H q(m]
A m

—argmany J (y)log q™ (y|.A)dy. (6.18)

This expression is similar to the optimisation for adaptive linear transformations in (3.2):

AW —argmaxJ ZZyt logq (ytIA)d)}. (6.19)

m t=1

Alternatively, the per-state KL divergence could be optimised using the technique
in section 6.1.2. This would require interleaving the optimisation of the variational
parameters of the upper bound on the KL divergence per state, and the optimisation
of the transformation. Since the upper bound (in (6.15)) is a linear combination of
the per-component cross-entropies, optimising the transformation still has the form
in (6.18). For clarity, therefore, the following will use that form.

Both predictive cMLLR and predictive covariance MLLR derive from (6.18) in the
same way as their adaptive versions derive from (6.19). It will turn out the only change
is in the statistics, which are predicted rather than gathered from data. This is conveni-
ent, because the procedure for estimating the transformations presented in chapter 3.2
can be re-used. It is also satistying, because the predicted statistics that drop out cor-
respond to the intuitive expressions. They are the same as Gales and van Dalen (2007)

derived by intuition.
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One difference between the adaptive linear transformations and the predictive ver-
sions is in the regression classes. Adaptation needs to carefully control for the avail-
able amount of data. One tool for this is a regression class tree that expands nodes as
long as there is enough data to train the corresponding transformation robustly. For
predictive transformations, on the other hand, there is a predicted distribution, para-
meterised for the instantiations in this thesis. This corresponds to an infinite amount
of data, so that data sparsity is not an issue.

An interesting case is when there is only one component in a base class. If addi-
tionally the predicted distributions are Gaussian, then the algorithms for predictive
CMLLR and predictive semi-tied covariance matrices will find a transformation that
sets (™) exactly equal to p{™. The choice of the number of base classes therefore
gives a trade-off between speed and accuracy.

Since each component is assigned to one base class only, the optimisation expres-
sions for each base class are independent. All of the derivations in the next sections
will therefore simplify notation by assuming only one base class, and summing over all
components. To convert these into expressions that do use base classes, the sums over
components should only by over components in the base class that the transformation

is estimated for.

6.2.1  Predictive CMLLR

Predictive CMLLR (PCMLLR) uses the exact same form of transformation that cMLLR
uses. It is called “constrained” because the linear transformation of the means and
covariances are equal. There is also a bias on the mean. As section 3.2.1 has shown,
this can be written with the inverse transformation, which then works on the feature

vector. The likelihood computation becomes (as in (3.4b))
a™(ylA) =|A]- N (Ay + b; W™, 2, (6.20)

where uim) and Z{™ are Gaussian parameters for the clean speech. Though for clarity

of notation it will not be written explicitly here, there is normally a set of R transform-
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ations {Am, b }, one for each base class (in the adaptive case, regression class).
Each component is assigned to one base class. A fast implementation can therefore
transform each observation vector Yy into R transformed versions A"y, + b and
pass each component the appropriately transformed versions. The determinant ’A(r) ‘
in (6.20) can be precomputed. This makes decoding fast, both for the adaptive and
predictive versions of CMLLR.

The algorithm for predictive CMLLR turns out to be the same as that for adaptive
CMLLR. Appendix B.1.2 derives this. Both are expressed in terms of the same statistics,

but the difference is in how these statistics are acquired. For the predictive version

they are
vy 2 Zy(m); (6.21a)
m
) (m) (TT})
k(l) L Z Y 0-(”}’3(1 |:5p(m) {yT} 1 :| : (6.21b)
m

x, i

o ) (6.21¢)

Giey VE"‘) Eym{yyT} Eymiy)
m
m Ogii | EemiyT) T

The form of the statistics for predictive CMLLR is intuitively related to the form of the
statistics for the adaptive version, in (3.5). v is the total occupancy, which for adaptive
CMLLR is found from the distribution over the hidden variables, and here is derived
from the clean training data. k(¥ is a function of the expected value of the predicted
distribution; its equivalent in (3.5b) can be viewed as the mean observation vector for

component m under the empirical distribution, and similarly for G).

6.2.2  Predictive covariance MLLR

Covariance MLLR (see section 3.2.2) is a technique that tries to find the best covari-
ance transformation to model the data. Since the overall aim of this chapter is to find
transformations that help model correlations without the decoding cost of full cov-
ariances, a predictive variant of covariance MLLR should be useful. The derivation of

predictive covariance MLLR follows the same structure as that of predictive CMLLR,
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in the previous section. The KL divergence between the predicted distributions and
the transformed speech recogniser is minimised. This will result in the same expres-
sion as for adaptive covariance MLLR, but with the statistics replaced by the predicted
equivalents.

The transformed likelihood is exactly the one in (3.6b):
a™(ylA) =|A]- N (Ay; A, ZM). (6.22)

As explained in section 3.2.2, this expression transforms feature and means, because
that makes decoding faster than transforming the covariance with the inverse.

The derivation of predictive covariance MLLR is in appendix B.2.2. As for predictive
CMLLR, the only change is in the statistics, which again are intuitively related to those

for the adaptive version in (3.7):
v2 Zy(m); (6.23a)
m

. (m) T
ey Yoo m{y—uw™y-u) } (6.23b)
m O.

x,il

6.2.3  Predictive semi-tied covariance matrices

Predictive covariance MLLR does not change the mean, nor the covariance matrices
beyond the linear transformation it applies. However, it is possible to adjust the cov-
ariance matrices as well as the linear transformation that is applied to them. Semi-tied
covariance matrices, discussed in section 3.3.1, do exactly that, for the training data. It
is possible to train the same transformation on predicted statistics. The derivation is
analogous to the one for standard semi-tied covariance matrices.

The likelihood expression for predictive semi-tied covariance matrices is analog-

ous to (3.12b):

a™(y) =|A]- N (Ay; A, ET ). (6.24)
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This expression is similar to the one for predictive covariance MLLR, in (3.6b). It also
uses a transformation A to find a feature space in which diagonal covariance matrices

are used. However, there are two important differences. First, the mean is ugm)

(in-
stead of uim)): it is set to the mean of the predicted corrupted speech distributions.
This is not explicitly necessary for standard semi-tied covariance matrices, since they
are normally trained on the clean training data. The second difference is that, just

like with normal semi-tied covariance matrices, the component covariance is also re-

(m)

y.diag" For standard semi-tied covariance matri-
)

estimated, and here indicated by z
ces, the reason covariances could be re-estimated was that the training data was used
(rather than test data, as for adaptation transformations). Without data sparsity, over-
training was not a problem. For the predictive version, the training data statistics will
be replaced by predicted statistics, so that over-training is again not a problem.

The three types of parameters to be estimated are u&m), ng), and A. The means
are straightforwardly estimated. Even when it is transformed by A, y is transformed
by the same matrix, so that Ap, is still the mean, in the transformed space. The cov-
ariances, on the other hand, are diagonal, and if A changes, then they are sub-optimal,
and vice versa. They will therefore, like for standard semi-tied covariance matrices,
be estimated in an iterative fashion. Every step is guaranteed to not decrease the KL

divergence, so that the algorithm finds a local optimum.

The full derivation is in B.3.2. The statistics required are (repeated from (B.42))

.
w2 e fy—w™) -wm) (6.252)
v v (6.25b)
m
) (m)
G2 Z %W(m). (6.25¢)
mo Tyl

Given the statistics, the process of estimating the component parameters and the
transformations is basically the same as for standard semi-tied covariance matrices,
in section 3.3.1. In addition, the means are first estimated. The complete process is

given in algorithm 4.
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function PREDICTIVE—SEMI—TIED—COVARIANCE—MATRICES({]:)(m) Y™ y)
for all components mdo

y %é’ m{y}
-

wim —&Em{(y— F‘y )(y ”y ))}

i§ dl)ag — dlag(W m))

A1
repeat

<—ZV m)

y,ll

A — EsTiMATE-COVARIANCE-MLLR(y, G(V)
for all components m do

z — dlag(AW AT)

(m
Zy dlag
until convergence

return {u&m , ydlag} A

Algorithm 4 Estimating predictive semi-tied covariance matrices.

This scheme is computationally expensive, because it alternates over updating A

andZ'™ and updating A requires iterating over its rows. An alternative is to update

Yy dlag
only A, by stopping after the call to EsTIMATE-COVARIANCE-MLLR in algorithm 4.
The form of the likelihood is then the same as in (6.24), but the covariance matrices on
the models are diagonalised predicted covariances in the original feature space, unlike
covariance MLLR, where the original covariance matrices are retained. A is optimised

for this feature space. This form will be referred to as “half-iteration predictive semi-

tied”,

6.3 Correlation modelling for noise

Section 6.2 has presented predictive linear transform agnostic to the form of the pre-
dicted distribution. Indeed, they can be trained from any distribution that yields the
required statistics. This work applies predictive linear transformations to methods for
noise-robustness. However, since the introduction of the general framework (Gales

and van Dalen 2007), other forms of predictive transformations have been proposed,
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like vTLN (Breslin ef al. 2010).

This section will confine itself to estimating predictive linear transformations from
joint uncertainty decoding as discussed in sections 4.4.3 and 5.4. The advantage of the
form of distribution that joint uncertainty decoding predicts is that the components
are Gaussian-distributed, and that it uses base classes.

The statistics that the predictive methods from the previous chapter require are
straightforwardly expressed in terms of the means and covariances of the compon-
ent distributions. As discussed in section 4.3, the real noise-corrupted speech distri-
butions do not have a closed form. Model compensation methods normally already
approximate the component distributions as Gaussians, so that no additional approx-
imations are required to find the statistics from joint uncertainty decoding.

That joint uncertainty decoding shares compensation parameters across a whole
base class is particularly useful if the predictive transform uses the same base class.
It will turn out to be possible to express the statistics that joint uncertainty decoding
predicts in a component-dependent part that can be computed off-line, and a base-
class-dependent part that changes with the noise parameters. Accumulating statistics
from all components is therefore not necessary at run-time. This saves storage space
and computation time.

This section will use the convention that base classes for joint uncertainty decod-
ing and for predictive transformations are the same. As before, since the estimation
is per base class, the notation will assume only one base class. The distribution for

component m that joint uncertainty decoding predicts was given in (4.48a):
pM™(y) = |Ajud| - N (Ajuqy + bjyg; uim), =g Zhias)s (6.26)

where Aj,4, bjud, and L5 are computed from the joint distribution of the clean
speech and the observation as in section 4.4.3. Of particular interest is the case where
2 bias is full, to compensate for changes in feature correlations, which arises when the
joint distribution has a full covariance.

The predictive transformations in this section will use the predicted distribution
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of the Jup-transformed observation {j,

U = Ajudy + bjud. (6.27)

Other options are possible (e.g. Xu et al. 2009; 2011), because Jub compensation can
be written without feature transformation, but with the inverse transformation on the
mean and covariance. However, from joint uncertainty decoding with a full trans-
formation and full covariance bias, predictive CMLLR could find the exact same max-
imum likelihood solution (it would if it found the global optimum). Predictive covari-
ance MLLR keeps the original covariance X, so transforming it to a different feature
space first would defeat the purpose. Predictive semi-tied covariance matrices could,
just like predictive CMLLR, find the same solution in whatever feature space, as long as
the the means are re-estimated as in section 6.2.3.

The statistics that the predictive transforms require from the predicted distribu-
tions consist solely of the following elements, which are straightforward to derive from

the Gaussian in (6.26):

Eym{y} = um; (6.28a)
Var,m {0} = ™ + Zpias; (6.28b)

T
gp(m) {ggT} = Z>(<m) + Lpias + U>(<m) U>(<m) . (6.28¢)

The next sections will discuss instantiations of the predictive versions of CMLLR, co-
variance MLLR, and semi-tied covariance matrices. In each case, it will turn out to be
possible to express the statistics so that most of the accumulation can be performed
off-line. This is because in (6.28) the statistics derived from the clean speech compon-
ent, pim) and Zim) , do not depend on the noise model, whereas X ;.5 does depend

on the noise model, but not on the component distributions.
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6.3.1 Predictive CMLLR

Predictive CMLLR trained on joint uncertainty decoding results in the following like-

lihood calculation:

q(m)(y) = |Acmllr| ' |Ajud‘ 'N(Acmllr(Ajudy + bjud) + bemir; Ho((m)) Z>(<m))
(6.29)
Compared to (6.26), this lacks covariance bias ;.. To make up for that, Ay,

and b, are trained to minimise the KL divergence with p in (6.26). This uses stat-

istics kY and GV defined in (6.21) in section 6.2.1. Using (6.28), they become

(m) ,(m) (m) ,(m)
. Y W, ; Y L s T
K £ Z (m))(1 [gp("”{g—r} 1} - Z (m;(l [ug(m) 1} ) (6:300)
m x,it m Xt
| ) [ & o {OGT} &m0}
G Z (m)

m Oxii | 5p(m){1:JT} 1

N
y™ (Zim)+2baas+uim)u§m) ) T

T . (6.30b)
o, .. i Ly 1

It is interesting that k¥ does not depend on the parameters of joint uncertainty de-
coding. It can therefore be computed off-line and cached in its entirety. G(V), on the

other hand, does depend on a JjuDp parameter: X;,s. However, it can be rewritten to

be largely cacheable:
-
ci_ Y™ [ (BT ) e 0] ¢y
_Z (m) m)T + Z (m) *
m Oy i [T 1 0 0| wm Oy
cached cached
(6.30¢)

This completely removes the need to iterate over components at run-time. Since there
is a G for every dimension 1i, the total computational cost per base class for com-

puting them is O (Rd?).
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6.3.2 Predictive covariance MLLR

Predictive covariance MLLR results in the following likelihood calculation when trained

on joint uncertainty decoding:

q(m)(y) = |Amllrcov} : }Ajud‘

: N(Amllrcov (Ajudy + bjud) ) Amllrcov”im)» Z>(<m))- (6.31)

The transformation Aoy On the features and on the means is equivalent to the
inverse transformation on the covariance, as discussed in section 3.2.2.

Compared to the distribution p(™ in (6.26) that (™ aims to approximate, this
lacks the covariance bias X p;,s. Therefore, A pjircov is trained to make up for that. This
allows decoding to use unchanged diagonal covariances while still modelling some
of the predicted correlations. Training predictive covariance MLLR uses statistics G¥

defined in (B.22) in section 6.2.2. Using (6.28), and noting that the mean of {j is uf(m),

they become
Wa v Y™ iy T v ;
GWY & Z ng(m) (y — Hx )(y — Uy ) = Z ) Var-p(m){y}
m Gx,ii LU
(m)
Y
= Z W(Zim) + Zbias)- (6.323)
m O

X, il
Just like for predictive CMLLR trained on joint uncertainty decoding, this expression
can be written so that iterations over the components can be cached. This works sim-

ilarly to (6.30¢):

. (m) (m)
G2y %z&m) +Zbias Y y(—m) . (6.32b)

x,il x,il

cached cached
The total on-line cost of computing GV for all dimensions 1 is therefore O(Rd).
This does not depend on the number of components. The model means also need to
be transformed, by A pjircov> the complexity of which does depend on the number of

components: O (Mdz) .
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6.3.3 Predictive semi-tied covariance matrices

Predictive semi-tied covariance matrices, when trained on statistics predicted by joint

uncertainty decoding, result in the following likelihood expression:
0™ Y) = |Ax| - [Ajg] -V (At (Ajuay + bjug) s Aa™, I ) - (639

As in the case of predictive covariance MLLR, the transformation Ag; is equivalent to
the inverse transformation on the covariance matrix. Semi-tied covariance matrices
mean to find a feature space, specified by A, in which a diagonal covariance matrix is
a reasonable assumption. Unlike for covariance MLLR, the component covariances are
also adapted to minimise the KL divergence with the predicted distribution. A¢ and
the i%.)a g are estimated in an iterative process.

The difference with the predicted distribution, in (6.26), is that the covariance
matrix f.;gl)a . is diagonal. The transformation Ag; needs to make up only for the
off-diagonal entries of the covariance matrix, unlike for predictive covariance MLLR,
which has a similar form, but uses the original covariance matrices. Training pre-

dictive semi-tied covariance matrices uses statistics u&m), WM and G defined in

(6.25). Using (6.28), u&m] and W™ become

w2 & ) = ™ (6342)
A T A
wim 2 E’p(m) { (y - Ugfm]) (y - !J;m)) } = Varp(m){y}
S AN SR (6.34b)

G can be defined in terms of this, exactly as in (6.25¢):
gy Y i (6.340)
= p=y . .34C
m Oy

These statistics can again be formulated in such a way that the on-line computational

cost is less than for a direct implementation. This assumes that the original speech
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covariance matrices Zf(m) are diagonal. G can be written

(m) (m)
i) _ Y (m) . Y
GV =) “m™ +Thias ) - (6.352)
m Oy m Oy
O(Md) O(M+ d?)

The total cost of finding these for d dimensions and R base classes is O (Md? + Rd?).

A similar optimisation can be applied to the covariance update in (8.40):

Z| g = diag (AWMAT) = diag (A (Z\™ + Zpies) AT)

y,diag *
— diag (AZ{™AT) + diag (AZpiasAT) . (6.35b)
O(a?) O(d%)

Since the left-hand term is component-dependent, it needs to be computed separately
for each component. However, =M s diagonal and the result is constrained to be di-
agonal, so that the cost per component is only O (dz) . The right-hand term is the same

for a whole base class, but since X, is full, the calculation takes (’)(d3). The over-

(m)

y.diag for all M components in R base classes is therefore

all complexity of updating b3
O(Md? 4+ Rd?).
For the full scheme, the complexities are multiplied by the number of outer iter-

ations K. The half-iteration scheme for predictive semi-tied covariance matrices only

(m)

finds a transformation matrix A and only initialises the covariances Zy diag
b

, apart

from adding the covariance bias, which is O(Md).

6.3.4 Computational complexiry

Table 6.1 on the next page details the time requirements for the approximations to
joint uncertainty decoding discussed in the previous sections. The naive implementa-
tion for calculating the cofactors takes O (Rd*) per iteration, but using the Sherman-
Morrison matrix-inversion lemma this can be reduced to O (Rd3) per iteration (Gales

and van Dalen 2007). Inverting GV takes O(Rd*) per iteration.? In all cases, by al-

(m)
y,diag
possible to reduce this to O (Rd3 ) (Gales and van Dalen 2007) at the cost of some loss in accuracy. This
has not been shown in the table.

rather than different . for 1 <i< ditis

vt

* By using the average of the diagonal of z
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6.3. CORRELATION MODELLING FOR NOISE

Half Full
MLLR CO- . .
CMLLR . semi- semi-
variance . .
tied tied
Estimation
Statistics Rd3 Rd3 Md? +Rd®> K(Md? +Rd3)
Inverting GV Ra* Ra* Ra* KRa*
Calculating ¢; LRd? LRad? LRad? KLRd?
Compensation
Features TRd? TRA? TRd? TRAd?
Means 0 Mad? Mad? Mad?
Variances 0 0 Md KMd?

Table 6.1 The complexity of estimating predictive transforms from joint uncer-
tainty decoding. d is the size of the feature vector; M is the number of compon-
ents; R is the number of base classes; L is the number of inner iterations; K is the
number of outer iterations (see section 3.3.1 on page 50).

lowing for diagonal covariances on the models compensated for noise, the complexity
associated with decoding T observations with joint uncertainty decoding is reduced

by a factor of d.

6.3.5  Predictive HLDA

This chapter has so far presented predictive methods that start with a predicted distri-
bution over feature vectors with statics and dynamics. Those distributions will have
been derived from distributions over extended feature vectors as in chapter 5. The
conversion from extended feature vectors, or distributions over them, to ones with
statics and dynamics used a linear transformation D. The predictive linear trans-
formations in this chapter have estimated another linear feature transformations A.
An interesting avenue would be to not assume projection D and replace the pair of
transformations A - D, of which only A is estimated, by one transformation that at the
same time reduces the feature dimensionality and transforms to a good feature space
for noise at the same time.

To formulate distributions over the feature space with reduced dimensionality, a

square Jacobian is necessary. Dimensionality reduction therefore needs, at least math-
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ematically, to find a new feature space of the same dimensionality. Some of those
dimensions are useful dimensions, which are used for discrimination, and some are
nuisance dimensions, the distributions over which should be tied over all components
so they do not discriminate. This requirement was also an issue for estimating an ap-
proximate distribution over extended feature vectors. As section 5.2.2 has discussed,
this is only equivalent to optimising in the projected space under certain conditions.
Extended ippMc (section 5.3.2), for example, which estimates mixtures of Gaussians,
explicitly bypassed the issue and estimates parameters directly on samples with statics
and dynamics. This trick does not apply here, so the nuisance dimensions must be
handled explicitly.

This section will therefore sketch how to apply heteroscedastic linear discriminant
analysis (Kumar 1997), discussed in section 3.3.2, to extended feature vectors. This will
be called “predictive HLDA”. This explicitly splits the feature transformation up in use-
ful and nuisance dimensions, and ties the distribution over the nuisance dimensions.
Both heteroscedastic linear discriminant analysis (HLDA) and semi-tied covariance
matrices can be seen as instances of multiple HLDA (MHLDA). MHLDA is HLDA with dif-
ferent transformations for different classes; semi-tied covariance matrices is MHLDA
without dimensionality reduction. The scheme sketched here could straightforwardly
be extended to multiple base classes.

The likelihood calculation for predictive HLDA is similar to the one for predictive

semi-tied covariance matrices (in (6.24)):3

q™(y®) = N (Ay ™, E ). (6.36)

The two differences are that this expression uses extended feature vectors y¢, and that

A is a non-square matrix that reduces the dimensionality as well as finding a feature

space in which it is a decent approximation to make zm

y.diag diagonal.

HLDA needs statistics similar to semi-tied covariance matrices; analogously, pre-

dictive HLDA needs statistics similar to predictive semi-tied covariance matrices, but

*The factor|A| in (6.24) does not need to be computed if there is only one base class, like here, since
it affects all likelihood equally.
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over extended feature vectors. Denoting the predicted distribution for component m

with pe(m), the predicted covariance for component m is (analogous to (6.34b))

WM 2 & m {uy®T} — Epem (U Epem (U°} (6.37)

Given the statistics, following the procedure for computing semi-tied covariance ma-
trices would yield a transformation that aims to find an optimal square linear trans-
formation. HLDA on the other hand applies dimensionality reduction as well. Unlike
with predictive semi-tied covariance matrices, the new component parameters must
be derived directly from the extended statistics. The means, for example, are set to the

transformed mean of the predicted distribution:
iy = A {Y®}, (6.382)

and the component covariance matrices use (6.37):

Zyj;i)ag := diag (AW(m)AT). (6.38b)

Optimising the transformation A as in Kumar (1997) yields an interesting vari-
ant of predictive linear transformations that transforms the extended feature space
as well as selecting useful features from it. For noise-corrupted speech, this makes
intuitive sense. Some features may be completely masked under low signal-to-noise
ratios. Predictive HLDA will then transform the feature vector used for recognition so
as to replace those features by more useful features for that specific noise condition.
However, predictive HLDA could also be applied to distributions predicted from other

models.

6.4 Front-end PCMLLR

Predictive linear transformations are flexible. This thesis has motivated their use from
the perspective of reducing the computational load of decoding with full covariances.

However, predictive cMLLR finds a component-dependent feature transformation, and
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it is possible to use this for approximating diagonal-covariance predicted distribu-
tions. This section will apply pcMLLR-like transformations to features without refer-
ence to the component identity.* An interesting practical consequence will be that the
resulting transformation can be similar to that of model-based feature enhancement
(see section 4.6), but is motivated differently. Whereas feature enhancement aims to
reconstruct the clean speech, here, the transformations aim to minimise the kr diver-
gence between the predicted distribution and the effective speech recogniser distri-
bution. This uses more precise information about the clean speech distribution, the
speech recogniser components rather than the front-end components. Many statistics
can again be cached, so that this is computationally very efficient.

The framework of predictive transformations can also be used to speed up com-
pensation for noise with diagonal covariance matrices. The methods in this section
will derive from predictive CMLLR, which, like standard cMLLR, applies a compon-
ent-dependent feature transformation to the observation vector. The transformation
that both forms of cMLLR find is a set of affine transformations for each base class r:
A={AM} = {Am, b }. To keep the notation uncluttered, this thesis has not ex-
plicitly written the dependency on the base class, but this section will, because it will
be vital. Both adaptive and predictive cMLLR decode with (from (6.20), with the base

class explicit)
q™(ylA) = AT N (ATy + b w™, =), (6.392)

Each of the components is assigned one base class 1, and only one feature transforma-
tion A" is estimated for a base class. Therefore, which transformation A" is chosen
from the set of transformations depends on the component. However, it is also pos-
sible to find a transformation that takes the observation into account when minimising
the kL divergence to the effective decoding distribution from the predicted noise-cor-
rupted speech distribution. This could make the transformation more appropriate for

the acoustic region that the observation is in.

“The work in this section, section 6.4, is joint work with Federico Flego, published as van Dalen
et al. (2009).
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The next sections will introduce methods of finding a component-independent
transformation A; = {At, bt} at each time instance t. The distribution of compon-

ent m becomes
0™ (ye) = [Ad] - N (Acy + b ™, ZM). (6.39b)

The simplest scheme estimates a global transformation. It is equivalent to pre-
dictive cMLLR with the number of base classes set to R = 1. This makes the scheme
trivially independent of the component. It is interesting as a baseline method, because
the methods that this section will introduce all reduce to it when there is only one base

class. The optimisation in (6.18) becomes
A= argminZy(m)lCﬁ(p(m)Hq(m)). (6.40)
'A m

Section 6.4.1 will introduce a method that re-trains the transformation with pre-
dictive cMLLR for every feature vector. Section 6.4.2 will introduce two methods that

estimate the base class posterior to combine precomputed transformations.

6.4.1 Observation-trained transformation

The global transformation estimated with (6.40) gives an optimal overall transforma-
tion. However, when the observation is known, the distribution over the component
identity can be approximated better. A scheme that estimates one PCMLLR transform
from the posterior predicted distribution will be called “observation-trained PCMLLR”.

To give a more robust estimate of the component distribution, the update of the
component distribution is not performed per component, but per base class. To do
this, the component occupancy is factorised into the occupancy of the base class y(™

and the occupancy of the component given the base class:

my _ o [ Y™ () (m)
ym =y , v :Z-y , (6.41a)

(r)
Y meQ()

where Q" is the set of all components in a base class.
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The base class occupancy can be replaced by a weight estimated using the obser-
vation Y. An obvious choice is the posterior of the front-end mixture of Gaussians,
P(rly¢). Effectively, the posterior distribution of the corrupted speech vector y given

the observation becomes

pylye) ZPﬂyt (yir). (6.41b)

The base class posterior then replaces the prior base class occupancy in (6.41a):

(m) P(r
P(mlye) == P(rlyy) <ym ) _ P l‘j‘)y(mk (6.410)
Y Y

Each of the components m of the speech recogniser GMM is weighted or deweighted

by the same amount as its associated front-end component T, so that (6.40) becomes

A = argman |yt Z ‘y(m)ICE(p(m)Hq(m)). (6.41d)

meQ(r)

Ay in (6.41d) is retrained for every feature vector. Apart from the weighting, this is the
same expression as the optimisation for generic predictive transformations in (6.18).
The algorithm therefore is the same as for predictive cMLLR discussed in section 6.2.1,
but with modified statistics. They are similar to (6.21), with the component occupan-
cies y(™ replaced by their posteriors P(m|y;) in (6.41¢):

(m)

. Prlyt) «— Y™ .
ko2 y TINC Y a““))l & {uT} 1] (6.420)

T TTLE_O_(TJ Xyii

m{yy '} € omiy}

meQ xu p““){yT} 1

If implemented directly, it is computationally expensive to accumulate these statistics.

g 2 (6.42b)

However, given that speech recogniser components are weighted a whole base class
at a time, the necessary statistics are weighted sums of per-base class statistics, inside
thesums ) . These per-base class statistics are exactly the same as the statistics
that standard cMLLR (predictive and adaptive) uses, in (6.21), to estimate per-base
class transformations. The number of base classes is normally only a fraction of the

number of back-end components, so computing the statistics in (6.42b) is fast.
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6.4.2 Posteriowweigl)ted transformations

Rather than estimating a global transform, whether using the speech recogniser com-
ponent priors or their updated versions in (6.4.1), it is possible to estimate a set of
transforms appropriate to regions of the acoustic space with PCMLLR, and from those
construct a transformation that is observation-specific. A simple way of doing this is

to pick the transformation associated with the most likely front-end component:
Ap = A ™ = argmax P(r|yy) . (6.43)
T

This scheme, “hard-decision PCMLLR”, yields a piecewise linear transformation of the
feature space.

A more sophisticated approach is similar to front-end cMLLR (Liao and Gales
2005). This interpolates the transforms, each optimised to minimise the kL diver-
gence to the predicted back-end distributions in an acoustic region. The front-end
component posterior is an approximate measure of how likely an observation is to
have been generated by a back-end component associated with front-end compon-

ent . The transformation becomes

A=) Plriy) A (6.442)
T

by = Z P(rly) b, (6.44b)

This will be called “interpolated PcMLLR”. The form of the compensation is then the
same as for model-based feature enhancement (see section 4.6), so that decoding is
equally fast. However, interpolated PCMLLR is properly viewed as transforming the
models, aiming to minimise the KL divergence between the predicted distributions
and the speech recogniser models, rather than reconstructing the clean speech. Post-
processing of the transformed observation as if it represents the clean speech is there-

fore not possible.
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Summary

This chapter has described the second contribution of this thesis. It has introduced
a general framework for approximating one speech recogniser parameterisation with
another. Its objective is to minimise the KL divergence to a predicted distribution.
This framework of predictive methods subsumes model compensation methods. Sec-
tion 6.2 has derived a number of new predictive versions of linear transformations
that chapter 3 had discussed. Section 6.3 has detailed how to approximate joint uncer-
tainty decoding with full covariances (from section 5.4). This combines joint uncer-
tainty decodings ability to train on limited data and linear transformations’ ability to
model correlations without reducing decoding speed. The resulting chain of methods
(extended vTs, joint uncertainty decoding, and predictive semi-tied covariance ma-
trices) is what this thesis proposes as a feasible compensation scheme for real-world
speech recognition.

To show off the versatility of predictive transformations, section 6.4 has intro-
duced a number of schemes based off predictive cMLLR, which apply only feature
transformations, but make the resulting speech recogniser match the predicted dis-

tributions as well as possible.
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Chapter 7

Asymptotically exact likelihoods

This chapter will present the third contribution of this thesis, which is more theoret-
ical.!

Section 4.1 has argued that using the exact corrupted speech distribution would
lead to optimal classification. Given standard models for the speech, noise, and mis-
match function, the distributions of the corrupted speech does not have a closed form.
Model compensation methods therefore approximate it with a parameterised distri-
bution, usually a Gaussian. Even for a mixture of full-covariance Gaussians, estimated
as in section 5.3.2, the number of Gaussians required to approximate the real distri-
bution well may be high, and the complexity is essentially cubic in that number. No
previous work has investigated how well speech recognition would perform without
parameterised distributions.

This chapter will introduce a sampling method that, given distributions over fea-
ture vectors for the speech and the noise and a mismatch function, in the limit calcu-
lates the corrupted speech likelihood exactly. What the method yields, therefore, is an
upper bound on model compensation. Section 7.1 will introduce the model that this
chapter assumes. Section 7.2 will discuss how to approximate the distribution with

importance sampling from a Gaussian over the speech and noise. However, when

! This work has been published as van Dalen and Gales (20100) and a summary in van Dalen and
Gales (20104a).
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applied to more than a few dimensions this becomes infeasible. Section 7.3 will there-
fore first transform the integral in one dimension, and apply importance sampling. It
will then introduce factorisations for the multi-dimensional integrand, and approx-
imate the integral with sequential importance sampling. This scheme is too slow to
implement in a speech recogniser. An alternative metric for assessing model com-
pensation methods, more fine-grained than word error rates, would be how closely
model compensation methods match the distribution they approximate. Section 7.4
will therefore introduce a method to compute the KL divergence up to a constant of

the approximation of the corrupted speech distribution to the real distribution.

7.1 Likelihood evaluation

This section uses a different approach to approximating the corrupted speech distribu-
tion from standard model compensation. Model compensation methods, like the ones
discussed in section 4.4, find a parameterised approximation for the corrupted speech
distribution for recognition. However, no expression for the full density is needed:
while recognising speech only likelihoods for vectors that are observed are required.
Therefore, similarly to the methods in section 4.5, in this section the likelihood is ap-
proximated for a specific observation Y. For simplicity of notation, the convolutional

noise will be assumed zero in this section.” Substituting y; for y in (4.24b),
p(vo) = | [ pludn,x) pim)dnp(x)ax ()
Since, given Yy, this is essentially of the form

plyy) = J¢(n,x)p(n,x)d(x, n), (72)

where the desired quantity is the integral of test function ¢ under distribution p, the
obvious approach would be to apply one of a number of standard approaches to solving

this form of problem.

* In the mismatch function in (4.10a) the convolutional noise just causes an offset on the speech
signal.
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Laplace’s method may be used. This approximates the complete integrand by pla-
cing a Gaussian ¢ on its mode. This is not possible analytically, but the Algonquin
algorithm (see section 4.5.1) approximates this with an iterative algorithm. However,
this does not yield any guarantee about the resulting likelihood.

Another approach would seem to find a variational lower-bound q to the in-
tegrand. An obstacle to this, however, is the form of the test function ¢p(n,x) =
P(ytm, x). It represents the probability that corrupted speech vector Yy is generated
from clean speech and noise vectors x, n. Though the phase factor introduces some
uncertainty about this mapping, most values for x and n are incompatible for given yy,
and ¢(n,x) is then 0. It is therefore not possible to lower-bound the integrand with
a Gaussian, and not obvious which other distribution (the shape of the integrand will
be detailed in section 7.2, and depicted in figure 7.1a on page 187) to choose.

A third approach may be to approximate the integral with Monte Carlo. (7.2) is
written in a form that makes it obvious how to do so. It is straightforward to sam-
ple (m,x) from the prior p(n,x). However, the shape of p(n,x) is not always a
good match for the shape of ¢, so that most samples are drawn in vain. To alle-
viate this problem, it is possible to use importance sampling, which is discussed in
appendix A.4.2, to evaluate the integral over ¢(n,x)p(n,x) at once. Why sampling
from p(m, x) is so inefficient will also be analysed from this perspective.

Importance sampling requires a proposal distribution, the distribution that the al-
gorithm draws from instead of the actual distribution. It makes up for the difference by
assigning each sample a weight. The proposal distributions needs to match the target
density well, otherwise the weights will have a high variance, and too many samples
will be required to arrive at a good estimate. The number of samples required grows
exponentially with the number of dimensions.

To apply importance sampling, the proposal distribution will be either the prior,
which reduces to straightforward Monte Carlo, or an Algonquin-derived approxima-
tion of the posterior. Both essentially use a joint Gaussian distribution over the speech

and the noise. The prior distribution is often far away from the integrand, but even the
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Algonquin-generated Gaussian cannot approximate the curved integrand well. There-
fore, the number of samples required makes it infeasible to use this approximation.
Section 7.3 will then introduce a transformation of the integrand. The integral over x,
N, and « can then be expressed as an integral over substitute variable u and «. This
new expression is still exact, but more amenable to being approximated with import-
ance sampling. After considering the one-dimensional case, the higher-dimensional
space will use the same techniques for each dimension, and apply sequential import-
ance resampling.

This chapter will focus on one Gaussian for the speech and one for the noise:

X~ Ny, Xy (7.32)

n~MN(un, Zn). (7.3b)

The mismatch function is the one given in (4.10a). This mismatch function uses a
state-of-the-art model of the phase factor (see section 4.2.1.1). However, all that the
scheme relies on is that it is possible to draw samples from the phase factor distribu-
tion. Any other distribution for p(«) can be plugged in as long as it can be sampled
from.

In this work, the speech and noise are modelled with Gaussians. However, dif-
ferent distributions would be possible, provided the form of the distributions satisfies
two requirements. First, a proposal distribution must be found that is sufficiently close
to the one-dimensional distribution that importance sampling is possible. Second, a
reasonable approximation must be available for the marginal of one dimension given
settings for a subset of all other dimensions. For Gaussians, both of these requirements
will appear to be possible, though far from straightforward, to fulfil. One aspect that
makes the second requirement hard is that the speech and noise will be modelled with
correlated dimensions, through full covariances.

Since the speech and noise priors are full-covariance Gaussians, it make little dif-
ference whether they represent cepstral or log-spectral features: the domains are re-
lated by a linear transformation, the DCT (see section 2.1). In the log-spectral domain,

the mismatch function works dimension per dimension (see section 4.2.1), so this
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chapter will assume log-spectral domain speech and noise priors. The vectors in this
chapter will consist of just statics, and will be denoted with x, n, &, y.

The main difference with earlier work with a similar aim is that here, the speech
and noise priors have full covariance matrices, so that dimensions can not be treated
separately. Myrvoll and Nakamura (2004) used a piecewise linear approximation in
one dimension, which, as section 4.5.2 has shown, does not generalise to multiple
dimensions. At the same conference as work in this thesis was presented (van Dalen
and Gales 2010a), Hershey et al. (2010) independently introduced a similar strategy.
As will be discussed in section 7.3.1.3, it also treats dimensions separately.

The aim of the method that this chapter will introduce is the opposite of that of
single-pass retraining (see section 4.4.4), though both can be seen as ideal model com-
pensation. Single-pass retraining does not use speech and noise distributions or a
mismatch function, but it does assume that the corrupted speech is Gaussian. The
method in this chapter assumes the speech and noise priors to be Gaussian, and the
mismatch function to be given, but does not assume a form of distribution of the cor-

rupted speech.

7.2 Importance sampling over the speech and noise

This section presents the first approach, which is to approximate the integration over x
and n. Importance sampling requires that the integrand can be evaluated at any point
(x,n). For this, part of the observation likelihood needs to be rewritten more expli-
citly. The corrupted speech likelihood is ((4.24b) and (4.24¢) with y substituted for

Y, asin (7.1)):

plys) = J jp(yux,n)pm)dnpmdx (742)

= J J J d¢(xn,a) (Yt) Plx)daxp(n)dnp(x)dx. (7.4b)

The value of the observation vector Yy is not deterministic given the speech and the

noise, because the phase factor « is a random variable. However, « is deterministic
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given x, M, and Yy, so that p(y¢|x,n) can be written in terms of the distribution of
the phase factor. The phase factor that a specific setting of x, n, and y; implies will be
written &(x,Nn,Y). It is a standard result (in appendix A.1.1 and, e.g., Bishop 2006,
11.1.1) that transforming the space of a probability distribution requires multiplying by
the determinant of the Jacobian:

dax(x,m,y)

ay : P(O‘(X>",yt)) ) (7~5)

Pyix,m) =

Yt

where p(a(x,n,y)) denotes the density of p(«) at the value of & implied by x, n,
and y.
The value of the phase factor as a function of the other variables follows from (4.9).

The relation is defined per coeflicient (i.e. frequency bin) 1 of the variables:

_exp (ur®) —exp (%) —exp (%)

i (7.62)
T e (e
and its partial derivative with respect to yj is
|
Oa(xi, i, Yi) _ exp (y;™®) (7.6b)
ou: - T log | 1_logy* 7
Yi 2exp (3% % + 3n;%)

The diagonal elements of the Jacobian %{j’y) are given by these partial derivatives

with respect to y;. The oft-diagonal entries of the Jacobian are 0.
The the distribution of the corrupted speech in (7.4a) can then be written as

cr

Pyt) = | | Plyilx,n) p(n)dnp(x)dx

rr

dax(x,mn,y)

dy ple(x,m, y¢)) p(n)dnp(x)dx

Yt

rr X Iog
- {(H s (yt’l) ) P(“(X»“,yt))P(ﬂ)p(X)}dndx

2exp (%% + Ini%®)

i

(1>

v(x,n)dndx. (7.7)

JJ

This expression is exact. Though the integrand, the expression in curly braces and de-

noted with v, is now straightforward to evaluate at any given point (x,n) if p(«a)
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(a) The distribution p(y¢[x, ). (b) The distribution p(x, n,y¢).

Figure 7.1 The distribution of the clean speech and noise for x ~ N'(10,1); n ~
N(9,2); o ~ N(0,0.04); y¢ = 9.

can be evaluated, the integral has no closed form. It can, however, be approxim-
ated using importance sampling with vy as the target density. Importance sampling
requires a proposal distribution that is close to the target. Figure 7.1a illustrates a one-
dimensional version of the density p(y|x, ). The density lies around the curve that
relates x and n for given « and y¢, shown as a dashed line. This curve is given by
exp(x) + exp(n) = exp(y¢). That the sum of the exponents of x and n is fixed causes
abend in the curve. Figure 7.1b shows the density in figure 7.1a multiplied by the priors
of x and n, which gives p(x, n,y¢) = y(x,n).

Importance sampling uses a proposal distribution p, which it draws L samples
(xY, nV) from and weights them to make up for the difference between proposal
and target densities. This integral to be approximated is the normalisation constant

of y. The derivation is in appendix A.4.2, and in particular (a.43b), but intuitively it
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(a) The prior p(x,n). (b) Gaussian approximation to the

posterior p(x, n|y¢).

Figure 7.2 The distribution of the clean speech and noise for x ~ N'(10,1); n ~
N(9,2); x ~N(0,0.04);y =9.

can be written as

L
JJY(X, n)dxdn = JJ v n) p(x,n)dxdn ~ Z vV, n') (7.8)

1
p(x,n) — p(xV,n)’

(xV,n) ~ p.

The fraction of the target and proposal densities, y/p, gives the weight of the samples.
This weight makes up for the difference between the two densities.

To approximate the integral under vy, this section considers two options for the
proposal distribution: the prior, and the Algonquin approximation to the posterior.
Both are Gaussian.

A priori, the speech and the noise are independent. Given Gaussian prior distri-
butions for p(x) and p(n) (in (7.3a) and (7.3b), respectively), their joint prior becomes

X Ly 2. 0

~N ) . (7.9)
n Hn 0 x,
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This Gaussian is shown as white lines on top of the actual posterior of x and 1 in
figure 7.2a on the facing page.

An alternative approach would be to use the Gaussian approximation to the pos-
terior that the Algonquin algorithm (presented section 4.5.1) finds. Unlike the one
in (7.9), this distribution does not model the speech and the noise as independent.
Figure 7.2b shows it superimposed on the actual posterior.

The main problem areas for either Gaussian as proposal distribution are the re-
gions of space where proposal and target do not match well. Where the proposal dis-
tribution has a higher value than the target distribution, more samples will be drawn
that are assigned lower weights: a waste of computational time. Conversely, where the
proposal distribution is much lower than the target distribution, samples will seldom
be drawn, and when they do, they are assigned high weights. In this case, the number
of samples that needs to be drawn to get sufficient coverage becomes very high.

These two problems are exacerbated by high dimensionality: for every dimension,
either of these cases can occur. The probability that neither problem arises for a sample
decreases exponentially, so that the number of samples required increases exponen-
tially. Both approximations shown in figure 7.2 suffer from this problem, so that it is
not feasible to apply them to a 24-dimensional log-spectral problem. The next section
will therefore transform the space so that the target distribution per dimension can be

approximated better.

7.3 Importance sampling in a transformed space

The problem with the scheme in the previous section is the hard-to-approximate bend
in the distribution of x and n given y¢. This section will overcome this by transform-
ing the space, and then approximating the integral. Conceptually, this is similar to
Myrvoll and Nakamura (2004), which was discussed in section 4.5.2. However, there
the approximation was constrained to one dimension. Here, the mismatch function

contains an extra variable (the phase factor), a different transformation is used, and
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the approximation uses sequential importance sampling. Initially, a one-dimensional
space will be considered. Section 7.3.2 will discuss how to generalise this to the multi-

dimensional case and how to deal with the additional complications that arise.

7.3.1  Single-dimensional

In one dimension, the mismatch function is ((4.9) without indices and with y¢ sub-

stituted for y)
exp (yltc’g) = exp (X'°8) + exp (n'°8) + 2ccexp (1x'°8 + In'°8). (7.10)

As discussed in section 4.2.1.1 on page 65, « is a weighted average of cosines of the
angle between the signals of the frequencies in one bin, and as such constrained to be
between —1 and +1.

Since this equality relates four variables deterministically, if three are known, then
in many cases the fourth is known as well. The objective of this section is to find an
approximation to p(y¢) for a given observation yy. Since four variables are linked de-
terministically and one is known (y¢), the integration will be over two variables. This
was also the case in section 7.2. There, the obvious choice of integrating over x and n
did not work out well because of the shape of the density in (x,1n)-space. This sec-
tion introduces a variable u that represents a pair (x,n) given y¢ and . Changing u
traverses the curve in (x, n)-space, so that the bend is not a problem any more. The
integral will then be over & and the new variable w.

A property of (7.10) that complicates the derivation of the transformed integral is
that when three variables are known, the fourth can in some cases have two values.
(7.10) is quadratic in exp (%x) and exp (%n), so it can have two solutions for x and n.
This can be seen in figure 7.3 on the facing page, which shows how x and n are related
for various values of «. For n = 10, & = 0.99, for example, x has two solutions.

However, for given y; and «, it is possible to define one variable that unambigu-

ously identifies a point on the curve. The substitute variable will be called u with

U=n-—x. (7.11)
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Figure 7.3 The relation between clean speech x and additive noise n for yy = 9
and evenly-spaced values of «.

Figure 7.4 The region of the (x, 1) that the integral is explicitly derived for: x < n.

The value of u is related to the signal-to-noise ratio. If u is a large negative number,
x is close to y¢ and n is large and negative. This represents a very low signal-to-noise
ratio. The converse is true if u is a large positive number: then n is close to y and x
is large and negative.

This substitution will be used to define an integral that yields p(y¢). First, p(y+l)

will be re-expressed using p(n/|-) or p(x|-). Since neither of these variables is known
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deterministically for all values of the other variables, the integral will be partitioned in
two parts. n has one possible value given a setting for (x, Yy, ®) when x is constrained
to be smaller than n, which is the shaded region in figure 7.4 on the previous page.
In the complementary region, x has one possible value given fixed (n,yg, ). The

likelihood can be written as a sum of both these regions:

Pyt) =p(ye,x <n)+p(yy,n < x). (7.12)

Because of the symmetry between these two regions, only the derivation for the region
x < n will be given explicitly. The derivation for n < x is analogous.

The additive noise that follows from setting the variables x, y¢, o« will be denoted
with n(x,y¢, ). This is deterministic in the region where x < n. The variable of
the probability distribution will be changed from y; to n.. This requires multiplication
by a Jacobian (see section A.1.1 on page 255 or, for example, Bishop 2006, 11.1.1). This

Jacobian, the partial derivative of n with respect to y and keeping x and « fixed, will

be written 22%:%) and be evaluated at Y.
on(x,y, o«
Py < i) =| R <) G yal). ()
Yt

Here, 1(-) denotes the indicator function, which evaluates to 1 if its argument is true,
and O otherwise. p(n(x, yt, «)) is the probability distribution of n evaluated at n(x, ys, ),
the value of n corresponding to the setting of (x, Y, ).

The evaluation of the half of the likelihood for x < n can then be rewritten with
(7.13) and by then replacing the variable of the integration by u. The predicate x <n

is equivalent to O < u, which can be expressed using bounds on the integral.

r r
Plyux <n) = [ple) | p(x) plye, x < nfx, o)dxde
[ [ on(x,u, «
= [pte [P0 (af) A(x < 1) - pn yo, o)) dxda
) J ”
(]9 )
_ 'p(oc) X(ua)yb (X) . n(zﬂJ) (X)
“0 u y yt»X(U»yt,LX)
plx(u,yy, &) - p(nu,yy, «)) duder. (7.14)
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Here, p(x(n,yt, «)) is the probability distribution of x evaluated at x(n, y¢, &), the
value of x corresponding to the setting of (n, Yy, ). Appendix E.1 on page 304 gives
the derivations for the Jacobians in (7.14), and x(u, y, &) and n(u, y¢, &) for the re-
gion x < n. From (r.7¢) the product of the Jacobians is —1. By substituting 1 for
the absolute value of the product of the Jacobians in (r.7¢) into (7.14), one half of the

likelihood in (7.12) becomes

o

om(x,y, «)
dy

ox(u, Yy, &)
ou

Py, x <n) sz(oc)J ~

0

yt»x(uyyty“)

p(x(w,yt, o)) p(nfu,yi, o)) duda

- Jp(oc) J:op(x(u,yt, o)) p(niny, o))dude.  (7152)

The integral of u is over the area where 0 < u, i.e. where x < n. The equivalent
integration over the region where u < 0 could be derived by exchanging x and n, and
replacing u with —u. Applying this to all derivations in section F.1 on page 304 and
to (7.15a) yields the other half of the likelihood in (7.12). Because of the symmetry of
n and x and because the Jacobians cancel out, the result is identical to (7.15a) save for
the range of u:

0
plypn <x) = Jp(oc) J p(x(u,yi, o)) p(n(u, yi, o) )duda. (7.15b)

(o9}

The sum of (7.15a) and (7.15b) yields the total likelihood of y;. The integrand will be
called y.

Pyt) =Py, x <n)+plys,n < x)

= [pte0 | plxtus iy @) (i, o0 dudr
= hp(oc)Jy(uloc)dudoc (7.16)
= Jv(u, o)duda. (7.17)

Thus the integral has been expressed in terms of u and «, rather than x and n as

in (7.7). This derivation is exact and holds for any form of priors for the speech and

193



CHAPTER 7. ASYMPTOTICALLY EXACT LIKELIHOODS

noise p(x) and p(n). Just like after rewriting p(y¢) in (7.7), the integrand can be eval-
uated at any given point (u, &), assuming that p(«) can be evaluated, but the integral
has no closed form. The outer integral is straightforward to approximate with plain
Monte Carlo (see section A.4 on page 268). This works by drawing samples oY from
p(«) and averaging over sampling approximations for the inner integral given oV
The problem with approximating the inner integral is that it is impossible to draw
samples from y(u|x). Therefore, importance sampling is necessary. This requires a
proposal distribution p(u|e) that it is possible to draw samples from, and is close toy.
Section A.4.2 on page 269 gives a detailed description of importance sampling. How-
ever, intuitively the double integral can be replaced by a summation over L samples

oV from p (o) and corresponding samples for u¥) drawn from p(u/axV):

p(o0) [yaulwyduda = [ pla) [ YY) o) duda
Jpia| Jpia

p(ufo)
1 (v(u]al) WV
~ T ;J PE) p(ufaV)du (7.18a)
~ — (7.18b)
L ; o (uU] U’

The next section will detail the shape of y(u|o!Y) and find appropriate forms for

p(u|aV) for it.

7.3.1.1  The shape of the integrand

To apply importance sampling, a proposal distribution is required, which will be tailored
to the parameters of the target distribution. As discussed in section 7.2, it is important
that the proposal distribution matches the integrand closely, or too many samples will
be required for a good approximation. This section will find proposal distributions
with well-matching shapes. The scaling of the density graphs in this section will be

arbitrary.
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—10 -5 0 5
u

Figure 7.5 The density of y(u, &) = p(o) Y(ulax) foryt = 9y x ~ N (7,1) ,n ~
N(4,4),0% =0.13.

So far, the derivation has not assumed any specific distributions for x or n, and
has been valid for any distribution. However, for different distributions, different pro-
posal functions are required. With Gaussian for the speech and noise, the integrand

becomes

Y(u) OC) = ‘P(“) N(X(u) “)yt); s (Ti)N(TL(LL, o‘)yt); Hn, Gﬁ)

£ p(a) y(ula) . (7.19)

Figure 7.5 gives an example of the target distribution y(u, ). As shown in (7.18b),
samples for one dimension, &, can be directly drawn from the distribution for «. It is
the other dimension, u, that requires importance sampling, and therefore a proposal
distribution p. The following examples will assume the mode of p(«), « = 0, and
consider representative shapes for y(u|ax = 0).

v (ulx) consists of a factor A'(x (1, &t, Yt); Lx, 02) related to the clean speech and
a factor N'(n(u, &, Yt); Hn, 02) related to the noise. Both terms are Gaussians, but
the variables of the Gaussians (x and 1) are non-linear functions of u. Figure 7.6 on
the following page depicts the relationship between x and n. Different values of u

represent different positions on the curve. When u is negative, n tends towards u and
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Figure 7.6 Values of x,n for yy = 9, & = 0, and varying u. At the top of the
frame N (x; W, 02) iny; right N'(n; W, o2).

x tends towards y¢. When u is positive, x tends towards —u and n tends towards ysx.
Around u = O there is a soft cut-off. This graph provides an intuitive connection to
noise masking schemes, which assume that either the speech or the noise dominates
(Klatt 1976; Holmes and Sedgwick 1986). This would yield a curve with a sharp angle,
so that in all cases either the speech of the noise is equal to the observation.

The two factors of y (u|a) are the Gaussians depicted on top and on the side of the
graph. They are evaluated at the appropriate values of x and n. When the Gaussians
are plotted with respect to u, the soft cut-oft leads to a Gaussian distribution that is
infinitely extended on one side. Figure 7.7 illustrates the shape of the two factors. As
u tends to —oo, x tends to yy. In this example, as u — —oo, N (x (1, &, Yt ); L, Gi)

therefore tends to
N(X(u> o‘)yt); Hxy O—i) - N(Ut} Hx, Gi) :N((P; 7) ]) = e_z/V 27 ~ 0.054.
(7.20)

N (x(1, 0ty Yt); Hxy 02) in figure 7.7 on the next page therefore is a Gaussian-like dis-
tribution with a soft cut-off on its left tail, so that it converges to a non-zero constant.

Analogously, N (n(u, &, yt); Hn, © % ) is Gaussian-like but cut off at its right tail, where
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T T a—
031 P -
N N (x(1y o, yo); sy 02)
0.2 ! |‘ = 5
! ' “'N(n(u) (x)yt); Hny Gn)
O.] | /// I\ B
—-15 —-10 -5 0 5 10

u

Figure 7.7 The factors of y(u|oc = 0) separately. Foryy = 9,x ~ N(7,1),n ~
N(4,4).

it converges to a non-zero constant.

Figure 7.8 on the following page shows examples for the three types of shape of
Y(uloe = 0). Each time, the left graph contains the shape of the two factors, and the
right graph their product. Figure 7.8a uses the example from figure 7.7. The integrand,
the product of two cut-off Gaussians, is bimodal. When u tends to 00, one term of
7 tends to a non-zero constant, but the other one tends to 0. y therefore tends to O as
well.?

In figure 7.8b, (1 > Yt, so that the graph of V' (x(u, ot, Yt ); Uy, 02) is cut off right
of its maximum. The product is similar to N (n(w, &t, Yt); Un, 02), except that the
right tail goes to zero. The result is almost Gaussian.

In the last example, figure 7.8¢, both i, and p, are greater than y, so that both
Gaussians are cut off before their maximum. Their product has a lop-sided Gaussian-

like shape around the point of the soft cut-off, by definition u = 0.

3This must be true also because [ y(ula = 0)du is equal to p(y¢) evaluated at a point, which cannot
be infinite if either 02 or o2 is non-zero.
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(c) M(x(u,0,yt); 9.5, 1), N(n(u,0,y¢); 10, 10); their product y(u|ex).

Figure 7.8 y(u|x = 0) for different cases: left the two factors, right their product.
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7.3.1.2  Importance sampling from the integrand

A proposal distribution that it is simple to draw a sample from is a Gaussian mixture
model. To find a mixture of Gaussian densities that approximates y, the three types
of v from figure 7.8 are considered separately. Because y has these different shapes,
the approximation will be different for each of these cases. the proposal distributions
must be defined over u, so that it is useful to find the value of u corresponding to a
specific setting of x, &, and y¢ (and n, «, and yi). This will be denoted w(x, &, yt)
(and u(n, &, y¢)). The expressions are derived in appendix F.4, (£.25) and (F.26f).
Figure 7.9 on the next page shows the proposal distributions. Their magnitudes
are scaled to equalise the areas under the target and proposal densities. The proposal

distribution is chosen differently depending on the mean of the terms of y as follows:

1. My < Y and p, < Y. This produces a shape of v as in figure 7.8a. The shape of
v being close to the product of two Gaussians, a Gaussian mixture model with

the parameters of these two Gaussians would form a good proposal distribution.

As a proposal distribution, a mixture of two Gaussians is chosen with means at
the approximate modes, and covariances set to 02 and o2, respectively. These

Gaussians are illustrated in figure 7.9a. They approximate the terms A/ (n (11, &, Yt ); Wn, 02)

and N(X(u> a)Ut); Hxs O—i) with
N (W w(pny &, Yt), 03); (7.212)
N(u; Uy, a)Ut)» Gi) (7.21b)
As was seen in figure 7.7 on page 197, each Gaussian is essentially scaled by the
extended tail of the other one. The weights of the Gaussians of the proposal

distribution can be set to the value that the tail of the other one converges to,

which can be computed as in (7.20):

Ttn X N (Yt Hxy 02); (7.22a)

7 o< N (Yg; Ha, 03). (7.22b)
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(a) Proposal (6mm) for yy = 9,x ~ N (7,1),n ~ N(4,4).
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(b) Proposal (one Gaussian) for y = 9,x ~ N (9.5,1) ,n ~ N'(4,4).
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(c) Proposal (one Gaussian) for yy = 9,x ~ N (9.5,1) ,n ~ N (10,10).

Figure 7.9 The proposal distribution for y(u|c) for different cases: left the com-
ponents of the proposal distribution, right 'y (solid line) and proposal distribution
p (dashed line, scaled so the area under the curve matches).
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These weights are normalised so that they sum to 1. The distribution becomes
p(u) = 7Tn/\/-(u; u(pn, (X,yt), Gﬁ) + T(XN(U—; U xy “,yt), O—i) (7.23)

. Ux >yt and 1, < yq (or its mirror image, 1y, < y¢ and p, > y¢). Figure 7.8b
on page 198 has shown that A"(x (1, &, Yt ); 1, 02) is cut off before its peak, and
converges to its maximum in the limit as u — —oo. This results in a Gaussian
distribution except for one tail. The proposal distribution is therefore set to this

Gaussian:

p(u) = N (1w w(ptn, &, Yt), 03). (7.24)

Figure 7.9b on the facing page shows the near-perfect match of this proposal

distribution.

. Hn > Yt and py > yYi. Both terms of y are cut off before their peaks, resulting
in a shape as in figure 7.8c on page 198. The product is a distribution around
u = 0 with Gaussian-like tails, one derived from A/ (n(u, &, y¢); tn, 02) and

n

another one derived from N (x(u, ot, Yt); tx, 02

). The proposal distribution is
therefore set to a Gaussian with mean 0. Its variance is set to the largest of the

variances of the speech and the noise:
p(u) = N (u; 0, max(o?, 03)). (7.25)

As figure 7.9¢ on the facing page shows, this provides good coverage but over-
estimation on part of the space. This means that some samples will receive a

very low weight.

Thus, by transforming the space of the integration from (x,n) to (u, &), much

better proposal distributions for importance sampling can be found than in (x,n)-

space, like in section 7.2. The sample weights will therefore vary less, so that good

approximations to the integral will be found with a much smaller number of samples.

The next section will extend the techniques applied in this chapter to the multi-di-

mensional case.
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7.3.1.3  Related method

At the same time as van Dalen and Gales (2010a), a similar method was proposed
(Hershey et al. 2010). There are three differences. First, the model is different: no mel-
bins are used, so that the phase factor model in this work effectively is replaced by a
per-frequency cosine of the angle between speech and noise in the complex plane (see
section 4.2.1.1). Also, the variable transformation is different. The biggest difference,
however, is that the method treats dimensions as independent. It therefore fails to
take into account the correlations in the distributions of the speech and noise. The
next section will introduce multi-dimensional sampling. The strategy it uses may also

apply to the method in Hershey et al. (2010).

7.3.2  Multi-dimensional

In this chapter, the log-spectral domain is used. This has the advantage that the inter-
action between the speech and the noise can be modelled separately per dimension.
However, there are strong correlations between log-spectral coefficients. Therefore,
the Gaussian priors for the speech and the noise have full covariance matrices. This
section will build on the techniques used in the previous section. It will generalise
the transformation of the integral to multi-dimensional (u, ). Rather than standard
importance sampling, it will then apply sequential importance resampling to approx-
imate the integral.

The relations between the single-dimensional variables in the previous section
hold per dimension for the multi-variate case. The substitute variable u that is in-
troduced to represent a point (x, n) given observation y and phase factor vector &

is therefore defined as
u=n-—x. (7.26)

The expressions for x(u, &,y) and n(u, &, y), the values for the speech and noise

that result from setting (u, &, y), are given in appendix F.2.
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There was a complication in transforming the one-dimensional integral in sec-
tion 7.3.1 from (x,n) to (u, &): for some x, multiple values for n were possible, and
vice versa. Because transforming the integral needed a deterministic link, the integ-
ral was split into two parts, for two regions of (x, n)-space. In the multi-dimensional
case it is necessary to do this for each of the dimensions. Appendix r.2 gives the full
derivation. The integration is therefore first split up into conditional distributions per
dimension 1, and then into regions. The integrals for the two regions over (xi, n;) are
rewritten as an integral over (i, o). Collapsing the dimensions (see equation (F.16))

then yields an unsurprising generalisation of (7.17):

plys) = Jp(a) Jp(x(u, oY) p(n(w, o ye))dude  (27a)
s ”v(u, o) duda, (727b)

and it is convenient to factorise the integrand y(u, ) as

YU, ) = v(a)y(ula), (7.27¢)
Y(a) =pla); (7.27d)
Y(ula) = p(x(u, &, yi)) p(n(u, o, yi)) . (7.27¢)

This derivation is valid whatever the form of the speech and noise priors, p(x) and

p(n). In this work, they are Gaussians with (repeated from (7.3a) and (7.3b))
X~ N (o 243 n~N(un, Zn), (7.28)
with full covariance matrices £, and X,,. v(u|«) then becomes
y(ula) = N(x(u, 00, Yi); by Zx) N (U, & Yyi); tny Zn) s (7.202)
so that

y(u, ) = p(oc) N(X(u» o‘»yt); Hx, ZX)N(n(u? “)yt); Hn, Zn). (7.29b)

To approximate this integral, conventional importance sampling could again be

used. Just like in section 7.2, intuitively, the integration over two variables can be ap-
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(@) N (x(u, &, Yt); Hx, Zx) (b) N(n(u, &, yi); pn, Zn).
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(c) The product: y(u|x).

Figure 7.10 The integrand y(u|x) for &« = O: the two factors, and their product.

proximated by drawing samples (u!Y), (V) from a proposal distribution p:

JJy(u, o)duda = JJ v, &) p(u, o)dude

plu, )
L
1« yu, «b) WV
== D) DR (U. y X )Np (730)
L2 p(ul, o)

Figure 7.10 illustrates how the shape of the integrand y(u|ax = 0) generalises to
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two dimensions of u. The principles are the same as the one-dimensional case in
figure 7.8a on page 198. Figure 7.10a contains the factor of y deriving from the speech
prior, NV (x(u, &, Yyi); My, x), and figure 7.10b the same for the noise prior. They
are again Gaussians with a soft cut-off, this time in two directions. By choosing the

slightly contrived parameter setting

7 1 —-0.1 5 2 0.3 9
x~N , ; n~N ) ;o Yr = )
6.3 —0.1 0.5 3 03 2 9
(7.31)

the product of the two factors, in figure 7.10¢, turns out to have four maxima. In gen-
eral, for d dimensions, the integrand can have 2¢ modes. Even though this may be
unlikely to occur often in practice, it is hard to formulate a proposal distribution for
importance sampling. The proposal distribution would need to be close to the integ-
rand, and it must be possible to draw samples from it. A mixture of Gaussians, for
example, could need as many components as the integrand has maxima. However,
rather than applying normal importance sampling, the integrand will be factorised in

dimensions for sequential importance sampling.

7.3.2.1  Per-dimension sampling

Rather than sampling from all dimensions at once, sequential importance sampling
(see appendix A.4.3 on page 272) can be used, which samples dimension per dimen-
sion. Fundamentally, it is an instantiation of importance sampling for multiple dimen-
sions. First, it draws a set of samples from a distribution over the first dimension, and
assigns the samples a weight. Then, for each dimension it extends every partial sam-
ple with a value drawn given the value for previous dimensions of that sample. The
advantage of this formulation is that between dimensions it allows for resampling:
duplicating higher-probability samples from the set and removing lower-probability
ones. This concentrates the samples on the most relevant areas of the space.

To be able to apply sequential importance sampling, the target density needs to

be factorised into dimensions. If the feature space is d-dimensional, the integration
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is over 2d dimensions: 71, ..., x4, U1, ..., Uq. It is important to realise that there is
no need for the factors to represent conditional probability distributions, normalised
or not. It is true that the most informative weights after each dimension i would arise
if factors 1...1 combined to form the (potentially unnormalised) marginal of partial
sample uy.;. Resampling would then be most effective. By definition, the factors would
be (unnormalised) conditionals. However, this is not a requirement, and this work
will compare two different factorisations, both of which should be close to the actual
conditionals.

Since the phase factor coefficients are independent (see section 4.2.1.1 on page 65),

an obvious factorisation for y () is

d
y(e) =vi(oa) - valea) = [ [vilow), Yilai) = ploy). (7322)
i1

Since the u; are not independent, the factors of y(u|a) must take the full partial

sample into account:

Y(ula) =y (wifo) v2 (uzlur, &1:2) v3(uzfug, &1:3) - - - valuglura—1, ®1:q)

d
= [ [vitwihwsg, o) . (732b)

i=1
Again, the notation of these factors y;(uiJuyi—1, @1.i) does not mean that they are
necessarily related to conditional distributions. They can be any function of the vari-
ables before and after the bar, as long as their product y(u|x) yields the correct res-
ult. Indeed, the next subsections will present two choices for the factorisation. Both
apply the same factorisation to both terms of 'y in parallel. The first, which will be
called “postponed factorisation”, each factor only incorporates the dimensions that
are sampled from, and leave other terms for later in the process. The second, which
will be called “quasi-conditional factorisation”, factorises the two Gaussians separately

into conditional distributions per dimension.

The form of the speech and noise prior in this work are standard Gaussians, so
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that the factorisation of v (u|) must satisfy (combining (7.29a) and (7.32b)):

d
HYi(ui‘uki—h 0‘1:1) = N(X(u7 o‘)yt); Hxy ZX)N(n(U> “)yt); Hn, Zn) . (7.33)

i=1
7.3.2.2  Postponed factorisation

The Gaussian terms in (7.33) can be written as products with every element of the
precision matrices. The precision matrix is the inverse covariance: A, = X 1 Its
elements are denoted A, ;. It is possible to postpone the terms until both dimensions
to be related are known. This requires some manipulation, the details of which are in
appendix F.3. The integrand is rewritten in (F.20), and the factors y; are defined as

(from (¥.21))

Y1 (wilog)
1 1
=[2nZy |72 |2nZ, |2 exp <— a1 (w01, Y1) — pa )
— I (x(wr, o1, Ye1) — p1)? ); (7.34a)
Yiluiluriot, o)
= exp <— I (e (Wi oty Yut) — bogi)® — (Wi, 0y Ye) — i) Vi
2

— I (g, o, Ye) — Bngi)” — (M, o, Yei) — Bayi) Vn,i)) (7.34b)

where the terms containing coordinates of lower dimensions uy.;_; are defined as

(in (r.19Db))
i—1 i—1
Vi = Z Asij (X(Wy 06, Yij) — Bxj) 5 Vni = Z Anii (MW, o, Y ) — Unj) -
=1 =1

(7.35)

Note again that y; (wi[uy.i—71, &1.i) is not a conditional distribution.

Atevery dimension, a proposal distribution p; is required for importance sampling.
This distribution needs to have a shape similar to y;. There is, however, no need to
match the amplitude of y;. This is convenient when rewriting y; to find the shape of

the distribution, as appendix r.3 does.
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The factors in (7.34b) turn out to be proportional to two Gaussian distributions

that are functions of x (u;, &, Y1) and n(uy, o, Yy,i) (from (r.23)):

Vi —1
Yilwilurio1, ario1) o N<X(ui> iy Y,i); Hxi — F 7\X,ﬁ>
X,il

Vi .
-N TL(Ui, o‘i)yt,i); Hni — L‘l) )\n L‘, . (7-36)
Anji

This expression has the same shape as the one-dimensional integrand in (7.19) in sec-

tion 7.3.1, and the same proposal distribution as discussed in section 7.3.1.2 can be used.

7.3.2.3  Quasi-conditional factorisation

Alternatively, both Gaussians in (7.29b) could be decomposed into the marginal of the
first dimension, the marginal of the second dimension given the first, and so on. Ap-
pendix A.1.3 decomposes a Gaussian distribution over two vectors into the marginal
of the first vector times the distribution of the second conditional on the first. How-
ever, since the density vy is the product of two Gaussians with two different non-linear
variables, its factors are not normalised or proportional to conditional probabilities.
Crucially, the derivation in (A.7) does not rely on the input variable or normalisa-
tion. It is therefore possible to find a factorisation of both speech and noise Gaussians
in parallel, even if the factors are not exactly conditionals. For this, both terms of y1.;

is factorised recursively as (only the left-hand term is shown)

N (X145 By 1:dy 1y 14) = N (X1:215 M i1y S 1im1,15i-1)

. 2
N (%5 it (X1:i-1), Gx,m;i_])) (7.37a)

where the parameters for x; dependent on x1.;_; are

1
Foifii1 (X15-1) = Hyi — Zxi it [Zxiio1,0:i1] (X1ie1 — Biio1); (7.37D)

2

2 —1
o SRR D IR EEEY DIV PRI FEDY [ SV HEE R (7.37¢)

%ili1 = O

Note that the variance 0')2( 1 is not a function of x, so that it needs to be computed

only once for all samples. Also, in computing the inverses of X, 1.;1.i fori =1...d,
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their structure can be exploited. A block-wise inversion can be used. Block-wise in-
version is a technique often applied to take advantage of known structure in blocks of
the matrix, for example, when a block is diagonal. The trick here, however, is that the
intermediate results are useful. If the the inverse of a matrix with one column removed
from the right and one row removed from the bottom, X, 1.;_11.i—1 is known, the in-
verse of the matrix with the extra row and column, X, 1 1.;, can be computed in O (iz)
time. An incremental implementation that yields[Z, 1.1 11]4 fori=1...dthushasa
time complexity of only O(d?), the same as inverting only the full covariance matrix
with a conventional approach.

The fully factorised formulation of the left-hand term of y is
N(xkd; My, 1:dy Zx,]:d,]:d) = N(Xl; K1y 0&,1,1)

d
HN(X1§ Hox,i]1:1—1 (%1:i-1), O—i,i\lzifl)' (7.38)

i=2
The analogous factorisation can be applied to the right-hand term of y(u). (7.29a)

can then be factorised

Y(ula) = N(x(uw, ot Yi); e, Zx) N (n(u, o, Yi); pny Zn)
= N (x(w, a1, y1); w1,y 071)N (n(ur, &1, y1); i, 075)

)

d
2

I |N<X(ui» Xy Yi)5 Meiftiiot (X(Wiso1y 01, Y1) Ux,m;i_])

2

N(“(W» Xiy Ui); Mgt (M(Wrio1, 051, Y1) Gﬁ)im_])-
(7.39)

The factors of vy then become*
viluilugig)
= N(X(ui, Xy Yi); it (X(Wrsiety @11, Y1), Gi,i|1:i—1>

N(Tl(ui> Xy Ui); Bnitiit (MW, &1, Y1) Oln,m;iq) y  (7.40)

* This formulation assumes (in y1) that multiplying a 1 x 0 matrix by a 0 x 0 matrix bya 0 x 1
matrix yields a T x 1 matrix[0].
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where p, j1:-1(x1:i-1) and o? , are defined in (7.37a). Again, the factors have the

X, T:i—
form of density as the one-dimensional y in (7.19), so that the proposal distribution

given in section 7.3.1.2 can be used.

7.3.2.4  Applying sequential importance resampling

Whichever factorisation of y(u|«) is chosen, the application of sequential import-
ance resampling is the same. The integral [ [ y(u, &)dadu, the value of interest, is
the normalisation constant of y(u, &), which will be called Z. To find Z by stepping
through dimensions, it can be expressed as a sequence of incremental normalisation
constants Z;/Z;_1 (see appendix A.4.3). Given a sample set { (115271 , 04227] ) }, the ap-

proximation of the incremental normalisation constant is* (when resampling is used)

Zvl ))vl( Vuit o)
L

O]

(7.41)
Zi 1= pi(x pl( |ug?4>“1zi))

0]

where samples o (L)

U) and samples u;

q—'/—\

are drawn from proposal distribution p; (o
from the appropriate pi(ui‘um_p 0(513)
The shape of the density y(u-l|u227], ocglg) depends on the current partial sam-

0] U

ple (umf], o j) and the type of factorisation. The factorisations in sections 7.3.2.2

and 7.3.2.3 both result in factors of the form

Yiluilurion, o) = N (x(wi, &, Yei); fixiy 65s)

A A2
N (n(wi, o, Yei); fngs 651), (7.42)
where the parameters ({1, i, 6)2(,1, fn,i 6&1) depend on the type of factorisation and the
current partial sample (u%?_1 , cxgli) Appropriate proposal distributions for this type
of density have been discussed in section 7.3.1.2. These distributions over u; take the
form of one Gaussian or a mixture of two. They are therefore straightforward to draw

a sample from and slot into (7.41).

The density y; (oq) is set to p(«;) defined in (4.18), which has a Gaussian shape,

but constrained to [—1, 1]. It is straightforward to draw a sample directly from this

>Since samples for one dimension of & and one of u are drawn, this could be written Z5i/Z>i—> to
be exactly compatible with appendix 4.4.3.
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distribution, by sampling from the Gaussian and rejecting samples outside [—1, 1] (see
section 4.2.1.1). Therefore, p; (oq) can be settoy; (oci) . this means that y; (oci) /pi (oq)
in (7.41) becomes 1, and hybrid sequential importance resampling of algorithm 7 on
page 278 can be applied.

Resampling is discussed in appendix A.4.4. In short, it duplicates higher-weight
samples from the sample set and removes lower-weight ones between every dimen-
sion. This reduces the variance of the sample weights; conceptually, it focuses effort
on higher-probability regions.

When using resampling, the order in which the dimensions are traversed becomes
important. The longer ago samples for one dimensions were drawn, the more likely
they are to have duplicate entries for that dimension. The sample set will therefore be
less varied for earlier dimensions. This is not a big problem when, as here, the interest
is not in the samples, but in the normalisation constant. However, when drawing
samples for one dimension, it still makes sense to have last drawn the dimensions
which the new dimension depends on most.

For example, it might seem obvious to draw ocgl) . ocg) first, and then go through

u%” .. .ug) . However, in i — 1 rounds of resampling, the set of samples “21) - ocg)

may become considerably less varied. For higher i, uim may be drawn with only a few
or one unique ocg), which limits the accuracy of the approximation of the normalisa-
tion constant. In this work, the order of sampling is therefore oy, uy, 02, Uz, . . . &g, Uq.
This works best if u; and u; are less dependent when j—1 is greater. The order in which
samples for the dimensions are drawn could also be determined on the fly by consid-
ering the values of the off-diagonals in X, and X, but this work does not investigate
this.

This section has discussed a transformation of the integral that gives the corrup-
ted speech likelihood p(y¢), two different factorisations of the integrand, and how
to apply sequential importance sampling to approximate the integral. The estimate

from the sampling scheme is consistent, but not unbiased. This means that for a small

sample cloud, the approximated value for p(y¢) may be generally overestimated of
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underestimated. However, as the sample cloud size increases, the resulting value con-

verges to the real likelihood.

7.4 Approximate Cross-entropy

It is standard practice in speech recognition research to judge speech recognition
methods by word error rates. However, this chapter has the explicit aim of model-
ling the predicted corrupted speech distribution as accurately as possible. There is a
more direct way of testing performance on this criterion than the word error rate: the
Kullback-Leibler divergence between the predicted distribution and the approxima-
tion. This is similar to the KL divergence to the single-pass retrained system discussed
in section 4.4.4.1, but here the reference distribution is not parametric, and the speech
and noise distributions are. For a detailed assessment and for efficiency, it is useful to
focus on one speech Gaussian.

The kL divergence is always non-negative; it is O if and only if the distributions are
the same. The KL divergence to real distribution p from approximation q over y is

defined as (from (a.11))

KL(plq) —Jp(y)Ingg;dy- (7.43)

Here, q is an approximation to the noise-corrupted speech distribution, found for
example with vTs, DPMC, or transformed-space sampling. The problem in computing
this divergence is the one that motivates this whole chapter: the real distribution p
has no closed form, and neither does XL (p||q). This problem can be worked around
in two steps.

First, the xL divergence can be decomposed as (from (a.12))
KL(pllq) =H(pllq) — H(p), (7.442)

where the cross-entropy of p and q is defined as
Hiplla) = [ ply)loga(y)dy (44
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and the entropy of p as

Hip) =~ [p(y) logp(y)dy. (7440)

The entropy of p is constant when only q changes. The cross-entropy is then equal to
the KL divergence up to a constant. For comparing different approximations q against
a fixed p, therefore, the cross-entropy H(p||q) suffices. It does not, however, give an
absolute divergence. When q becomes equal to p, the cross-entropy becomes equal
to the entropy, but the latter cannot be computed for the noise-corrupted speech dis-
tribution.®

The second problem is that 7 (p||q) cannot be computed either. However, it is
straightforward to draw samples from p: section 4.3.1 has shown the algorithm. L sam-

ples drawn from p give the delta spikes in the empirical distribution p:
p=D) Sy, y ~p(y). (7.45)
l

Then, plain Monte Carlo (see section A.4) can approximate the cross-entropy between

p and g with the cross-entropy between P and q.
- . 1
Hipllg) ~ Hplq) = —Jp(y)logq(y)dy =—7 2 loga@y").  (49)
l

The cross-entropy in (7.44b) can be viewed as the expectation of the log-likelihood
log q(y) under p, which is approximated with Monte Carlo (as in (A.37)). The result
is (7.46), which can be seen as the negative log-likelihood of q for the set of sam-
ples {y“)}. This gives another motivation for using the cross-entropy as a metric
for comparing compensation methods. Note that when q is the transformed-space
sampling method from section 7.3, for every sample y(¥) another level of sampling

takes place inside the evaluation of q(y (l))‘

¢ The entropy could be rewritten to

H(p) = Jp(y) logp(y)dy = J(”p(x,n,y)dndX) log(”p(x,n,y)dndX) dy,

which has no obvious closed form.
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The cross-entropy results in section 8.2 will use this Monte Carlo approximation.
It has one caveat: the distribution q is assumed to be normalised, and if not, then the
result is not valid. This means that the Algonquin approximation, which does not yield
a normalised distribution over Yy, cannot be assessed in this way. As pointed out in
section 7.3.2, the likelihood approximation of transformed-space sampling is biased,
but consistent. This means that as the size of its sample cloud increases, q converges

to being normalised.

7.5 Summary

This chapter has described the third contribution of this thesis.

This chapter has introduced a new technique for computing the likelihood of a
corrupted speech observation vector. It does not use a parametric density, like the
schemes in chapters 4 and 5, but a sampling method. The integral over speech, noise,
and phase factor that the likelihood consists of is transformed to allow importance
sampling to be applied. As the number of samples goes to infinity, this approximation
converges to the real likelihood. This work uses it with specific distributions (Gaussian
speech and noise, a constrained Gaussian for the phase factor), but the method could
also be applied to other distributions. Though the method is too slow to embed in
a speech recogniser, it is possible to find the kL divergence from an approximated
corrupted speech distribution to the real one up to a constant. Section 8.2 will use it to
assess how close to ideal compensation methods are, and the effect of approximations

such as assuming the corrupted speech Gaussian.
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Chapter 8

Experiments

This thesis has looked into two ways of improving statistical models for noise-robust-
ness. The experimental results will therefore be in two parts.

The first part is about modelling correlations within speech recogniser compon-
ents. The theory has considered two aspects: estimating full-covariance compensation
(chapter 5), and decoding with that compensation but without the computational cost
(chapter 6). These aspects will be demonstrated in section 8.1.

The second part is more theoretical. Chapter 7 has introduced a method that, given
speech and noise priors and a mismatch function, computes the corrupted speech like-
lihood exactly in the limit. Though it is too slow for decoding, it makes it possible to
find how well current methods for model compensation do. This will use an approx-
imation to the KL divergence. It is interesting to see how well that predicts speech
recogniser performance. It also becomes possible to investigate specific approxima-
tions that model compensation methods make. Section 8.2 will examine, for example,
the influence of the assumption that the corrupted speech distribution is Gaussian and
diagonalising that Gaussian’s covariance. It will also assess the impact of a common
approximation to the mismatch function for vTs compensation, namely setting the

phase factor to a fixed value.
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CHAPTER 8. EXPERIMENTS

Correlation modelling

Realistic methods specifically for noise-robustness are meant to deal with short, noise-
corrupted utterances, for example, voice commands to a car navigation system. With
little adaptation data, it is vital to have as few parameters as possible to estimate. A
Gaussian noise model can be estimated on a few seconds of data. A generic adaptation
method, on the other hand, would do better only if the noise is constant for minutes
(for a comparison between vTs and CMLLR on short noisy utterances, see Flego and
Gales 2009). The scenario that this section will consider is, therefore, that of short
utterances with varying noise.

Model compensation methods using extended feature vectors (like extended vTs
or extended ppmc) model dynamics better. Therefore, they are able to find better full-
covariance compensation. This section will examine the effects of the improvements
that extended vTs makes over standard vrs. For this, it will use the Resource Man-
agement task, which allows per-speaker noise estimation, so that it is feasible to run
eppMc. Then, results on AURORA will indicate whether the improvements carry over
to this well-known task. Finally, results on the Toshiba in-car data will show perform-
ance on data recorded in a real noisy environment.

For all recognition systems, clean training data is used to train the speech models.
39-dimensional feature vectors are used: 12 Mrccs and the zeroth coeflicient, aug-
mented with deltas and delta-deltas. Unless indicated otherwise, the MFccs are found
from the magnitude spectrum with HTK (Young et al. 2006) and the deltas and delta-
deltas are computed over a window of 2 observations left and 2 right, making the total
window width 9.

The state of the art in model compensation is vTs compensation with the con-
tinuous-time approximation. Section 4.4.2 has discussed how it uses a vector Taylor
series approximation of the mismatch function. This makes it possible to estimate
the noise model, because the influence of the noise is locally linearised. To keep in
line with standard vTs compensation, for this section (not for section 8.2) the same

noise estimates and the same mismatch function will be used for all per-component

216



8.1. CORRELATION MODELLING

compensation methods in this section. The phase factor will be assumed 0 in the mag-
nitude spectrum. (Appendix c.2 shows how this is roughly equivalent to setting the
phase factor to 1 when working with the power spectrum.)

When the noise model is estimated, maximum-likelihood estimation (Liao and
Gales 2006), as described in section 4.7, is used for a clean system with vTs and the
continuous-time approximation. The initial noise model’s Gaussian for the additive
noise is the maximum-likelihood estimate from the first 20 and last 20 frames of the
utterance, which are assumed to contain no speech. The initial convolutional noise es-
timate is 0. Given this initial noise estimate for an utterance, a recognition hypothesis
is found. This is used to find component-time posteriors. Then, the noise means and
the additive noise covariance are re-estimated. Decoding with this noise model yields

the final hypothesis.

8.1.1  Resource Management

To assess compensation quality and the effect of noise estimation, initial experiments
are on a task of reasonable complexity, but with artificial noise. The first corpus used
is the 1000-word Resource Management corpus (Price et al. 1988). Operations Room
noise from the NOISEX-92 database (Varga and Steeneken 1993) is added at 20 and
14 dB.

The rRM database contains read sentences associated with a naval resource man-
agement task. This task contains 109 training speakers reading 3990 sentences, a total
of 3.8 hours of data. The original database contains clean speech recorded in a sound-
isolated booth, which was used for training the recognisers. All results are averaged
over three of the four available test sets, February 89, October 89, and February 91
(September 1992 is not used), a total of 30 test speakers and 9oo utterances.

The No1sEX-92 database provides recording samples of various artificial, pedes-
trian and military noise environments recorded at 20 kHz with 16-bit resolution. The
Destroyer Operations Room noise is sampled at random intervals and added to the

clean speech data scaled to yield signal-to-noise ratios of 20 dB and 14 dB.
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State-clustered triphone models with six components per mixture are built us-
ing the HTK RM recipe (Young et al. 2006). After four iterations of embedded re-
estimation, the monophone models are cloned to produce a single-component tri-
phone system. After two iterations of embedded training, the triphones are clustered
at the state level. The number of distinct states is about 1600. These are then mixed up
to six components, yielding about 9500 components in total. The language model for
recognition is a word-pair grammar.

For initial experiments, an equivalent system is trained with one component per
state from the one-but-last six-component system. The single-component one will be
used for initial experiments, because data sparsity becomes an issue when estimating
full covariance matrices over extended feature vectors. The six-component system
is the standard one. On clean data, it produces a word error rate of 3.1%. At the
20 dB word error rate, however, it yields 38.1%. Since the additive background noise
is known, it is possible to generate stereo data (clean and artificially corrupted) and use
single-pass retraining (see section 4.4.4) to obtain an idealised compensated system.
The word error rate then becomes 7.4 %. It is also possible to extract the true noise
model.

When the noise model is estimated, this is done per speaker. With maximum-
likelihood estimation for the noise model, there is no guarantee that this compensates
only for noise: it may implicitly also adapt for speaker characteristics. For example,
the voice quality will influence the parameters of the convolutional noise, like cepstral
mean normalisation does.

10 000 samples per distribution are used for ppmc. (Performance does not im-
prove with additional samples.) The noise covariance estimate does not contain any
zero entries, so back-off as discussed in section 5.5.2.1 is not necessary.

Section 8.1.1.1 will investigate the closeness of compensation methods to the ideal
distribution. Section 8.1.1.2 will look into reconstructing an extended noise model
from a noise model with statics and dynamics. Section 8.1.1.3 will then apply exten-

ded feature vector compensation to components. The computational complexity of
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compensation and decoding will be the topic of section 8.1.1.4.

8.1.1.1  Compensation quality

The compensation methods with extended feature vectors in this thesis aim to model
the corrupted speech distribution more accurately, with the objective to improve per-
formance. Whether they succeed can be verified in two stages. This section will assess
compensation quality with the KL divergence; later sections will assess recognition
performance.

Compensation quality will be measured with the component-per-component KL
divergence to the single-pass retrained system as explained in section 4.4.4.1. That
section has also mentioned that, depending on the structure of the covariance matrix,
the kL divergence can be computed separately for coeflicients or blocks of compon-
ents. The following will therefore examine single coefficients, for diagonal-covariance
compensation, first, and then blocks of coefficients for block-diagonal matrices.

The results derive from a Resource Management system with one component per
state so full-covariance speech statistics can be robustly estimated. The total number
of Gaussians is 1600. NOISEX-92 Operations Room noise is artificially added at a 14 dB
SNR. Hence it is possible to obtain the correct noise distribution, for both the standard
and extended feature vector cases. The noise models also have full covariance matri-
ces.!

Diagonal compensation Normally, vTs-compensated covariance matrices are di-
agonalised. Thus it is interesting to initially examine this configuration. Using diag-
onal covariance matrices also allows each dimension to be assessed. Figure 8.1 on the
following page contrasts the accuracy of an uncompensated system, and three forms
of compensation: standard vTs, extended vTs, and, as an indication of maximum
possible performance, extended ppmc. This graph is for a 14 dB sNR, but graphs for

other sNRs are very similar. The horizontal axis has the feature dimensions: 13 static

'Similar trends are observed when striped noise statistics, consistent with diagonal standard noise
models for vTs, are used for evTs.
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Figure 8.1 Average Kullback-Leibler divergence between compensated systems
and a single-pass retrained system.

MFCCs Y, 13 first-order dynamics y*, and 13 second-order dynamics yAZ. As expec-
ted, the uncompensated system is furthest away from the single-pass retrained sys-
tem, and extended ppmc provides the most accurate compensation given the speech
and noise models. The difference between standard vTs and extended vTs is interest-
ing. By definition, both yield the same compensation for the statics.> For the deltas
and especially the delta-deltas, however, the continuous-time approximation does not
consistently decrease the distance to the single-pass retrained system. Extended vTs,
though not as accurate as extended bpMc, provides a substantial improvement over

standard vTs.

Block-diagonal compensation The previous section used diagonal covariance ma-
trices. To compensate for changing correlations under noise, more complex covari-
ance matrix structures, such as full or block-diagonal, may be used. vts with the con-
tinuous-time approximation can also be used to generate block-diagonal covariance
matrices for the output distributions. The form of this was shown in (4.44). Normally,

evTs produces full covariance matrices, and so can single-pass retraining, but they

*Small differences are because HTK gathers statistics for statics and dynamics differently from for
extended feature vectors.
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Compensation @ — VTS evTS eDPMC
y° 588 1.0 1.0 1.0
y 3.3 1.4 0.7 0.5
yAz 32 1.7 07 0.5

Table 8.1 Resource Management task: average KL divergence to a block-diagonal
single-pass retrained system for vTs (continuous time), evrs and DPMC at 14 dB
SNR.

can be constrained to be block-diagonal by setting other entries to zero. It then is pos-
sible to compute the kL divergence to a single-pass retrained system per block. This
allows the compensation of each of the blocks of features to be individually assessed:
the statics, and first- and second-order dynamics. vTs compensation uses block-di-
agonal statistics for both the clean speech and noise models. For evTs the extended
statistics have full covariance matrices, to be equivalent to the statistics for standard
VTS.

Table 8.1 shows the average kL divergence between a system compensated with
block-diagonal vTs with the continuous time approximation and the block-diagonal
single-pass retrained system. For other signal-to-noise ratios, numbers are very sim-
ilar. vrs finds compensated parameters close to the single-pass retrained system for
the static features: the kL divergence goes from 58.8 to 1.0. However, the dynamic
parameters are not compensated as accurately, though both the delta and delta-delta
parameters are still somewhat closer to the spr system than the uncompensated model
set (3.2 to 1.7 for the delta-deltas). Similarly to diagonal compensation (see figure 8.1),
with block-diagonal covariances standard vTs finds good compensation for the static
parameters, but less good for the deltas and delta-deltas.

evTs has the same compensation as standard vTs for the statics. As in the di-
agonal-covariance case, however, for dynamic parameters compensation it is more
accurate. It does yield a clear improvement over the uncompensated system (3.2 to 0.7
for the delta-deltas) and is close to eppPMc, which in the limit yields the best obtainable

Gaussian compensation given the speech and noise models.
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zy
DI diag  full
diag 16.4 16.0
known smoothed  15.9 15.2
full 15.9  14.9
estimated diag 12.0 11.2

smoothed 12.5 12.0

Table 8.2 Resource Management task: word error rates for reconstructing an
extended noise model at 14 dB SNR.

8.1.1.2  Extended noise reconstruction

In practice, labelled samples of the noise to estimate the noise model are not always
available. As discussed in section 5.5.2, when using the standard ML estimated noise
models there are two approaches to mapping the noise model parameters to the exten-
ded noise model parameters: one with a diagonal covariance matrix for the additive
noise, and one with a smoothly reconstructed matrix (which is striped). This section
contrasts the performance of the two. It applies extended vTs to the system with six
striped-covariance Gaussian components per state. The standard noise model para-
meters can either be derived from the actual noise data, the “known” case, or using
maximum-likelihood estimation, “estimated”. In this section the noise added to the
RM task is scaled to yield a 14 dB sNR.

The top three rows of table 8.2 compare diagonal and smoothed reconstructions of
the extended noise when the standard noise model is estimated on the actual data. For
diagonal-covariance and full-covariance compensation, smoothing results in 0.6 %
and 0.8 % absolute improvement in the word error rate. This works almost as well
as when the known noise distribution is used (as well, with diagonal-covariance com-
pensation). However, when the standard noise model parameters are found with max-
imum-likelihood estimation, the bottom two rows in table 8.2, the smoothing process
degrades performance.

This degradation from the use of smoothing when using maximum-likelihood

estimated noise parameters is caused by the nature of the maximum-likelihood es-
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Jacobians X 20dB  14dB
Standard vTs 6.8 13.7
Fixed diag 7.8 13.5
Variable  diag 7.5 13.0

Variable  striped 6.2 12.0

Table 8.3 Resource Management task: word error rates for approximations of
evrs. Diagonal-covariance decoding.

timates. For the smoothing process it is assumed that there is some true underlying
sequence of noise samples that yields the standard noise model parameters. This is
guaranteed to be true for the known noise distribution. However, this is not neces-
sarily the case for the estimated noise. The dynamic noise parameters are estimated
using the continuous-time approximation. There are no constraints that the estim-
ates reflect the true or a possible sequence of noise samples. Using smoothing, which
assumes relationships in the noise sample sequence, to estimate the extended noise
covariance matrix may therefore not help. The experiments in the following sections

will therefore use the diagonal reconstruction for the extended noise distribution.

8.1.1.3 PE1"~L‘O‘H1POHEHIL compensation

This section investigates recognition performance for per-component compensation
with extended vTs. Here, a standard noise model is estimated and a diagonal extended
noise model derived from it.

Table 8.3 presents the properties of extended vTs and striped statistics. The first
row gives word error rates for standard vTs at 20 and 14 dB. As discussed in sec-
tion 5.3.3.1, extended vTs becomes standard vTs if the expansion point is chosen equal
for all time instances. Varying the expansion point is expected to provide better com-
pensation for dynamics. On the other hand, diagonalising extended clean speech stat-
istics discards information compared to diagonalising standard features with statics
and dynamics. For the second line in the table, the expansion points vary, but the
Jacobian is fixed. At the lower sNR, the improved modelling helps, but at the higher

SNR, where the corrupted speech distributions are closer to the clean speech, diagonal-
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Operations Room Car
Scheme Speech Xz, 20 14 8 20 14 8
diag X, diag 6.8 13.7 30.0 52 9.1 18.7

VTS
block £,  block 7.0 14.2 31.6 5.3 9.7 20.1
diag 6.2 12.0 27.9 4.8 8.5 182
VTS triped X
¢ STIPEC &l 6.3 11.2 26.7 50 83 17.9
epPMC  striped £¢ diag 6.3 11.9 27.9 4.8 82 164
b * full 6.0 11.3 26.3 4.7 7.9 15.9

Table 8.4 Resource Management task: word error rates for standard vTs, exten-
ded vTs and extended pPMC.

ising the extended clean speech statistics discards vital information. For the third row,
the Jacobians are allowed to vary, which gives complete evTs, if with diagonal speech
statistics. The bottom row uses striped statistics, as discussed in section 5.5.1, which
discards no information compared to diagonal standard statistics. This leads to a con-
sistent improvement over standard vTs. The following experiments will therefore use
striped statistics.

Table 8.4 shows contrasts between compensation with standard vts and with ex-
tended feature vectors using either evTs or epPMc. A first thing to note is that all
approaches perform better than single-pass retraining (not in the table, at 7.4 % for
20 dB Operations Room noise). This is because the noise estimation can implicitly
compensate for some speaker characteristics. The results in the first row are from the
standard scheme, diagonal-covariance compensation with vTs. Block-diagonal com-
pensation with standard vTs is also implemented and block-diagonal clean speech
statistics are used. The results for this approach are in the second row. The use of the
block-diagonal compensation with vTs degrades performance, for example 13.7 % to
14.2 % for Operations Room noise at 14 dB.

Compensation with evTs (shown in the middle two rows of the table) yields bet-
ter performance than standard vTs for both diagonal and full compensated covari-
ance matrices. For diagonal-covariance compensation, the relative improvement is
5-10 % (6.8 to 6.2 %; 13.7 t0 12.0 %, etc.) over standard vTs. Though at the higher sNr

condition, 20 dB, full-covariance compensation does not improve performance over
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diagonal-covariance performance, gains are observed at the lower sNrs. For Oper-
ations Room noise at 14 dB, full-covariance compensation produces an 11.2 % word
error rate, which is a 20 % relative improvement from standard vTs, and 7 % relative
gain compared to the diagonal case.

In addition, table 8.4 shows the performance of eppmc, which in the limit can be
viewed as the optimal Gaussian compensation scheme. The results for this approach
are shown in the bottom two rows of table 8.4. When compared with eppmc, the first-
order approximation in evTs degrades performance by up to 0.4 % absolute, except

for 8 dB Car noise. However, evTs is significantly faster than eppmc.

8.1.1.4  Per-base class compensation

The results in section 8.1.1.3 used per-component compensation, and full covariance
matrices. In real recognition systems, this is often impractical: computing per-com-
ponent compensation is too slow, as is decoding with full covariances. These prob-
lems can be solved with two techniques in tandem. Joint uncertainty decoding can
perform compensation with extended feature vectors per base class (see section 5.4).
This speeds up compensation. Predictive linear transformations, such as predictive
semi-tied covariance matrices (see section 6.2.3), can convert full-covariance com-
pensation into diagonal-covariance compensation plus a linear transformation. This
speeds up decoding. It is the combination of extended feature vector compensation
with joint uncertainty decoding and predictive transformations that make it feasible
for real systems.

Since both joint uncertainty decoding (Jup) and predictive semi-tied covariance
matrices are approximations, some loss of accuracy is expected in return for the gain in
speed. The noise model is estimated to maximise the likelihood for standard vTs and
for yjup with standard vTs. Again, a diagonal-covariance noise model with extended
feature vectors is found. It should be noted that the performance figures on extended
feature vectors give an underestimate of performance if the noise model was estimated

consistently. In the results in this work there is a contest between the effect of the
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Gaussians  Type X, 20dB  14dB
VTS diag 6.8 13.7
diag 6.2 12.0
9.5K evrs full 6.3 11.2
diag 6.3 11.9
ePPMC - fal 6.0 11.3
VTS diag 7.4 16.4
diag 7.6 15.6
evTs full 7.5 13.8
16 (JuD) semi-tied 7.5 13.8
diag 8.0 16.2
eopMc  full 7.4 14.6

semi-tied 7.4 14.7

Table 8.5 Word error rates for per-component and per-base class compensation.

quality of compensation (extended ppmc should be better than extended vTs, which
should be better than standard vTs), and the effect of the mismatch in the noise model
estimation (standard vTs should be better than extended vTs, which should be better
than extended ppmcC).

Table 8.5 shows the word error rates. The top half of table 8.5 contains results for
per-component compensation. They are repeated from table 8.4 on page 224 for ref-
erence. The main effects are that methods with extended feature vectors (evTs and
eDPMC) were able to produce more accurate compensation, especially with full cov-
ariance matrices and at the lower signal-to-noise ratio. Because the noise model is
estimated for standard vrts, to which evTs compensation is more similar than eppmc
compensation, eppMcC does not consistently outperform evrs even though it provides
more accurate compensation.

The second half of the table contains results with joint uncertainty decoding. To
reduce the computational cost substantially, the number of base classes is low: only 16.
The noise model is optimised for jup compensation with vTs, the top row of the
second half. Going from per-component to per-base class vTs, the accuracy decreases
by 0.6 % and 2.7 %. At 20 dB, extended vTs and extended ppmc do not improve over

standard vTs at all. This is caused by the mismatch of the noise model, compounded
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by the approximation that juD uses.

At the 14 dB signal-to-noise ratio, however, the performance differences are more
similar to the ones for per-component compensation. However, here extended ppmc
performs less well than extended vrts, though it is slower and more accurate given
the real noise distribution. This is caused by the larger mismatch between the com-
pensation that the noise model is estimated for and the actual compensation. The
mismatch between standard vrs and extended vTs is less great. Extended vTs im-
proves Jub performance by 0.8 % when generating diagonal covariances, and by 2.6 %
with full covariances. The latter models the change in feature correlations. However,
since it makes the covariance bias of joint uncertainty decoding full, all covariance
matrices become full, which is slow in decoding. Semi-tied covariance matrices, in
the next row, convert the full-covariance Gaussians to diagonal-covariance ones with
a linear transformation per base class. As in earlier work (Gales and van Dalen 2007),
this does not impact performance negatively: it stays at 13.8 %.

These results show that it is feasible to reduce the computational load of exten-
ded feature vector approaches to a practical level, with only limited negative effect to
accuracy. The combination of predictive semi-tied covariance matrices, joint uncer-
tainty decoding, and extended vTs is the set-up that this thesis proposes for practical
compensation. Joint uncertainty decoding reduces the number of Gaussians to be
compensated. Then, predictive semi-tied covariance matrices provides a form of de-
coding that is basically as fast as diagonal covariances, but does model correlations.
The choice of the number of base classes for joint uncertainty decoding provides a
trade-off between speed and accuracy. It is important to note that joint uncertainty
decoding with only one component in each base class is equal to the form of com-
pensation it is derived from, for example, extended vTs. The same goes for predictive
semi-tied covariance matrices. The results here show the extremes of both, but it is
possible to select any point in between for the desired trade-off between speed and

accuracy.
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8.1.2 AURORA 2

AURORA 2 is a small vocabulary digit string recognition task (Hirsch and Pearce 2000).
Though it is less complex than the Resource Management corpus, it is a standard cor-
pus for testing noise-robustness. Utterances are one to seven digits long and based
on the TIDIGITS database with noise artificially added. The clean speech training data
comprises 8440 utterances from 55 male and 55 female speakers. The test data is split
into three sections. Test set A comprises 4 noise conditions: subway, babble, car and
exhibition hall. Matched training data is available for these test conditions, but not
used in this work. Test set B comprises 4 different noise conditions. For both test set
A and B the noise is scaled and added to the waveforms. For the two noise conditions
in test set ¢ convolutional noise is also added. Each of the conditions has a test set of
1001 sentences with 52 male and 52 female speakers.

The feature vectors are extracted with the eTs1 front-end (Hirsch and Pearce 2000).
The delta and delta-delta coefficients use 2 and 3 frames left and right, respectively, for
total window of 11 frames. The acoustic models are whole word digit models with
16 emitting states, and 3 mixtures per state and silence. The results presented here use
the simple AURORA back-end. Using the simple back-end recogniser rather than one
with more Gaussian components per state ensures that block-diagonal and full cov-
ariance matrices for the clean speech are robust. Since for this task, as for the Resource
Management task, the noise estimates do not contain zero elements in the variance,

the back-off strategy for the noise estimate discussed in section 5.5.2.1 is not necessary.

8.1.2.1 Extended VTS

Table 8.6 on the next page shows results for compensation with vts with the continu-
ous-time approximation and evTs. Both diagonal and block-diagonal forms of vTs
are used. vTs with diagonal compensation (trained on diagonal speech statistics) is
the standard method. Results for this are shown in the columns labelled “vrs diag”
of table 8.6 and are treated as the baseline performance figures (similar results for vs

are given in Li et al. (2007)). vTs can also be used to produce block-diagonal cov-
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SNR A B C
Scheme VTS evTs VTS evTs VTS evTs
Comp. diag block full diag block full diag block full
00 282 243 23.5 26.2 22.9 24.3 25.9 23.6 22.6
05 10.5 8.2 7.1 9.3 7.9 7.2 9.9 8.2 6.9

10 4.3 3.3 2.5 3.9 3.2 2.4 4.4 3.4 2.8
15 2.2 1.9 1.2 2.2 1.8 1.2 2.3 1.8 1.4
20 1.6 1.3 0.8 1.4 1.2 0.7 1.6 1.2 1.0

Avg. 9.4 7.8 7.0 8.6 7.4 7.2 8.8 7.7 6.9

Table 8.6 AURORA: diagonal compensation with standard vTs and full compens-
ation with extended vTs.

ariance matrices. The results for this are shown in the columns labelled “vs block”
in table 8.6. Compared to the standard diagonal vTs scheme, this gives, for example,
relative reductions in word error rate of 15 % to 22 % at 5 dB sNR. With diagonal-covari-
ance statistics for the clean speech (not in the table), this yields no performance gain.
However, performance gains were obtained when using block-diagonal clean-speech
models, unlike for Resource Management. This difference in performance between
the tasks can be explained by the additional complexity of the Rm task compared to
AURORA.

The results for evTs are shown in the last three columns of table 8.6. Here, full-
covariance models are used for the extended clean speech to produce compensated full
covariance matrices for decoding. The improved compensation for dynamics causes
extended vTs to perform better than to block-diagonal standard vTs in all but one

noise conditions. At 5 dB again, relative improvements are an extra 3 % to 10 %.

8.1.2.2  Front-end PCMLLR

This section makes a different, but interesting, trade-off between speed and accuracy.
Section 6.4 has introduced a number of schemes that are based on predictive trans-
formations but are even faster, because they solely use feature transformations. Since
the objective of the experiments in this section is to find fast feature transformations,

appropriate for embedded real-time systems, the small AURORA task is again used.
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SNR
Scheme 20 15 10 5 o) Avg.
VTS 1.6 2.2 4.3 10.5 28.2 9.4
JUD 1.7 2.7 4.7 11.4 30.4 10.2
PCMLLR 1.5 2.6 5.2 13.5 34.7 11.5

Model-MMSE  33.8 47.5 61.6 77.4 91.7 624

Table 8.7 AURORA: component-dependent compensation.

Also, all transformations have diagonal covariance matrices, which makes compens-
ation and decoding very fast.

64 base classes are used, which as in Stouten et al. (2004b) is about a tenth of the
number of back-end components (546). The noise model for each utterance is estim-
ated for every utterance, for compensation on the base class level. This noise model is
then used to vTs-compensate the 64-component clean front-end GmM, producing the
joint distribution (4.70). This scheme for estimating the joint distribution is the same
as used for MMSE feature enhancement in Stouten et al. (2004b), with the addition of
additive noise estimation and explicit compensation of dynamic parameters.

Table 8.7 contains word error rates for component-specific model compensation.
vTs is the odd one out in that it compensates every back-end component separately,
providing accurate but slow compensation. All other schemes use the joint distri-
bution. jup actually decodes with the back-end models set to their predicted distri-
butions in (4.48a), trading in some accuracy for speed compared to vrs. The other
two schemes, PCMLLR and model-MMSE, both use component-dependent transform-
ations. PCMLLR minimises the KL divergence to Jup compensation. Model-MMSE is
applied in the same way, but estimated for MMSE (see section 4.6): every transform-
ation reconstructs the clean speech in an area of acoustic space. PCMLLR brings the
adapted models close to the jub-predicted statistics. That model-MMsE fails to provide
meaningful compensation highlights the difference in the nature of PCMLLR and MMSE
transforms, even though their form is the same. MMSE transforms, which aim to re-
construct the clean speech, have no meaning when applied separately to each base

class of components.
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SNR
PCMLLR Scheme 20 15 10 5 o Avg.
Global 29 6.5 168 40.5 71.8 27.7
Observation-trained 1.4 2.6 5.5 14.2 37.1 12.2
Hard-decision 1.5 3.0 6.5 16.6 40.5 13.6
Interpolated 1.4 2.5 5.0 12.6 32.5 10.8
MMSE 1.5 2.6 5.4 14.4 39.7 12.7

Table 8.8 AURORA: component-independent transformation: PCMLLR-based
schemes and MMSE.

Table 8.8 shows results of using component-independent transformations. MMSE
is the standard feature enhancement scheme that reconstructs a clean speech estim-
ate from the noise-corrupted observation. For higher sNRrs, its accuracy is similar to
model compensation methods jup and PCMLLR trained from the same joint distribu-
tion. For lower sNrs, however, MMSE’s point estimate of the clean speech performs less
well than jup and PCMLLR’s compensation of distributions.

Global PCMLLR estimates one transform per noise condition, and is the baseline
for component-independent PCMLLR. Observation-trained PCMLLR adapts the pre-
dicted corrupted speech distribution for every observation and estimates an appro-
priate transform. This yields accurate compensation, which for lower sNrs shows the
advantages of model compensation.

Hard-decision PCMLLR uses the same transforms as PCMLLR, but picks one based
on the feature vector rather than on the back-end component. This simple scheme
yields a piecewise linear transformation of the feature space. Interpolated PCMLLR
performs better, by interpolating the transforms weighted by the front-end posterior.
Interpolated PCMLLR outperforms all other derivatives of PCMLLR, PCMLLR itself, and
MMSE, which uses the same form of decoding. The ingredients for its performance are
twofold. First, the PCMLLR transforms are trained to minimise the kL divergence of
the adapted models to the jup-predicted corrupted speech distributions in an acoustic
region. Secondly, the interpolation smoothly moves between transformations that

are appropriate for the acoustic region. PCMLLR itself applies component-dependent
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ENON CITY HWY
Scheme Decoding 35dB 25dB 18dB

VTS diag 1.2 2.5 3.2
dia . . .
VTS g 1.1 2.4 2.8
full 1.7 2.5 2.4
evTs back-off 1.1 2.2 2.4
% utterances 87 % 38 % 11 %

Table 8.9 Extended vTs on the Toshiba in-car task.

transformations independently of the feature vector.

8.1.3  Toshiba in-car database

Experiments are also run on a task with real recorded noise: the Toshiba in-car data-
base. This is a corpus collected by Toshiba Research Europe Limited’s Cambridge Re-
search Laboratory. It comprises a set of small/medium sized tasks with noisy speech
collected in an office and in vehicles driving at various conditions. This work uses
three of the test sets containing digit sequences (phone numbers) recorded in a car
with a microphone mounted on the rear-view mirror. The ENON set, which consists
of 835 utterances, was recorded with the engine idle, and has a 35 dB average signal-
to-noise ratio. The cITY set, which consists of 862 utterances, was recorded driving in
the city, and has a 25 dB average signal-to-noise ratio. The HWY set, which consists of
887 utterances, was recorded on the highway, and has a 18 dB average signal-to-noise
ratio.

The clean speech models are trained on the Wall Street Journal corpus, based on
the system described in Liao (2007), but the number of states is reduced to about 650,
more appropriate for an embedded system. The acoustic models used are cross-word
triphones decision-tree clustered per state, with three emitting states per HMM, twelve
components per GMM and diagonal covariance matrices. The number of components
is about 7800. Like for Resource Management, extended clean speech statistics for
extended vTs are striped for robustness. The language model is an open digit loop. To

find the noise model, it is re-estimated twice on a new hypothesis.
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Table 8.9 on the facing page shows results on the Toshiba task. The top row con-
tains word error rates for the standard compensation method: vTs trained on diag-
onal speech statistics. The performance of evTs using diagonal covariance matrices is
shown in the second row. Again evTs shows gains over vTs, especially at the lowest
SNR condition, HwWY. In the HwY condition about a 12 % relative reduction in error
rate was obtained.

Initially full-covariance matrix compensation with evTs is evaluated without the
use of the back-off scheme described in section 5.5.2.1. Using evTs with full-covari-
ance decoding yields additional gains compared to diagonal compensation at low SNRs
(2.8 % to 2.4 %). However the performance is degraded at higher sNr conditions, for
example ENON where performance is degraded from 1.1 % to 1.7 %.

In contrast to the previous tasks, at high sNRs there are found to be zeros in the
noise variance estimate. The back-oft scheme, labelled “evTs back-off” in table 8.9,
is therefore used. Here diagonal covariance matrix compensation is used if any noise
variance estimate falls below 0.05 times the variance floor used for clean speech model
training (results are consistent over a range of values from 0.0 to 0.1). The bottom
line in table 8.9 shows the percentage of utterances for each of the task where the
system is backed off to diagonal covariance matrix compensation. As expected the
percentage at high SNRs, 87 %, was far higher than at lower sNRs, 11 %. Using this back-
off approach gives consistent gains over using either diagonal or full compensation
evTs alone. Note that as the back-off is based on the mML-estimated noise variances,
it is fully automated. Compared to standard vTs, evrs with back-off gave relative

reductions of 8 % in the ENON condition, 12 % in CITY, and 25 % in HWY.

8.2 The effect of approximations

The second part of this chapter is more theoretical. Chapter 7 has found an accur-
ate approximation to the corrupted speech likelihood. To assess its performance, this

section will initially consider the cross-entropy to the real distribution for individual
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components, as discussed in section 7.4. In the limit, the transformed-space sampling
method yields the ideal compensation, which gives the point where the kL divergence
is 0. This allows a fine-grained assessment of the approximations that methods for
noise-robustness make. This section will consider the effects of parameterisations of
the noise-corrupted speech distributions, such as assuming it Gaussian (section 8.2.2),
and diagonalising the covariance matrix of this Gaussian (section 8.2.3). It will also in-
vestigate the effects of a common approximation to the mismatch function: assuming

the phase factor « fixed (section 8.2.4).

8.2.1  Set-up

If the speech and noise models represented the real distributions perfectly, then com-
puting the corrupted speech distribution exactly would yield the best recognition per-
formance. In practice, however, the models are imperfect and improving the kL diver-
gence to the real distribution does not necessarily mean that the speech recognition
accuracy will also improve. In this respect, assessing the quality of speech recognition
compensation with the kL divergence is conceptually similar to assessing language
models by their perplexities. The following sections will therefore also examine how
the cross-entropy results relate to word error rates.

However, not all methods discussed in this thesis can be assessed with both of
these metrics. The Algonquin algorithm, discussed in section 4.5.1, yields a Gaussian
approximation of the corrupted speech distribution specific to an observation. Used
as a method to approximate the likelihood of observations, it therefore is not norm-
alised. This makes it impossible to compute the cross-entropy for it. As discussed in
section 7.3, the likelihood for transformed-space sampling is not normalised for small
sample clouds, but converges to normalisation as the number of samples increases.

This section will also not present word error rates for the transformed-space sampling
method introduced in chapter 7.3, because decoding with it is prohibitively slow. The
cause of this is a conceptual difference between model compensation methods (e.g.

VTS, DPMC, and IDPMC) on the one hand and transformed-space sampling on the
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other. Model compensation computes a parametric distribution, and once that is
done, running a recogniser or computing a cross-entropy is not necessarily slower
than without compensation. Transformed-space sampling, on the other hand, ap-
proximates the likelihood given an observation, and cannot precompute anything. To
employ it for the recognition task in this section, just for the statics and with a decent-
sized sample cloud of 512, it would run at roughly 30 million times real-time.> This
figure is based on an implementation that is not optimised for speed at all, but even
with an optimised implementation running a speech recogniser with it would not be
feasible.

However, the approximated likelihood of transformed-space sampling tends to
the exact likelihood. In the following section it will become clear that the cross-en-
tropy that transformed-space sampling converges to indicates the minimum value of
the cross-entropy to the real distribution. This minimum is by definition where the
KL divergence is 0. The distance to this point in a cross-entropy graph therefore shows
how far compensation methods are from the ideal compensation.

The cross-entropy experiments will assess compensation quality for the corrupted
speech distribution resulting from combining one speech Gaussian with one noise
Gaussian. The distributions will just be over statics, to remove the dependence on any
additional approximations for the dynamics.

For the speech recognition experiments, the distributions over dynamic features
for speech recognition are found with extended feature vectors, as introduced in chapter 5.
Not only does this yield better accuracy than approximations, but it also keeps com-
pensation for dynamics most closely related to that for the statics. For robustness, the
speech statistics have striped covariance matrices as discussed in section 5.5.1. The es-
timated Gaussian distributions of the corrupted speech have full covariance matrices.

This section uses a noise-corrupted version of the Resource Management task, the

set-up of which was discussed in section 8.1.1, both for evaluating the cross-entropy

3Computing the likelihood of one sample for one speech Gaussian takes slightly over 30 seconds
on a machine on the Cambridge Engineering Departments compute cluster. Processing one second of
speech, with observations every 10 ms, and 9500 speech Gaussians, requires performing this operation
950 000 times. This therefore takes roughly 30 million seconds.
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and the word error rate. All experiments use a noise model trained directly on the
noise as added to the speech audio, and there is no convolutional noise. This elimin-
ates the influence of the noise estimation algorithm. As discussed in section 4.4, in
practice methods for noise robustness can estimate a noise model on little training
data compared to generic adaptation techniques. This is because their model of the
environment matches the actual environment to some degree. This section examines
how close that model can be without considering how to estimate the noise model.

This section uses the mismatch function presented in section 4.2.1 as the real one.
It also assumes that the phase factor is Gaussian but constrained to [—1, 1], and in-
dependent per time frame and per spectral coefficient. The variances 02 of the phase
factor are found from the actual filter bank weights for the HTK Resource Manage-
ment recogniser, as discussed in section 4.2.1.1. For the cross-entropy experiments, the
schemes that sample from the phase factor distribution, ppmc and transformed-space
sampling, use the exact distribution. vTs requires the distribution to be Gaussian (see
section 5.3.3) and ignores the domain of the coeflicients.

Previous work on model compensation has not modelled the phase factor with
a distribution. Work on feature enhancement with vTs, on the other hand, has: to
find a minimum mean square error estimate (Deng et al. 2004), or with a Kalman fil-
ter (Leutnant and Haeb-Umbach 2009a). For model compensation with vTs, previous
work has fixed & to 0 (Moreno 1996; Acero et al. 2000), to 1 (Liao 2007, and section 8.1
of this thesis), mathematically highly improbable, or 2.5 (Li et al. 2007), mathemat-
ically inconsistent. The original presentation of ppMc (Gales 1995) similarly ignored
the phase factor. However, since it trains a distribution on samples drawn from the
corrupted speech distribution, it is straightforward to extend it so it uses a distribution
for «. The phase factor distribution to draw samples from was given in section 4.2.1.1.
The recognition experiments in this section apply extended vTs and pPMC compens-
ation with a distribution over x. This is possible because extended feature vectors are
used rather than the continuous-time approximation (see section 5.3.3). Section 8.2.4

will examine the influence of fixing the phase factor.
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For the cross-entropy experiments, the full-covariance noise and speech Gaussi-
ans are both over 24 log-spectral coeflicients. The one for the noise is trained directly
on the noise audio. The speech distribution is taken from a trained Resource Man-
agement system, single-pass retrained to find Gaussian in the log-spectral domain. A
low-energy speech component* is chosen, to represent the part of the utterance where
the low SNR causes recognition errors. The distance between the speech and the noise
means, averaged over the log-spectral coefficients, corresponds to a 10 dB sNR. Except
where mentioned, the relative ordering of the approximation methods is the same for
all combinations of speech and noise examined. 5000 samples y(¥) are drawn from
the corrupted speech distribution.

For the cross-entropy experiments, DPMC trains Gaussians on 50 0ooo samples. For
IDPMC, the average number of samples per Gaussian component is also 50 000, so
that the 8-component mixture, for example, is trained on 400 0oo samples. For the
recognition experiments, the number of samples per component for extended ppmc
is set to 100 0oo. For iterative DPMC, the average number of samples is 100 0oo: for
example, a 6-component mixture is trained on 600 0oo samples.

This is many more samples than in section 8.1. This is because as the compens-
ation methods get to the limits of their performance, both for the cross-entropy and
speech recognition, small inaccuracies become important. For the cross-entropy ex-
periments, there is no mismatch between training data and predicted distribution,
because both are generated with exactly the same models. For both cross-entropy and
recognition experiments, over-training can be prevented not by reducing the number
of components, but by increasing the number of samples. Training IDPMC, in partic-
ular, appears to be sensitive to the number of samples each component has to train
on. The number of samples is therefore pushed to machine limits,> at which point

performance appeared to have converged.

*Tied state “sT_uh_4_3”, component 2.
*Training the recogniser takes several processor-weeks.
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Figure 8.2 Cross-entropy to the corrupted speech distribution for transformed-
space sampling and model compensation methods.

8.2.2 Compensation methods

The graph in figure 8.2 shows the cross-entropy for different compensation meth-
ods. The curved line indicates the cross-entropy between the real distribution and the
transformed-space sampling method described in section 7.3, for increasing sample
cloud size. The factorisation is the quasi-conditional factorisation from section 7.3.2.3.
For distributions other than a three-dimensional toy example, the postponed factor-
isation discussed in section 7.3.2.2 showed a much slower convergence: in an earlier
version of the experiment in figure 8.2 (without the phase factor), even with 16 384
samples it did not perform as well as the vTs-estimated Gaussian.

As the size of the sample cloud increases, the approximation of p(yV) found with
transformed-space sampling converges to the correct value. This means that the cross-
entropy H(p||q) converges to the entropy 7 (p). The bottom of the graph is set to the
point the curve in figure 8.2 converges to, which indicates the entropy of p. Since
the KL divergence can be written (in (7.44a)) as KL(p||q) = H(p||q) — H(p), this is
the point where the kL divergence is 0. Since the KL divergence cannot be negative,

this point gives the optimum cross-entropy. It gives a lower bound on how well the
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Figure 8.3 Cross-entropy to the corrupted speech distribution for iterative bPMC.

real corrupted speech distribution can be matched. The value of the cross-entropy for
transformed-space sampling with 16 384 samples, 30.14, will also be the bottom for the
other graphs in this section.

The line labelled “pPmc” in figure 8.2 indicates the best match to the real distri-
bution possible with one Gaussian. The Monte Carlo approximation to the cross-en-
tropy, section 7.4 has shown, is equivalent to the negative average log-likelihood on the
samples. bpMc finds the Gaussian that maximises its log-likelihood on the samples
it is trained on. If the sample sets for training and testing were the same, then ppmc
would yield the mathematically optimal Gaussian. Though different sample sets are
used (with 50 ooo samples for training bpmc and 5000 samples for testing) the cross-
entropy has converged. Any other Gaussian approximation will perform worse.

The state-of-the-art vrs compensation finds such a Gaussian analytically, and it
is much faster. However, its cross-entropy to the real distribution is far from ppmc’s
ideal one.

Just like pPMC, IDPMC finds a distribution from samples, but it uses a mixture
of Gaussians rather than one Gaussian. The mixture in the graph has 8 components

trained on 400 000 samples, and comes close to the correct distribution. As the num-
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Compensation ~ Shape 20dB  14dB

— diag 38.1 83.8
VTS, & = 1 8.6 17.3
evTS 11.1 16.5
eDPMC 7.4 13.3
€IDPMC full 6.9 12.0
eIDPMC + 6 6.2 11.1
eIDPMC + 12 6.5 11.3

Table 8.10 Word error rates for various compensation schemes.

ber of components increases from 1 to 8, keeping the average number of samples for
components at 50 000, the cross-entropy decreases, as figure 8.3 on the preceding page
illustrates. With an infinite number of components, it would yield the exact distri-
bution. To correctly model the non-Gaussianity in 24 dimensions, however, a large
number of components are necessary, which quickly becomes impractical.

To examine the link between the cross-entropy and the word error rate, recog-
nition experiments are run. Improved modelling of the corrupted speech does not
guarantee better discrimination, since speech and noise models are not necessarily
the real ones. Since transformed-space sampling needs to be run separately for every
observation vector for every speech component, it is too slow to use in a speech re-
cogniser.

Table 8.10 contains word error rates at two signal-to-noise ratios for comparison
with the cross-entropy results in figure 8.2. Results with the uncompensated system,
trained on clean data, are in the top row. Below it, as a reference, is standard vTs.
It sets the phase factor o to 1, and finds diagonal-covariance compensation. Stand-
ard vTs uses the continuous-time approximation to compensate delta- and delta-delta
parameters. This yields inaccurate compensation for off-diagonals. Section 8.1.1.1
has demonstrated that. Using block-diagonal statistics and compensation (not in the
table), word error rates for standard vTs are worse than using diagonal-covariance
ones: 19.5 % and 38.5 %.

The bottom part of the table contains results on extended vTs (evTs) and extended
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ppMcC (epPMC). They use distributions over extended feature vectors. They also use a
distribution over the phase factor «. The covariances of the resulting distributions are
full.

evTs performs less well than standard vTs at 20 dB. This is caused by the inter-
action of the phase factor with the vector Taylor series approximation, which sec-
tion 8.2.4 will explore in more detail. At 14 dB, the more precise modelling does pay
off. Compared to the uncompensated system extended vTs’s performance improves
more (38.1% to 11.1 %) than expected from its improvement in terms of the cross-
entropy in figure 8.2. vTs compensation uses a vector Taylor series approximation
around the speech and noise means. It therefore models the mode of the corrupted
speech distribution better than the tails. This causes the majority of the improvement
in discrimination.

However, extended bpmc, which finds the optimal Gaussian given the speech and
noise models, does yield better accuracy (7.4 %). Extended ppmc finds one corrupted
speech Gaussian for one clean speech Gaussian. The cross-entropy experiment only
uses one clean speech Gaussian. Extended ippMc (e1bPMc), however, trains a mixture
of Gaussians from samples, which can be drawn from any distribution. For the recog-
nition experiments, therefore, etbPMC compensates one state-conditional mixture at
a time. Replacing the 6-component speech distribution by a 6-component corrupted
speech distribution, eibpMC increases performance from eDPMC’s 7.4 % to 6.9 %. By
modelling the the distribution better, with 12 components (“etbpMcC + 6”), perform-
ance increases further to 6.2 %. The corrupted speech distribution should be more
precise as the number of components increases to 18 (“etbPMc +12”). However, even
by increasing the number of samples by a factor of 2, to 3600 0oo, performance does
not increase. This can be explained by lack of robustness of the speech statistics, even
though they have striped covariance matrices. Since in figure 8.3 the line for iDpMC
tends towards the best possible cross-entropy, this should be the best possible word
error rate for these clean speech and noise distributions and this noise model.

Going from a Gaussian trained with extended vTs to the optimal Gaussian to a
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Figure 8.4 The effect of diagonalisation on the cross-entropy.

mixture of Gaussians in general improves the precision of the corrupted speech model.
This shows in the cross-entropy to the real distribution, and the same effects are ob-
served in the word error rate. Better modelling of the corrupted speech distribution
leads to better performance. The next sections will evaluate specific common approx-

imations: diagonalising Gaussians’ covariance matrices, and setting « to a fixed value.

8.2.3 Diagonal~tovariance compensation

The cepstral-domain Gaussians of speech recognisers are often diagonalised. This
yields more robust estimates than full covariance matrices, and makes decoding fast.
For noisy conditions specifically, it has previously been observed that feature correla-
tions change and it is advantageous to compensate for this. However, it turns out that
modelling correlations for the wrong noise conditions is counter-productive (Gales
and van Dalen 2007). Also, estimates for oft-diagonal elements are much less robust
to approximations (see section 5.3.3). This section will relate these effects using the
cross-entropy and speech recogniser accuracy.

Diagonalisation usually takes place in the cepstral domain. The theory and the

cross-entropy experiments have used log-spectral-domain feature vectors. To emulate
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Compensation  Shape 20dB  14dB
— diagonal 38.1 83.8
diag 8.3 15.7
evrs full 11.1 16.5
eDPMC diag 7.5 14.9
full 7.4 13.3

Table 8.11 The effect of diagonalisation on the word error rate.

diagonalisation in the cepstral domain for log-spectral-domain features, therefore, the
Gaussian is first converted to the cepstral domain with a bcT matrix. Normally, cep-
stral feature vectors are truncated to 13 elements. However, to be able to convert back
to the log-spectral domain, here all 24 dimensions are retained. The Gaussian is then
diagonalised. To be able to compare the log-likelihoods, the diagonalised Gaussians
are converted back to the log-spectral domain with the inverse DCT.

Figure 8.4 compares the cross-entropy to the real distribution of diagonalised and
non-diagonalised Gaussians found with bpmc and vTs. As explained in the previous
section, DPMC by definition yields the optimal Gaussian, so it must result in the lowest
cross-entropy, and diagonalising it makes it perform less well. It is interesting that
tull-covariance vTs performs less well than its diagonalised form. On this test case,
apparently, the off-diagonals in the cepstral domain are not estimated well enough, so
that diagonalising lends the distribution robustness.

Table 8.11 investigates speech recognition performance when diagonalising Gauss-
ian compensation. As in the previous section, the compensation methods use a phase
factor distribution and extended feature vectors, to model the distributions as pre-
cisely as possible. Here, as for the cross-entropy, diagonalising extended vTs compens-
ation improves performance (e.g., 11.1 % to 8.3 %). The oft-diagonal covariance entries
are not estimated well, so that diagonalisation increases robustness. (The next section
will relate this to the model for the phase factor ««.) However, eppmc, which finds
the optimal Gaussian compensation, does perform better when it is allowed to model
correlations (7.5 % to 7.4 % at 20 dB). As expected from the results in section 8.1.1.3,

at a lower signal-to-noise ratio the correlations change more, so that modelling them
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becomes more important (14.9 % to 13.3 % at 20 dB).

8.2.4  Influence of the phase factor

Model compensation often assumes a mismatch function that is an approximation to
the real one as presented in section 4.2.1. However, traditionally the phase factor «,
which arises from the interaction between the speech and the noise in the complex
plane, has been assumed fixed. As section 8.2.1 has explained, there has recently been
interest in modelling the phase factor with a distribution. However, this work has been
the first to use a phase factor distribution for model compensation. This section will
look into the effect of the approximation of assuming the phase factor fixed.

Two settings for o are of interest. The traditional presentation (Moreno 1996;
Acero et al. 2000) sets « = 0, which is the mode of the actual distribution. The
second setting is « = 1. As appendix c.2 shows, if the term with o in the mismatch
function is ignored and magnitude-spectrum feature vectors are used, this is roughly
equivalent to setting @ = 1 for the power spectrum. This setting has been applied in

previous work (e.g. Liao 2007), and in section 8.1 of this thesis.
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Figure 8.5 The effect of the phase factor on Gaussian compensation.

Figure 8.5 shows the cross-entropy for ppmc and vTs with different models for the
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Scheme « 20dB  14dB

7.6 13.2

eDPMC 1 8.0 14.7
N 7.4 13.3

0 11.4 16.5

evTs 1 8.7 14.9

N 11.1 16.5

Table 8.12 The effect of the phase factor on Gaussian compensation.

phase factor. Note that the vertical axis uses a larger scale than figure 8.2. The bottom
of the graph is still set to the optimal cross-entropy acquired with transformed-space
sampling. Both methods generate full covariance matrices. The diagonalised versions
(not shown in the table) show the same trends, with smaller distances between cross-
entropies. bpPMcC with the model for & matching the actual distribution (“DPMC o ~
N”) yields the lowest cross-entropy by definition. vrs with a Gaussian model (“vTs
o ~ N™) is at some distance.

The obvious choice for fixing o« would be the mode of its actual distribution, 0.
With that assumption, both ppmc and vTs end up further away from the ideal distri-
bution. Note that though the cross-entropy lines for “ppmc & = 0” and “v1s & = 07
are close, the distributions are not necessarily similar. As expected, when « is fixed
to 1, the modelled distributions become even further away from the actual ones.

Table 8.12 contains word error rates for the same contrasts. Again, it shows only
tull-covariance compensation. With diagonal covariances the trends are again the
same but less pronounced. For epPMc, the effect of different phase factor models is as
expected. Whether « is distributed around O or fixed to 0 mostly affects the covari-
ances. Though this does have an effect on the cross-entropy, since the change to the
covariance matrices is fairly uniform across components, this makes little difference
for discrimination. However, setting o to the unlikely value 1 affects performance
negatively.

The results for vTs are more surprising. Again, there is little difference between

setting « to O and letting it be distributed around 0. For vTs, this by definition does
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not affect components’ means, but only their covariances. However, setting it to 1
does improve performance. This may be because overestimation of the mode (see sec-
tion 4.4.2) improves modelling for some components. Preliminary results suggest that
which value of « yields the best cross-entropy varies with different distances between
the speech and noise means. A hypothesis is that for different tasks, different settings
for o« optimise compensation for components at a speech-to-noise ratio where mis-
compensation is most likely to cause recognition errors. This would explain why the
optimal « is different for different corpora (Gales and Flego 2010). However, this is
material for future research.

What the results here do show is that while modelling « with a distribution re-
duces the distance to the actual distribution, as evidenced by the improving cross-en-
tropy, discrimination is not helped. Section 4.4.2 has pointed out that the only effect
of using a distribution for the phase factor over a fixed value at the distribution’s mode
is a fairly equal bias on the covariance, which is unlikely to influence discrimination
much. It has also discussed how in practice the noise estimation can subsume this
bias. Using a distribution over the phase factor rather than a fixed value as is currently

done, is therefore unlikely to result in gains in a practical speech recogniser.
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Chapter 9

Conclusion

The theme of this thesis has been to improve modelling of noise-corrupted speech
distributions for speech recognition. It has argued (section 4.1) that if the model for
speech, noise, and their interaction were exact, then decoding the audio with the exact
corrupted speech distribution would yield the best speech recogniser performance.

This thesis has sought not only performance baselines, but also performance ceil-
ings. It has derived an explicit expression for the corrupted speech distribution, which
has no closed form. It has then analysed model compensation as aiming to minim-
ise the divergence between the recogniser distribution and this predicted corrupted
speech distribution. Two ways of improving modelling of corrupted speech distribu-
tions have been proposed.

First, this thesis has introduced methods that can model within-component fea-
ture correlations under noise. This is not normally done, because of problems finding
accurate compensation, and the computational cost. This thesis has found new ap-
proaches for both problems (chapters 5 and 6), resulting in a chain of techniques that
provide correlation modelling at a reasonable and tunable computational cost.

Second, this thesis has introduced a method of approximating the real corrupted
speech likelihood (chapter 7). Given speech and noise distributions and a mismatch
function, it finds a Monte Carlo approximation to the likelihood of one observation

vector. Though it is very slow, in the limit it computes the exact likelihood. It there-
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fore gives a theoretical bound for noise-robust speech recognition. This has made it
possible to assess the effect of approximations that model compensation makes.

The following gives more detail about the contributions of this thesis.

Modelling correlations

Methods for noise-robust speech recognition, like the state-of-the-art vTs compensa-
tion, normally use diagonal-covariance Gaussians, and fail to model within-compon-
ent feature correlations. The reason for this is twofold: existing methods do not give
good estimates for correlations, and the computational cost of decoding with full co-
variance matrices is prohibitive. This thesis has presented insights and solutions for
both problems.

VTs compensation’s estimates for the feature correlations of corrupted speech are
unreliable because of the continuous-time approximation. It assumes that dynamic
coefficients are time derivatives of static coefficients, whereas in reality they are merely
approximations. Dynamic coefficients are found with linear regression from a win-
dow of static feature vectors. Chapter 5 has introduced model compensation methods
that apply the mismatch function (or an approximation) to each time instance in the
window separately. By only then applying the linear transformation that the dynamic
coefficients are extracted with, compensation becomes much more precise. It then
becomes possible to generate good full-covariance compensation with as little adapt-
ation data as standard vTs needs.

However, decoding with full covariance matrices is slow. Chapter 6 has therefore
derived methods that approximate full-covariance compensation using linear trans-
formations. This makes decoding faster. These predictive linear transformations are
versions of well-known adaptive linear transformations, which normally require much
more adaptation data than methods for noise-robustness. Also, joint uncertainty de-
coding can compensate a whole base class of components at once. Combining joint

uncertainty decoding and predictive linear transformations makes many of the re-
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quired statistics cacheable, so that the whole process is fast enough to be implemented
in a real-world speech recogniser.

Predictive linear transformations had been introduced before (van Dalen 2007),
but chapter 6 has introduced the formal framework for them. Predictive methods
approximate a predicted distribution with a different parameterisation. This has been
formalised as minimising the KL divergence. The framework also subsumes standard
model compensation methods, which minimise the KL divergence to the predicted
distribution.

Predictive transformations give a powerful framework for combining the advant-
ages of two forms of distribution. Since the introduction of predictive linear trans-
formations for noise-robustness, other variants have been proposed, some of which
derive from vTLN or combine predicted statistics from with statistics directly from
data (Flego and Gales 2009; Xu et al. 2009; 2011; Breslin et al. 2010).

Section 6.4, based on joint work with Federico Flego, has introduced another, fast,
variant, which estimates a transformation to minimise the divergence to the predicted

corrupted speech, but applies it to speech recogniser features.

0.2 Asymptotically exact likelihoods

Model compensation methods aim to model the corrupted speech distribution, but
usually fall short by definition. With Gaussian speech and noise, the corrupted speech
is not Gaussian. Standard model compensation assumes it is, and can never provide
ideal compensation. Chapter 7 has introduced a more accurate approximation to the
corrupted speech likelihood. Rather than a parameterised density, it uses a sampling
method, which approximates the integral over speech, noise and phase factor that
the likelihood consists of. Because the probability density has an awkward shape, the
integral is first transformed. Then, sequential importance resampling deals with the
high dimensionality. As the number of samples tends to infinity, this approximation

converges to the real likelihood.
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Because the method cannot precompute distributions, it is too slow to embed in
a speech recogniser. However, it is possible to find the kL divergence from the real
corrupted speech distribution to an approximation up to a constant. The new method
essentially gives the point where the KL divergence is 0, so it can be assessed how close
compensation methods are to the ideal. The KL divergence for different compensation
methods appears to predict their word error rates well. One of these compensation
methods is iterative data-driven parallel model combination (1bpmc), which takes im-
practically long to train but it is feasible to run speech recognition with. A version of
1DPMC that uses extended feature vectors comes close to transformed-space sampling
in terms of cross-entropy, and improves the word error rate substantially. Given the
link between the cross-entropy and the word error rate, this should indicate the best
possible performance with these speech and noise models, and this mismatch func-
tion.

Using the kL divergence technique, it also becomes possible to examine approx-
imations to the mismatch function. These include assuming the corrupted speech
distribution Gaussian, and diagonalising that Gaussians covariance. One common
approximation, assuming the phase factor fixed, has seen particular interest in recent
years. This work has introduced model compensation using a phase factor distribu-
tion for extended vTs, extended pPMmcC, and extended 1ppMmc. This has turned out to
improve the cross-entropy more than discrimination. In particular, for vTs compens-
ation setting the phase factor to a fixed value other than its mode appears to counter
some effects of the vector Taylor series approximation at different signal-to-noise ra-

tios.

Future work

This thesis has found improved models for the corrupted speech, assuming the speech
and noise Gaussian-distributed. This should give insight into what are viable direc-

tions of research in model compensation.
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The search for better compensation with diagonal-covariance Gaussians contin-
ues. Better approximations to the mismatch function (Xu and Chin 2009b; Seltzer
et al. 2010, and the phase factor distribution in section 8.2 of this work) and using an
alternative sampling scheme, the unscented transformation (Hu and Huo 2006; van
Dalen and Gales 2009a; Li et al. 2010) have been investigated. This line of research
has two issues. First, if the noise distribution is known, the theoretical bound for
Gaussian compensation with full covariance matrices, and therefore also for diagonal
covariance matrices, is now known. It is given by extended ppmc, presented in this
thesis. Second, in practice, it is necessary to estimate the noise model. This is currently
possible with maximum-likelihood estimation for standard vTs. Using such a noise
model, extended ppmc hardly beats extended vTs (also presented in this thesis, and
reasonably fast), whether with full or diagonal covariances. This indicates that any
new practical method for Gaussian compensation will need to improve over extended
vTs in terms of accuracy, and in terms of noise model estimation. This may be a tough
search for little gain. Noise estimation can absorb the differences between compens-
ation schemes if they model the environment reasonably well. It is telling that (with
diagonal covariances) a well-tuned implementation of unscented transformations per-
forms an insignificant 0.02 % worse than a well-tuned implementation of vTs (Li et al.
2010). It may therefore be advisable to call off the search for new methods of Gaussian
compensation.

However, this thesis has only sketched (in section 5.5.2.2) how to directly estimate
a noise model for extended vTs. Implementing this would not only make estimation
and compensation with evTs consistent, but also allow full-covariance noise models.
For a known noise distribution, a full-covariance Gaussian has yielded some improve-
ment in accuracy (in section 8.1.1.2). It would also be interesting to estimate a noise
model that optimises the likelihood for compensation with full-covariance joint un-
certainty decoding or predictive transformations directly.

Non-Gaussian compensation may be harder to find, though it may yield bigger

gains. This thesis has upper-bounded the gain (in section 8.2), but with slow meth-
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ods. Suitably fast non-Gaussian distributions that are better tailored to the corrup-
ted speech distribution in multiple dimensions might help. Alternatively, but poten-
tially even harder, forms of clean speech and noise distributions that when combined
through the mismatch function produce a distribution for the corrupted speech that is
easier to approximate would be helpful. This work has only given a theoretical bound
for Gaussian speech and noise models. However, the techniques presented in this
thesis should be general enough to estimate how far from optimal any new proposal
is.

There are alternative directions for research on improving noise-robust speech
recognition, though. One is to investigate other noise models, for example, with more
temporal structure. Again, this thesis has not given theoretical bounds for that.

A more practically-minded strand of research that may follow from this thesis,
not necessarily restricted to noise-robustness, is in predictive transformations. It has
already become clear that predictive linear transformations bring advantages to other
areas than noise-robustness (Breslin et al. 2010). That the framework is so general,
and formalised in this thesis, provides opportunity for a wide range of interesting in-

stantiations.

252



Appendices

253






Appendix A

Standard techniques

This appendix gives details of a number of well-known equalities and algorithms for

reference.

A.1  Known equalities

The following useful equalities are well-known.

A1t Transforming variables of probability distributions

If variables x and y are deterministically linked, a probability distribution over x,

p(x), can be converted into one over y with (see, for example, Bishop 2006, 11.1.1)

0x

ply) =p(x) oy

. (A1)

A.1.2  Matrix identities

The Woodbury identity relates three matrices A, B, C (see e.g. Petersen and Pedersen

2008, 3.2.2):
—1 —1
(A+CBCT) =A"-AT'C(B +CTA™ c) CTA. (a2)
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The inverse of a block symmetric matrix is given by (see e.g. Petersen and Pedersen

2008, 9.1.3)
1 —
ACT D! —-D'C™B!
cB| |-B'cD' E (39
[ D' _AICTE!
= 3b
_ECA- - y (a.3b)

where D = A — CTB'C is the Schur complement of the matrix with respect to B,
and E = B — CA~'CT is the Schur complement of the matrix with respect to A.
The determinant of the matrix is

.
=|A|-[E[ =[B[-[DJ. (a.4)

A.1.3  Multi-variate Gaussian factorisation

It can be useful to decompose the evaluation of a multi-variate Gaussian into factors.
An obvious choice of factors would be the actual distribution of one coeflicient con-
ditional on all previous ones. Straightforward derivations of this usually (e.g. Bishop
2006) assume that the Gaussian is normalised (so that constant factors can be dropped)
and assume the input for the Gaussian is linear in the variable of interest (so that the
integral over coefficients is constant). These assumptions, however, can not be made
in this work. Below derivation therefore explicitly considers all constants.

Let g an unnormalised Gaussian density with parameters a and b,

-
a 1 a Ha Aq Ao a Ha
q = exp _E - - )
b b Wy Apa Ap b V5
(a.5)
where A is the precision matrix, the inverse of the covariance matrix X:
—1
Ag A . X
A= Cl=| 7T =2 (4.6)
Ava Ao Zha X
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From the expression for the inverse of a symmetric block matrix, given in (A.3), it
follows that Zg] =Ag— /\ab/\? Avpa, which will be useful in the derivation below.

The density can be decomposed into a factor dependent on a and one dependent
on both a and b. The steps the derivation follows are (a.7a) expanding the terms;
(a.7b) gathering terms containing b; (a.7¢) completing the square and compensating
for that; and finally (a.7d) simplifying.

T
a 1 a Ha Aa /\ab a Ha

b 183 Aba Ab b Hp
= exp (— Ha—pa)"Adla—pa) —(b— py) " Apa(a — pg)
= 30— 1) TAu(b — ) )

= €xp (7 %(a - lla)T/\a(a* Wa) — bTAba(a — Ua) + ug/\ba(a* W)

~ J0TAWD + 6T Ayt — Jul Apisy) (a72)
= exp (— Ja—ma) T Aala— o) + 1 Avala — pa) = ST Aomy
—J0TAWD + BT Ay (ko — Ay Ave(a— pa) ) ) (a7)

= exp (— Ha—pa)"Adla—pg) + ui Apala — po) — I Apmy

3o (1~ Ay Avala— 1)) ) As (b (15— Ay Anala— 1))
3= A Avela - 10) An (- A Al 10)) @0
exp (= Ha— o) (Aa— AwwA; Ava) (@ o)
— %(bT — (ub — Ay Apala— ua)>)T/\b (bT — (ub — Ay Apala— m))))
=exp (— Ha— 1) "5, (@ - wo))

exp (— %(bT— (Hb — Ay Apala— Ma)))T/\b (bT—(Hb — Ay Apala— Ma))))-
(A.7d)

N\-—‘

—_

A normalised Gaussian can be factorised analogously. Using (A.4), the determinant
of the block matrix X can be decomposed into the determinants of the covariance

matrices of the two terms in (a.7): |Z| = |Zq| -|A} ! |. A normalised Gaussian then
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can be decomposed into two normalised Gaussians:

a 1 [z, =
N ; Ha ’ a ab
b Mo | | Zba Zb
=|2nz| 2 g
b

-1/2
=|2nE |2 -‘271/\;1’

exp (— Ya— )5, (@ - pa))
(T -1 T T -1
exp (— z(b - (llb — Ay Apa(a— Ha))) Ay (b - (llb — Ay Apala— Ma))) )
= N (@ ua, Za)/\f(b; to — Ay Apala — pa), /\E])
= N(a; ua, ZQ)N(b; Mo + ZpaZy ' (@ — pa)y Zp — ZbaZElzab) : (a.8)
If the density q is a probability distribution and a and b are distributed according
to it:

a . X
N N Ha ) a ab ) (A.9)
b uy Zva Zb

then the two factors in (A.8) are the marginal probability distributions of a and the

distribution of b conditional on a, so that

a~N(ugZal; (a.10a)
bla~ /\/(pb — Ay Apaa— pa),/\g‘) (A.10b)
~N (o + ZoaZg (@ o), Zo — ToaZg Eap) - (a100)

This is a standard result. Note that the distribution of a is more concisely expressed
in terms of the joint’s covariance matrix, and the distribution of b|a in terms of the

precision matrix.

A.2  Kullback-Leibler divergence

An important tool in this work is the Kullback-Leibler (kr) divergence (Kullback and

Leibler 1951). It measures the difference between two distributions. If p and q are
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distributions over a continuous domain, the KL divergence between them, L (p||q)

is defined as

KLtpla) = [ plxlog 5 ax. (a)

In this work it is used both as a criterion for optimisation and to assess the accuracy

of models. The KL divergence has the following properties.

The expression in (A.11) can be decomposed as
KL(plla) =H(pllq) — H(p), (a.122)

where H(p||q) is the cross-entropy of p and q,

H(pllq) = — Jp(x) log q(x)dx, (a.12b)

and H(p) is the entropy of p,

Hp) =— Jp(x) log p(x)dx. (A.12¢)

The KL divergence is always non-negative, since the cross-entropy is always greater
than or equal to the entropy. If and only if the distributions have the same density
for each x, the cross-entropy and the entropy are equal, so that the kL divergence
becomes 0.

To find a distribution of a particular form that best matches another distribution,
minimising the KL divergence is often a useful criterion. Well-known algorithms for
training distribution parameters such as expectation-maximisation, described in ap-
pendix 2.3.2.1, can be seen as minimising a KL divergence. Inference in graphical mod-
els is often expressed as minimising a KL divergence as well. The expectation propaga-
tion and belief propagation algorithms are examples.

When optimising q or comparing different distributions ¢, the reference distri-
bution p is often fixed. In that case, the cross-entropy is the KL divergence up to a
constant. Optimising the cross-entropy, or comparing merely the cross-entropy, is

therefore often a valid alternative for working with the kL divergence.
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A.2.1 KL divergence between Gaussians

A specific case of interest is the KL divergence between two Gaussians. If two distri-

butions p and q over a d-dimensional space are defined
p(x) = N(x; pay Za); q(x) =N(x; 1o, Zp), (a.132)

then the kL divergence between the distributions is
1 z _ _
KLlplla) =5 <10g<lzbi> + Tf<zb]ia> + (1o — ta) Iy (1o — Ba) — d) .
a
(A.13b)
A sub-case of this is when the dimensions for both distributions can be partitioned
into blocks of dimensions that are mutually independent. The KL divergence then

becomes a sum of KL divergences for these blocks. Without loss of generality, assume

that the covariance matrices are block-diagonal with

z 0 z 0
.= il : Iy = i . (A.14a)
0 Za» 0 Zy,

Both distributions can then be factorised as distributions over x; and x;, with x =
T
]

p(x) =pir(x1)p2(x2) = N(x1; Ma,1y Za, 1) N(X25 Hap2y Za2); (A.14b)

q(x) = q1(x1)q2(x2) = N (%15 Ho,1, Zv,1) N (X2; Up2y Zb2) (A.14¢)

The kL divergence in (A.13b) then becomes the sum of the parallel divergences between

the two factors:

KL(plla) = KL(p1l[q1) + KL(p2/[q2) - (a.14d)

This is true for the KL divergence between any two distributions that display inde-
pendence between blocks of dimensions. By applying this equation recursively, the
KL divergence between any two Gaussians with the same block-diagonal covariance
matrices is the sum of the KL divergences of the factors in parallel. The most factor-
ised Gaussians have diagonal covariances, in which case the KL divergence works per
dimension. This will be useful both when training parameters of a distribution, and

when assessing the distance to the real distribution.

260



A.2. KULLBACK-LEIBLER DIVERGENCE

A.2.2  Between mixtures

The kL divergence between mixtures does not have a closed form. A number of ap-
proximations with different properties (Yu 2006; Hershey and Olsen 2007) are pos-
sible. For section 6, it will be useful to minimise the KL divergence between two mix-
tures of Gaussians. The following will therefore describe a variational approxima-
tion to the KL divergence introduced independently by Yu (2006); Hershey and Olsen
(2007)." This approximation can then be minimised as a proxy for minimising the
exact one.

Let p and q be mixture models, with components indexed with m and n respect-

ively:
p(x) =) n™p™(x); ax) =) o™gM(x),  (as)

with p(™ (x) and q™ (x) the component distributions, and 7t and w the weight vec-
tors, with 3 w™ =35 wm =1.

The xL divergence can be written as the difference between the cross-entropy and
the entropy, as in (A.12). The variational approximation that will be presented here
finds an upper bound on both the cross-entropy and on the entropy separately. This
implies that there is no guarantee for the approximation to the kL divergence to be
on either side of the real one. However, in this thesis the approximation is used to
minimise CL(p||q) with respect to q. Since H(p) is not a function of q, it suffices to
minimise the upper bound on H (p||q). The following will therefore present the upper
bound on H(p||q); the upper bound on H(p) can be found analogously.

A set of variational parameters ¢ is introduced that partition the weight of each

component of p up into parts representing the components of q:
> ot =1, (416)
n

with o™ > 0.

"The description in Hershey and Olsen (2007) was originally meant for mixtures of Gaussians, which
is also what this work will use it for, but the derivation is valid for mixtures of any type of distribution,
as Dognin et al. (2009) acknowledge.
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The following derivation of an upper bound F(p, g, ®) to the cross-entropy uses

Jensen’s inequality. It moves a summation outside a logarithm in (a.17a), and because

of Jensen’s inequality, the result is less than or equal to the logarithm of the sum. In

this case, the expressions are negated, so that the result is greater than or equal.

r

H(pllq) = —

.
- T[(m)
%
.
- mpl
%
— Z a™p

- lm
; %
- lm
; %

IN

p(x)logq(x)dx

m) (Jp(m) (x) log q(n) (x)dx + log

x) log (Z w™

el
(n)

Zan log< i m)dx

w™ >
on

(Aa.17a)

[ () by
™[q™) +1log w(n))

= F(p, q, d). (a17b)
Derivatives of this with respect to the variational parameters are
aF(p,q¢) ™ (H™]|a™) ~logw™ + log o)

der” dgy™

= q(m (7—[( m) Hq(“)) —log w™ 4 log d)%m + 1) : (a.18a)
a*F(p, (m)
ip 5 ) _ L (a.18b)
d*dn $n

On the domain of ¢£1m), which is [0, 1], its second derivative is non-negative, so that

the upper bound is convex.

The upper bound is minimised with respect to the variational parameters ¢£1m).

262



A.2. KULLBACK-LEIBLER DIVERGENCE

The optimisation under the constraints in (A.16) uses Lagrange multipliers:

_ 4F(p,0, @) AT bl —1)

)

dpy™
A
log dn™ =logw™ —# (p™||q™) — 1~
A
(1)1(1m) — M exp <_H(p(m)Hq(n)) —1— 7T(m)> , (Aa.19)

which, setting A to satisfy the constraint in (A.16), gives the optimal parameter setting

e o)
T e H G ) .

Optimising ¢ does not change the real cross-entropy; it merely finds a tighter bound.

In section 6, this bound is used to optimise the cross-entropy itself with respect to q.

A parameter setting that is of interest results in the matched-pair bound. This as-
sumes a one-to-one mapping from components of p to components of . Assuming
that component m in p corresponds to component m in , the parameters can be set

to>

oM = . (A.21)

This reduces the upper bound to

F(p,q, b Zﬂ (H(P™][a™) ~logw™)
= H(TtHw) + Zn(m)H(p(m)Hq(m)). (a.22)

If additionally the component priors for both mixtures are kept equal, 7t = w, then
optimising the term behind the + sign will tighten this upper bound. In section 6.1.1
this bound is used to find distributions q(™ that approximate p(™), where both derive

from the same speech recogniser model set but are parameterised differently.

*This is easy to generalise to the case where there is a different deterministic mapping from each
component of p to a component of q.
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A.3 Expectation—maximisation

Expectation-maximisation aims to maximise £(P, qzx) by updating a lower-bound
function F (P, p, qux) of the likelihood. The lower-bound explicitly uses a distribu-
tion over the hidden variables p(U/|X’). p and qyx are optimised iteratively. First, p
must be set to make the lower-bound function equal to the log-likelihood (in the “ex-
pectation” step). Then, gy is set to maximise the lower bound (in the “maximisation”
step). The generalised EM algorithm replaces this maximisation by an improvement.
It is possible to prove, with Jensen’s inequality, that the lower bound is indeed lower
or equal to the log-likelihood, so that the log-likelihood is guaranteed not to decrease
if the lower bound does not decrease. The following details the expectation-maximi-
sation algorithm and its proof.
The statistical model whose parameters are trained will be denoted with qyx (U, X),

which is a distribution over the hidden and observed variables. Marginalising out over

the hidden variables gives the distribution over the observed variables:
ax(X) = | qurlth, V) (a3
The log-likelihood for one data point is then
L1, qux) 2 log | aun(Uy X)a, (a23b)
and for the whole training data

05, qua) £ Jﬁ(X)E(X, qua)dX. (230)

The lower bound that expectation-maximisation optimises is defined for a single

data point X" as
qux (Z/{, X)

F(X,p, éJ Ulx)lo A.242
(X, 0, qux) = | pUUIX) log o U] (a.242)
and for the empirical distribution P representing all training data as

F(py,qu) £ | BIXIF(X, py ) 4. (a240)
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The following will optimise the lower bound as a surrogate for optimising the actual
log-likelihood. The expectation and the maximisation steps rewrite the lower bound

differently to make it possible to optimise its parameters.

A3.1 The expectation step: the hidden variables

Compared to the log-likelihood, the lower bound function takes an extra parameter, p.
The expectation step sets this distribution so that the lower bound is maximised, and
equals the log-likelihood. This uses the posterior distribution of the hidden variables
given the data according to the current mode parameters, which will be written gz, x
with

qMX(Z/{)X)
qx(X) -

For a given observation X', the lower bound can be written as a sum of the log-likeli-

Quix UIX) = (A.25)

hood (independent of the hidden variables) and a KL divergence:

qux (U, X)

F(X,py ) = | pltd1X) log TS

sl

— Jp(m?() (log qx (&) + log p(U|X)

qQuix U X)
pU|X)

= L(X, qux) — KL(p||qux), (a.26)

— log g () + J oU1X) log

The log-likelihood £( X, qisx) does not depend on p. To make the lower bound equal
to the log-likelihood, the right-hand term needs to be zero. The Kullback-Leibler di-
vergence KL(-||-) of two distributions is always non-negative, and zero when the dis-
tributions are identical. F is therefore maximised when p is set to the hidden variable

posterior ¢y for all observations in p:

p(k) — arg min f(f)) P, qZ(/];))‘C')
o
ol (k—1)
— argmin | PLYICL(p] ) a
P
= qg;ﬁ;{”- (a.27)
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By setting p'®) to the hidden variable posterior, the Kullback-Leibler divergence in

(A.26) becomes 0, so that

E(ﬁ>qg§_”) :f(f))p(k)aqz(/]{i;]))- (A.28)

This is the first part of the proof of convergence of expectation-maximisation.

A3.2  The maximisation step: the model parameters

The second step of expectation-maximisation, the maximisation step, optimises the
parameters of the model, q/x. Again, like in (A.26), the expression for the lower
bound for a single data point is rewritten, this time straightforwardly as a term de-
pendent on gi;x and one independent:
qux (U, X)

p(U|X)
— [ ol tog ui (e, X)att — [ pie¥) logpita ). (29

F(X, 0, qux) = Jp(um log

The right-hand term in this expression is constant when optimising F with respect
to gy in the maximisation step. The new estimate for qisx is therefore chosen

qZ(/l{i)Y = arg maX-’r(f)) p(k)) qZ/IX)

qux

= argmaxJﬁ(X)]-"(X, 0™, qua)dXx

qux

= argmaxJﬁ(X) J o™ (U|X) log qux (U, X)dUAX. (a.30)

qux
How to perform this maximisation depends on the specific problem. If it is not pos-
sible to maximise F, then generalised EM can be used. It merely requires that qy/x
does not decrease. In either case, the lower bound is guaranteed to remain equal or

increase:

. k-1 " 13
./T(p, p(k)) qz(,{)( )) < .7:(]?, p(k)) qz(/[/’)y) (a.31)
This is the second part of the proof of convergence of expectation-maximisation.
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A.3.3  Convergence

The objective of expectation-maximisation is to increase the log-likelihood at every
iteration. It can be proven that the log-likelihood never decreases. The last step of this
proof requires Jensens inequality, which states that for a convex function ¢(x) (for
example, the log function), inputs x;, and non-negative weights 71;, the weighted sum
of the function applied to the inputs is never greater than the function applied to the

weighted sum of the inputs:

Z md(xi) < ¢ (Z 7TiX1> . (a.32)

The relation between F and L is the analogue in the continuous domain. For one
observation X', F was defined in (a.24a). By applying Jensen’s inequality, F turns
out to be related to lower bound £ expressed as marginalising out over the hidden

variables (as it was in (A.23b)):

qux (U, X)
pUIX)
qux (U, X)
pU|X)

fTX>mquX)==JP@ﬂX)bg
< long(UIX)

:1onguX(u,X)du = L(X, qux). (a.33)

This same relation then goes for the log-likelihood and the lower bound over the full

training data:
F(P, 0, qux) = Jﬁ()()f(?f, P, qux)dX
< Jf’(?&’)ﬁ(?ﬂ qux)dX = L(P, qux). (A.34)

This is the final part of the proof of convergence of expectation-maximisation.

Combining (A.28), (A.31), and (A.34):

£, ") = F 0™, aiy) < F,0%, aiy) < L(BraY). (a3s)

This proves that the expectation-maximisation does not decrease the likelihood of the
data. Note that the algorithm is not guaranteed to find a global maximum. In practice,

it often does find a useful parameter setting.
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A.4 Monte Carlo

The previous section considered training data, which naturally consists of a finite
number of training samples, as an empirical distribution. Even when parameterised
forms of distributions are available, using them directly is not always tractable. In
these cases, it is often necessary to produce empirical distributions from paramet-
erised distributions by sampling. Methods that approximate a target density with a
finite number of samples are called Monte Carlo methods.

Many Monte Carlo methods can work with unnormalised densities, which for
many applications is a useful feature. Markov chain Monte Carlo, for example, divides
the value of the density at two points by each other, so that any normalisation constant
cancels out, and can be disregarded. However, the value required in this thesis, the
integral of a target density over the whole of a space, is the normalisation constant of
the density. The samples themselves are merely a by-product.

This requirement rules out many Monte Carlo methods. One technique, called im-
portance sampling, does return an approximation to the normalisation constant. It re-
quires a (normalised) proposal distribution that samples can be drawn from and is close
in shape to the target density. Sequential importance sampling is importance sampling
over a multi-dimensional space. In itself, it is just importance sampling that deals
explicitly with one dimension at a time. It becomes advantageous once resampling
is introduced between dimensions. This removes low-weight samples and duplicates
high-weight ones, so that the samples focus on the most interesting, high-probability
regions of space.

Sequential sampling techniques are often presented as traversing through time.
There is no reason, however, why the dimensions should represent time. In this work,
dimensions will relate to elements of feature vectors and will be called just “dimen-
sions”. This section follows the presentation of Doucet and Johansen (2008). It will
discuss implicitly multi-dimensional Monte Carlo and importance sampling. Then,
resampling is introduced. Finally, section A.4.5 on page 277 discusses the case where

for some dimensions it is possible to draw from the target distribution, and for some
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it is not.

A.4.1  Plain Monte Carlo

Monte Carlo methods approximate a target distribution with a finite number of sam-
ples. Denote the target probability distribution with 7t. If it is possible to draw L sam-

ples uY) ~ 71, the Monte Carlo approximation of 7t is the empirical distribution

. 1
T= t ; 5u(1), (a.36)

where 0. denotes the Dirac delta. Using the empirical measure in the place of the
target distribution, the expectation of any test function ¢ under distribution 7t can be

approximated as

b)) = | mwou)dn = [xwpwau=§ 3 ou?). ()

l
This equation is used in section 4.4.1 to estimate empirical means (with ¢(u) = u)
and second moments (with ¢(u) =uu').

This straightforward Monte Carlo method requires, however, that it is possible
to sample directly from the target distribution. When this is not the case, it is often
possible to use importance sampling, which draws samples from a proposal distribution
that is close to the target distribution, and then assigns the samples weights to make

up for the difference.

A.4.2  Importance sampling

If it is impossible to sample from the target distribution, it can still be possible to
approximate it by sampling from a proposal distribution p similar to the target dis-
tribution, and make up for the difference by weighting the samples. This is called
importance sampling. The weights also give an approximation to the normalisation
constant. The process is analogous to the evaluation of a function under a distribu-

tion in (A.37). However, L samples uY ~ p are drawn from the proposal distribution,
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so that the empirical proposal distribution of it is, analogously to (A.36):

. 1
p=1 ; Sy (a.38)

That samples are drawn from a proposal distribution and not directly from the
target distribution makes it possible to use an unnormalised target density, y. This is
often useful if the normalisation constant of the target density is unknown. It does
need to be possible to evaluate v at any point. Importance sampling finds samples
from the distribution at the same time as an approximation to the normalisation con-

stant. 'y is a scaled version of 7t:

u
m(u) = Y(Z), (a.392)
where the normalising constant is
/= Jy(u)du. (a.39b)

The proposal density needs to cover at least the area that the target distribution

covers:
m(u) > 0= p(u) >0, (A.40)

otherwise no samples will be drawn in some regions where 7t is non-zero.
The key to making up for the difference between proposal and target is the weight
function w(u). It gives the ratio between the target density and the proposal distri-

bution:

w(u) = ——=. (A.41)

mu) = —————; (A.42a)

Z= Jw(u)p(u)du. (A.42b)
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Now that the target distribution has been expressed in terms of the proposal distri-
bution p, the proposal distribution can be replaced by its empirical version p in (a.38).
This yields the empirical distribution to 71, 7, with the samples from p weighted by

their importance weight:

ﬁ:]z
1

w(ult)

Sy =y w8, (A.432)
1

— |
N

where approximation to the normalisation constant is

. ) 1 .
7= Jw(u)p(u)du =T ;w(u( ), (A.43b)
and the normalised weights w are
D) w(ul)

w (A.430)

S Xew(®)
7t is the normalised importance sampling approximation to target distribution y, and
Z is the corresponding approximation to the normalisation constant.

The expectation of a test function ¢ (u) under 7 can be approximated analogously

to (A.37), with 7t given by (a.43a):

Dep(ulV).  (a44)

3|

&) = [ mlulo(u)du = | Afwpludu = 3
1

—I

A degenerate case of importance sampling is when the proposal distribution is
equal to the normalised target distribution p = 7. If it is possible to draw samples
from 71, then using importance sampling is overkill. However, the next section will
introduce sequential importance sampling, which samples from one dimension at a
time. In that setting, it might be possible to draw from the target distribution for some
dimensions, but not for others. In the simple importance sampling case with p = m,

the weight function in (A.41) always yields the normalisation constant:

wu) = — =7 (A.45)
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Substituting this in (A.43a), the approximation 7t of the normalised target distribu-

tion 7t becomes

I
I

1 ulV 1
it = Zw(z)éum == S,m, (4.46)
1 1

which is exactly the standard Monte Carlo empirical distribution in (A.36).

A.4.3  Sequential importance sampling

Sequential importance sampling is an instance of importance sampling that explicitly
handles a multi-dimensional sample space. It steps through the dimensions one by
one, keeping track of L samples, and extending them with a new dimension at every
step. Considering this explicitly is useful because then the set of samples can be ad-
justed between dimensions. Section A.4.4 will discuss resampling, which drops low-
probability samples and multiplies high-probability samples, so that computational
effort is focussed on high-probability regions.

Sequential importance sampling is a generalisation of the well-known particle fil-
tering algorithm. It samples from a multi-dimensional distribution dimension by di-
mension, applying principles similar to those of importance sampling at every step.
The distribution must be factored into dimensions. In particle filtering, the dimen-
sions are often time steps, and the factor for each dimension a distribution condi-
tional on previous dimensions. However, for sequential importance sampling the per-
dimension target distributions in sequential importance sampling need not be norm-
alised or relate to valid probability distributions, as long as their product is equal to
the target distribution.

In section A.4.1 on page 269, the sample space was implicitly multi-dimensional.
In this section, the the dimensions of the samples will be explicitly written. The space
has d dimensions. Thus, uw £ 1.4. The distributions v, 71, and p will be factorised, as
will Z and w.

To apply sequential importance sampling, it must be possible to factorise the target
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density 7y into factors y;(-|-) for each dimension. y;(-|-) is therefore defined as

Yilugi)

Yict(waon)’ (a.472)

Yiluifugiog) =

If for every 1, yi(uy.;) is a marginal distribution of uy.;, then (a.47a) is an instantiation
of Bayes’ rule and y;(ui[uy,i_1) is a conditional distribution. However, even though
the notation used is (+|-), there is no requirement for the factors to be conditionals or
to be normalised. This is a generalisation of particle filtering, and indeed, a strength
of sequential importance sampling.

The target density y can be written as the product of factors ;. (a.47b) formulates

the factorisation of y recursively; (A.47c) writes out the recursion:

Y(u) = valura) = va-1(ur.a—1)valugura—) (A.47b)
d
=yi(w) [ [rvilwiwag). (a.47¢)
i)

The normalised variant of y; will be called 7t; and defined analogous to 7t in the

previous section:

T (ur) = Yi(;m); (A.48a)
Zi = JYi(UH)du] i (A.48Db)

The proposal distribution p is factorised similarly to the target distribution:

oy pilurg)
pl(u‘l.|u1:‘l.f1 ) = 0] (um,1 ) ) (A.49a)
p(u) = pa(ura) = pa—1(ur.a—1)pa(uatya—1)
d
= p1(u) [ ] orlwilwsia) . (a.49b)
2

This makes it possible to draw samples ugh)i dimension per dimension. For the first
dimension, ugl) ~ p1. Then, uEU }u%)f] ~ pj for dimensions i = 2,...,d. Each
proposal factor p; approximates target factor y;.

Computing the importance weight of a sample can also be done dimension per

dimension. Decomposing the weight function in (a.41) recursively, in factors w;(-|-)
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related to yi(-|-) and p;(-|-):

ey wilw) yilw) e (win)
wiltiftior) = wist(Wiic1) el )yvior (uris)
_ vilwilugig) (A.502)
pi(uilurig)’ '
w(u) =wg(ura) = wa—1(ur.q-1)walualurg—1)
=wi(w) [ [wilwiwia). (a.50b)

The empirical distribution of p; then is found from L samples drawn from pj,

analogously to the approximation of p in (A.38):

) 1
Pi=1 ; O (a.51)

Using this empirical distribution, the empirical normalisation constant and the nor-

malised weights are

~ . 1
Ly = Jwi(uhi)pi(u]:i)duhi =1 Z wi (Ug?), (A.522)

LU Wi (u})
= oo
2 Wi (u] i )

The empirical distribution derived from 7t; then is, analogously to (a.43a),

- —(1
N = ZWE )6u513 (A-53)
1 :

The complete algorithm for sequential importance sampling is described in Al-

(A.52b)

gorithm 5.

The final normalisation constant could be approximated as the average of the
weights in the last step, using (a.43b). However, in section A.4.4 resampling will be in-
troduced. This at every step removes some samples and duplicates others, and overall
weights will not be available. To overcome this problem, the normalising constant Z
of v, defined in (A.39b), can be factorised into terms Z;/Z;_1, which can be approx-

imated at every step:

(A.54)
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procedure SEQUENTIAL-IMPORTANCE-SAMPLING(Y, P)
for dimensioni=1...d do
for sample index L =1...L do

1 1
Sample v ~ py (uifur_y)s
yiud VY )

T .
pi(ug )|u1 i1

Compute weight w; (uglz) = Wi_1 (uggq )

return weighted samples {wd (uglg) , ug% }

Algorithm 5 Sequential importance sampling

The fraction Z;/Z;_1 can be written in terms of the normalised density for dimen-
sion i — 1 and the proposal distribution and the weight function for dimension 1 (ap-
plying (a.48a), (a.50a), and (A.49a)) as

Zi _ Jvi(wig)dugg _ J v (urg)yi(ughugg ) dugg
Ziv vicr(upiog)duggg Jvicr(ugq)duggg

= Jﬂil (wrim)wi(wilugg—r) pi(wilugi—q ) dugy
_ J i1 (W)
Pi—1(uwy4-1)

This can then be approximated at every step i using the empirical distribution p;

wi(uifuri—1) pi(urg)dugs. (A.55)

from (A.51):

Z, 1<
Zii1 - L ngh*]Wi (ugl) ‘ugll)q) (A.56)

It is straightforward to see that this yields a consistent estimate of Z;/Z;_;. Note that
as long as the samples are not resampled, this computation yields the exact same Z4

as (A.43b).

A4.4  Resampling

A problem with importance sampling is that some samples will be in low-probability
regions. As the number of dimensions grows, the number of high-probability samples
tends to shrink exponentially. As a measure for this problem, the variance of the sam-
ple weights is often used. Sequential importance sampling as presented so far does not

do anything to produce lower variances.
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A technique that does help to focus on higher-probability regions, and therefore
does produce lower-variance weights is resampling. Resampling can be applied at
every step to find a new empirical measure with unweighted samples from a set of
weighted samples.

The unweighted samples can be written as a set of weights and samples: {ng), uglz }

The empirical distribution for dimensions 1...1 was given in (A.53):

L
- —(1
=y wg)éug}g. (a.57)

Resampling aims to find an approximation to this distribution with unweighted sam-
ples. The conceptually simplest way of doing this is to draw L samples from 7t; and

construct a new empirical distribution

) N
fi=) TR (a.58)
=1 '

where Ngl) is the number of times sample uglz

was drawn from 7, the (integer) num-
ber of offspring of sample uglz This is called multinomial resampling. However, the
only requirement to a resampling method is that the expected value of the number of
offspring of a sample is proportional to its weight: £ {Ng” b= LWEU.

Another way of generating Nglz uses systematic resampling (Kitagawa 1996). This
uses uniformly distributed z ~ Unif [0, H . New sample 1’ then is set equal to original
sample 1 where Z};} W?) <z+lU< 2}21 ng).

The new empirical distribution can also be described as a list of unweighted sam-
ples {%, uglz} that contains N 9) copies of original sample uglz The distribution then

is

f[i = Z 6112[3 (A.59)

=1

=

This makes it straightforward to introduce resampling at every step of the sequential
importance sampling algorithm as described in section A.4.3. After drawing samples

and computing their weights, the set of samples is resampled to yield equally weighted
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procedure SEQUENTIAL-IMPORTANCE-RESAMPLING(Y, p)
for dimensioni=1...d do
for sample index L =1...L do

ﬂgg—] ) ;

Sample ugu ~ pi(u
vl )
)

. . U, 0 _
Compute incremental weight w; (ui ‘uu_1) = Tl

Compute % = %lei (ugl) ‘uglg 1)-
) wi )
i— HP RS

{ugll)}  ResampLe({w; (u;

Compute Z = Z; Zid:Z Z%f
return ({u%}, Z) .

Algorithm 6 Sequential importance resampling

samples {]D uglz} This set is then used when drawing samples for the next itera-
tion. The complete algorithm for sequential importance resampling is described in

Algorithm 6.

A.4.5  Sampling from the target distribution

An extension of sequential importance resampling was foreshadowed in (a.46). It
concerns the case where for some dimensions it is possible to sample from the norm-
alised target distribution 7t; (u;[uy;—1). For such a dimension 1i, the proposal distri-
bution can be set to p; (ui|uy,i—1) = 7 (wifugi—1). The incremental weight function
from (a.50a) then returns the same value, the incremental normalisation constant, for
each point:

Yiluilugig) _ 4
pi(wilugior)  Zig

wi(uifugig) = (A.60)

This is useful because it removes the need to compute the density of the distribution
at any point, or to resample the set of samples. In the case where y; = 7 = py,
wi(uifugi—1) = 1 by definition.

Algorithm 7 on the next page specifies how sequential importance resampling, in

algorithm 6, can be extended to deal with dimensions for which it is possible to sample
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procedure HYBRID-SEQUENTIAL-IMPORTANCE-RESAMPLING(Y, P)
for dimensioni=1...d do
. N N

if Pi (ui‘ugif]) X Yi (U'i ug:i)f1) then

for sample index L =1...L do

ﬂg}gq )?
) (

Sample ﬂgl) ~ pi(u

Set ZiZL =Wj (ui‘m 4—1) (for any uyi_1).
else
for sample index L =1...L do
1 A (1
Sample ug V<o (w ugzL]);
. . Loy viePu )
Compute incremental weight wi (1; ' [uy,;_;) = pi(u{”\usfg,:)

Compute % =X Wi (ugl) ‘uglaq)
{uglz} — RESAM/P\IfJ({Wi (u% 3
Compute Z=1 Z?:z 2%711
return <{u§lﬂi}, Z) .

Algorithm 7 Hybrid sequential importance resampling

from the target distribution, but its density at a point cannot be computed.
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Derivation of linear

transformations

Section 3.2 has discussed linear transformations for adaptation. Section 6.2 has in-
troduced versions of the same transformations trained on predicted statistics. Their
derivations run parallel. The following sections will highlight this by deriving the stat-
istics for both adaptive and predictive transformations of each form side by side. They
will discuss, in order, CMLLR, covariance MLLR, and semi-tied covariance matrices, all

with their predictive variants.

B.1 CMLLR
The likelihood for cMLLR is (repeated from (3.4b))
a™(ylA) =|A|- N (Ay + b ™, ZM). (B.1)

To express the optimisation, it is convenient to write the affine transformation of the

observation vectors with one matrix W by appending a 1 to the observation to form
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vector (:

Ay+b:[Ab} 2 We. (.2)

B.1.1  Adaptive

The optimisation procedure implements an iterative approximation the maximisation
in (3.2). This requires the log-likelihood, which is the logarithm of 3.4b, and its deriv-

ative with respect to the transform:

log 4™ (yl.A) = log|A| — 1 log [2n£\™ |
T —1
—3(We— U>(<m)) ™ (We— uim)); (B.32)

dlogq'™ (ylA)
oW

—1
=[AT o]+ =M (WM —wo)T (8.3b)
The transformation will be optimised row by row. The derivative of row i of W is
(assuming the covariance matrix is diagonal)

dlogq™ (ylA)

] m
ow; - “A—T]i O} + W(”L,i) - Wic> CT, (B.3¢)

Oy ii

where [A_T]i is the ith row of the transposed inverse of A.

This expression can be substituted in the maximisation step in (3.2):

afp ) m Ztﬂ’t logq (yt|v4)dy

ow;
m)dlog q ™yl A)
ay
-Jpo ;; T
Ty 1
= [0 X > W ([IA ], 0] + iy (W~ wi) el ) a
m =1 Oxii
—v[[AT], 0] + kY —wiG, (5.4)

where vy, k(. and G are statistics from the adaptation data:

Ty
y£ Jﬁ(y) > Y vMay; (8.52)

m t=1
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;
K2 [ B )T g
S1p) Y 2 Y vl dy; (B.5b)
m Oyii t=1
.
G 2 (5 1§, T
2190 ) 2w d. (B.5¢)

m Oxii t=1
To maximise the log-likelihood, (8.4) should be set to zero for all rows of W at once.
This is not in general possible, so the algorithm has to resort to updating the rows
of W iteratively.
Define P to be the cofactor matrix of A with an extra column O appended. The

first term in (B.4) can be written in terms of w; and row i of P, pi:
_ -1
{[A’T]i 0] =wi Al =wi- (pw{) (B.6)

The row update is given in Gales (1998a):

I
wW; = (ﬂpi + km)Gm , (B.72)

where 1 is a solution of the quadratic expression
41 .
*piGY pf +pGY kY —y =0, (8.7b)

This row update is applied iteratively. It optimises the likelihood given the current
settings of the other rows, i.e. given the current setting of p;. Therefore, the likelihood
is guaranteed not to decrease, and the overall process is an instantiation of generalised

expectation-maximisation.

B.1.2  Predictive

As for adaptive CMLLR, the optimisation is performed row by row. The derivative of
the log-likelihood for the output distribution is the same as in (8.3c). This can be
substituted into the derivative of the maximand for general predictive linear trans-
formations from (6.18):

0% ¥™ [p™(y)log g™ (ylA)dy

w; (B.8)

281



APPENDIX B. DERIVATION OF LINEAR TRANSFORMATIONS

o1
:Zv(m)Jp(m’(y)ogq i), dy (.9)

ow;

1 m
=> ym Jp““)(y) ([[A—T]i 0} + g (1Y —wig) CT> dy  (s.10)
m (o)

x,ii

(m)

(m),\m
_ Z,y(m) [[AfT]i 0] + Z Y 0-(:3(1 Jp(m)(y)chy
m m X, il
(m)
-y Jp“’” (y)wige" dy (B.11)
m X, i1
=y [ A7), o} + kT — w6 (B.12)

where vy, k@, and G are predicted statistics:

vy 2 Zy(m); (B.132)
m
(m) (m)
k(l] L Y (E) J CT PLX 1 g {CT} : (B13b)
O-X il X il

ZY J (y)egTdy = ZY ){ccT}, (.13¢)

X"L"L Xll

where & (m){-} is the expectation under the predicted distribution p'™ for compon-

ent m.

B.2 Covariance MLLR

The likelihood expression for covariance MLLR is (repeated from (3.6b))

™(ylA) =|A]- N (Ay; A, Z). (B.14)
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B.2.1 Adaptive

The optimisation of the transformation requires the log-likelihood and its derivative

with respect to A:
log g™ (ylA) = log|A| — ! log|2nZ\™)|
T —1
- %(A(U - Him))> ™ (A(y — uim))) ; (B.152)

(m) —1 T
9logd " WA _ AT s Afy — u™) (y - ™). (B15b)

0A
The transformation will be optimised row by row. The derivative of row i of A is

(assuming the covariance matrix Zim) is diagonal)

0 IOg q(m) (y|./4) _ T 1 (m) T
a—aii{A L_Wai(y_”x J(y—u") - (B.15¢)

x,il

This expression can be substituted into the maximand in (3.2):

[PV T X2 vi™ log g™ (ylA)dY

oq;
m) 0 log q ™ (y¢lA)
dy
=|o0 %; @
Ty : -
= Jﬁ(y) Z Z%(Lm) ([ATL — Wai(yt — M>(<m)) (ye — Nim)) >dy
m =1 it
— Y[A*T] - aiG(i]) (B.16)

where y and GV are statistics from the adaptation data:

Ty
v2 [0 X Y vy (s.172)

m =]
) T
G2 [0 Y S ) (g ) @ )
m O—x 11 t=1
For covariance MLLR, Y is the same as for cMLLR (in (3.5a)); GV is similar but uses
Yt — uf(m) instead of Y.

To maximise the log-likelihood, (B.4) should be set to zero for all rows of A at

once. Just like for CMLLR, this is not in general possible, so the algorithm has to resort
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to updating the rows of A iteratively. Each row is set to optimise the likelihood giving
the current settings of the other rows. The details of the algorithm are in Gales (1998a).
The likelihood is guaranteed not to decrease, and the overall process is an instantiation
of generalised expectation-maximisation, where the maximisation step is an iteration

over the rows.

B.2.2  Predictive

The optimisation works row by row. The partial derivative of the log-likelihood was
given in (B.15¢). This can be substituted into the derivative of the maximand for general

predictive linear transformations from (6.18):

Y Y™ [p™(y)logq™ (ylA)dy

da (B.18)
dlogq™(ylA
=Yy Jp(m)(y) 8 WiA) 4, (5.19)
m ai
- 1 T
=y ym Jp(”‘)(y) <[A TL — < ay—w™) (Y- w™) )dy (8.20)
m X,
_ Y[A—T} — a.GW, (B.21)
1
where y and GV are predicted statistics:
N Zy(m); (B.22a)
m
(m) T
v
GV e Y T lp™y)(y—w™)(y—w™) dy
m Oxii
(m) T
=Y YEm { (y—w™) (y— ™) } : (B.22b)
m X, i1

B.3 Semi-tied covariance matrices
The expression for the likelihood for semi-tied covariance matrices is (repeated from (3.12b))
a™(x) =|A]- N (Ax; A, E ). (B.23)

x,diag
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B.3.1  From data

The log-likelihood expression and its derivative both with respect to the component
covariances and to the rows of the transformation matrix (the optimisation again is

row-wise, similar to (B.15¢c)) are necessary:

log q(m)( 10g|A| -3 log ‘27‘[2)( dlag}

T ~ —1

—HA-w™) [EEg (Ax—w™)s k24
dlog g™ - 1 T o~ -1
Qlogd™0) _ 4z 17 (- A ™) (- ) ATED, ]

azx dlag
(B.24b)
(m) _

: loggA LI ]A(x — ™) (x — uim))T; (B.24¢)
dlog g™ (x) _ 1 T
T = |:A T:|i, — mai (X — H)((m)) (X — ll)((m)) . (B24d)

x,il

These expressions can be substituted into the maximand in (2.32). For the optim-

m)
x,diag’

LA P Y Ztm log q'™ (x)dX

isation of Z

(B.25)
azxdlag
~ [ plx) 3 M (Al W) (e ) ATEL 1)
t=1
(B.26)
:y(m)[igggag]_] (AW AT[Z Xdlag]_]—l). (B.27)

Here, yt ) and v are found from the training data as in (2.31), and W(m) contains

statistics from training observations. Only the diagonal elements of ™ are estim-

X dlag

ated. However since W™, the empirical full covariance for one component m, is
transformed by A (which changes at every iteration), it must be full:

1

wim &

Jf)(X )Y ™ e — ™) (e — um) ax. (B.28)
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The optimisation with respect to A is very similar to the one for covariance MLLR

in (B.16):

afp )2 m Ztﬂ/t logq J(x¢)dX

da; (B.29)
J ) Z de (8.30)
m ]
= Jﬁ(?f) ; :ivim) ([A-TL - ;@ai (e — ™) (xe — ui“”)T) X (s.31)
_ Y{A—TL _ C;G(i). . (8.32)

Estimating A requires two types of statistics, ¥ and GV v, the total occupancy, is
found in a similar way as in (8.17a), but from the training data. Since the procedure
for estimating the covariance transformation is the same as for covariance MLLR, the
statistics are also basically the same. The difference is that for covariance MLLR, the co-

(m)

variance X, of the components is fixed, whereas for semi-tied covariance matrices,

the covariances ZX d|a ¢ get re- estimated every iteration. Fixed O‘X ; ) in (B.17b) there-

i

'6(".1.). G is rewritten in terms of

fore is replaced by the diagonal elements of ZX d| ag’ Oxit

the part that does not change with every iteration, W™ in (8.28):

Tx
y 2 Jf;(X) > Y yMax; (B.33)

m =]

. T
G" 5Jf? Z th — ™) (- ™) dx

m xut1

= Z L__wm), (B.33b)

B.3.2  Predictive

Unlike non-predictive semi-tied covariance matrices, the predictive variant defines a

distribution the corrupted speech, similar to (B.23) (repeated from (6.24)):

q™(y) =|A] - N(Ay; Ay™, Z ) (.34)
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The optimisation of the means, the covariances, and the transformation need the
derivatives of the log-likelihood with respect to them. They are similar to (8.24) (the

derivative with respect to the means was not given there):

log q'™ (y) = log|A| — I log ‘Zﬁi(m) |

y,diag
T ~ —1
o %(A(y - ”gm))> [Z%?ag] (A(y - H;m))) ; (B.352)
alogq(m)(y) < (m) -1 (m)y.
Tyn) - Z[Zy?;iag} Aly—w™); (B.35b)
dlog q™ (y) sim) 1] T ieim) 1]
T — (2] (I —Aly—w™)(y—w™) ATE ] );
y,diag
(B.35¢)
dlogq™(y) [, 7] 1 - T
T_[A }i_wai(y_”y J(y—m") - (B.35d)

These can be substituted into the derivative of the maximand for general predictive
linear transformations from (6.18).

0y Y™ [p™(y)log g™ (ylA)dy
oul™
y

~ -
=23 Y™IE] AJP("‘) (y)(y — wy™)dy. (B.36)
m

To minimise the kL divergence with respect to the means, they are unsurprisingly set

to the expected value under the predicted distribution for component m:

p&m) = Jp(m) (y)ydy = E,m iyl (B.37)

Since this expression does not depend on the other variables that are estimated, setting
the means is a one-shot process.
The derivative with respect to the covariance of component m is

50 > Y™ [pM(y)logq™(y)dy
oz ™

y,diag
~ —1 T ~ —1
=™ (2] JP““) W(Ay—w™) y-w") AT[EG,] ~1)dy
~ —1 ~ —1
=y [y (AWMATERL ] - 1), (5.38)
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APPENDIX B.
where the predicted covariance in the original feature space for component m is
wim & Jp(m) W)y — ™) (y — ™) ay
(m))T} - (B.39)

(m)
= 5p(m){(y —1y) (Y — by
This is the equivalent of W™ for standard semi-tied covariance matrices, but estim-

ated on the predicted distribution rather than an empirical one. Though the compon-
is constrained to be diagonal, the statistics W™ have to be full,

ent covariance i%?a e
because they are transformed by A. By setting the bracketed expression in (B.27) to
zero, the optimum setting for the diagonal elements of iin;)a ¢ is found with
3 = diag (AWI™AT). (.40)

(m) .
Zy,diag :
Unlike the expression for the means in (B.37), this expression depends on A, which in

turn depends on }legl)a o Therefore, the procedure will be iterative.
The optimisation of A is performed row-by-row. Again, taking the derivative of

the kL divergence,
03 y™ [p™(y)logq™ (y)dy
aai
_ 1 T
= v Jp(‘“)(y) ([A T - ey - ™) v —wm) )dy
m b Oy
_ V{Aq—] — G, (B.41)
1
where y and GV are the predicted statistics:
v A Zy(m); (B.42a)
m
. (m) T
i Y (m) (m)
GHMeY wjp(m)(y)(y ") (y-w") dy
m Fy,it
(m)
= Z %W(m) (B.42b)
m Oyii

As in standard semi-tied covariance matrices (in (8.33b)), GV can be expressed in

terms of W™, which do not change with every iteration.
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Mismatch function

This section gives derivations relating to the mismatch function that would have con-
fused the main text. Section c.1 gives the Jacobians with respect to the sources, which
are required for vTs compensation. Section c.2 derives the mismatch function and its

derivatives for different powers of the spectrum.

C.I1  Jacobians

The mismatch function relates log-spectral coeflicients of the observation, speech, and

noise with (repeated from (4.9))

exp (yi) = exp (xi + hi) + exp (1) + 20 exp % (xi + hi +1y). (c.1)
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The per-coeflicient derivatives of this are

dyi _ exp(xi + hi) + o exp (5 (xi + hi + 1)) ) (c.22)
dxi  exp(xi +hy) +exp (i) + 2o exp($ (xi + hi + 1))’ '
dyi _ dyi
T = G (c.2b)
dy; _ exp (m) + o eXp(% (Xi + hi + ni))
dni  exp(x; + hy) + exp (i) + 206 exp(3 (x + hy +ny))

_ 1 dui

=1 i (c.2¢)
dy; _ Bexp(%(xi +hi+ni)) (c.2d)

doti  exp(xi + hy) + exp (ni) + 2 exp (3 (xi + hi+1y))
The Jacobians of the vector mismatch function in the log-spectral domain are

aylog
Oxlog’

B aylog. log aylog‘

aylog
~ Onlog’ h " Jhloe’ '

o (c:3)

| I |
Jis Jie Jie =

Since the mismatch function applies per dimension in the log-spectral domain, the
Jacobians of the vector mismatch function in this domain are diagonal. They have as

diagonal entries the derivatives given in (c.2):

dy; dy; dy; du;
Jog _ AYi, dog _ AYi, Jdog  AYi, Jog _ AYi
U dxg Ini = dny’ Thi = dh;’ Jai = doy (c4)

Cepstral features are related to log-spectral through the pcT matrix C. The cepstral-
domain can be found through the chain rule.

ays ays aylog axlog
T x5 dylE dxle oxs

J« = CJ¢C, (c.5a)

and analogously

dy® oy° oy’
Jo= 502 = CIECTY Ju= o = CJRECT; Jo= Sk = CJE. (csb)

C.2 Mismatch function for other spectral powers

The mismatch in the log-spectral domain was given in (4.9). It assumed that the fea-

tures yi, X1, n; used the power spectrum. This section will write the power 3 applied
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() (8

to the spectral coefficients explicitly as yi(ﬁ), X ), so that (4.9) becomes:

2

exp (47 = exp (<2 +1%) + exp (n?) + 2 exp (2 (62 + 1 +n?)).

(c.6)

The expression for the mismatch relating vectors in domains with different powers
than 2 derives from this using an assumption about the mel-filtered spectrum. The
assumption is the same that was used to approximate the convolutional noise in (4.7),
namely that all spectral coefficients in one mel-bin are equal. In that case, a mel-
filtered spectral coeflicient is a weighted sum of spectral coefficients to the power of 3

(see (4.8a)), is equal to the power of the sum:

B
VP =3 wi YIKP ~ <Zwik|Y[k]|> : (c.7)
k k

The log-spectral coefficients are found by taking the logarithm of this, so that
Ui(ﬁ) = log (Vt(ﬁ)) ~ B log (Zwik|Y[k]| ) (c.8)
K

This assumption can be applied to all feature vectors. It causes coefficients acquired

from the Bth-power domain to be assumed related to those using a power of 2 by

(B)

N[

. (B
1

[N

2 2 2
) Xy P =Bl wB B ()

For the log-magnitude-spectrum (3 = 1), for example, coeflicients yj, xi, ny, are
smaller by a factor of 2. Therefore, (c.6) can be generalised to any power (3 by making

up for the power:

exp (i) =exp(F (6" + 1)) + exp ()

+ 204 exp(%(xiﬁ) +hiB ni(ﬁ))> , (c.10a)

or
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Derivatives of this are

) exp(F(x” + 1) + swep (s 1 )

dxgﬁ’) exp(%(xm] + h@)) + exp (%n(ﬁ)) + 24 exp(% (xgﬁ) + hgﬁ) + ngm)> ,

i i i

(c.1a)
dygﬁ) B dygﬁ).
B~ (B (c.11b)
dh; dx
dygﬁ) - exp (%ngﬁ)) + o exp(% (xi(_ﬁ) + thJ + nﬁﬁ)))
dngﬁ) exp(é (XEB) + hgm) + exp (%ngﬁ)) + 204 exp(% (Xgﬁ) + hgm + ngm))
(B)
du.
=1- Yi : (c.110)
(B)
dx;
dy B) - B eXp(%(XEB) + hgm + ngﬁ))>
do. exp(%(xgm +h B))) + exp (%n(ﬁ)) + 204 exp(% (xiﬁ) +h® 4 n(m)>

(c.11d)

Some implementations of vTs compensation (e.g. Liao 2007) have used magnitude-
spectrum features (3 = 1), but assumed the mismatch function was simply

1

exp (ygl)) = exp (XE )4 hgl)) + exp (ngl)). (c.12)

Itis interesting to see the effect of these assumptions. By converting this back to power-

spectral features,

exp (2952)) = €xp (%Xi(z) + %h'(z)) +exp (%n?)); (c13a)

2 2
+1h? 4 InP) . (casb)

This is exactly equivalent to the real mismatch function, in (c.6), with o« = 1. This
means that performing vTs compensation with vectors in the magnitude domain and
ignoring the phase term, as in (c.12) (e.g. Liao 2007), is essentially equivalent to as-
suming = 1 on log-power-spectral features. Also, when the noise model is mML-
estimated, with the same mismatch function used for decoding, then the noise model

parameters will subsume much of the difference between model and reality.
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Appendix D

Derivation of model—space

Algonquin

The Algonquin algorithm, when applied to the model, compensates each Gaussian
separately for each observation. It is not clear from the original presentation that this
happens.

The original presentation replaces the likelihood calculation for each component
by a computation of the component’s “soft information score” (Kristjansson and Frey
2002; Kristjansson 2002). It derives this form from the feature enhancement version.
The end result can be derived more directly, which the following will do before show-
ing the equivalence to the original presentation. As in the original, this will assume
that there is only one component per state (though the generalisation is straightfor-
ward).

Consider a speech recogniser, which aims to find the most likely state sequence ©

from an observation sequence Y with

_p(YI®)P(O)
P@[Y) = e

x p(YI®) P(©) = P(80) [ [ P(yl6r) P(6:/6: 1). (D.1)

t
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The normalisation constant p(Y) is normally ignored, because it does not change de-
pending on the state sequence ©. An obvious way of approximating the component
likelihood p(y+/6+) would be to replace it by the Algonquin approximation for that

component m and observation Y,

plyd0) = Y M ay (o). (p.2)
meQ(®)

That this approximation to p(y¢|6¢) is not necessarily normalised is not a problem
for the Viterbi algorithm. A relevant question is, however, whether the likelihood ap-
proximations for different components can be compared, when they are compensated
differently.

The original presentation of Algonquin for model compensation (Kristjansson
2002; Kristjansson and Frey 2002) derives this form (up to a constant factor) through
a number of manipulations. This relates the form of models compensation to the one
for feature enhancement. The normalisation constant in (D.1) is not ignored, but ap-

proximated with a mixture of Gaussians:
p(Y)~]ryo). (D.3)
t

This decouples the distribution of Yy from the state sequence. This is substituted in in
the expression that speech recognisers aim to maximise, P(0|Y). It is then rewritten

by applying Bayes’ rule, the approximation in (D.3), and again Bayes’ rule:

plelY) = 2 EIpie) = preg TT 2 Y por
_ PO:ly+) p(yt)
= P(6o) U WP(GJGH)
— p(eo) [T s pioec ). (0.4

t

The expression that now replaces the likelihood computation for component 6, =
m (again, assuming the state-conditional distribution Gaussian) in the speech re-

cogniser, P(mly¢) /P(m), is then called the “soft information score”. Its numerator,
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P(mly¢), is approximated by its variational approximation'

(m)
X P(m
P(m|yt) = qyt (m) = qy (TI(.}/J)t) ( ) . (DS)
2 dye  (YdP(m’)
The soft information score therefore is approximated
Pmiye) _ aym) _ gy (yy) 0:6)

Pim)- = Pm) 5 oy (yoP(m)
The normalisation term for one frame is the same across all components. Therefore,
it does not have an effect on decoding, so that the likelihood is in essence replaced by
unnormalised distribution qy, (y¢), asin (p.2). The question thus remains whether the
unnormalised Algonquin approximations to the likelihood are comparable between

difference components.

'See Kristjansson (2002), equations (10.10), (10.15), and (8.18) for more details.
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Appendix E

The likelihood for piecewise linear

approxmlatlon

This section follows the transformation of the expression for the likelihood presented
in Myrvoll and Nakamura (2004). The explanation of the idea behind it is in sec-
tion 4.5.2. Section E.1 discusses the single-dimensional case as in the original paper.

Section E.2 generalises it to more dimensions.

E.1 Single—dimensional

The interaction between the log-spectral coeflicients of the speech x, the noise n, and

the observation y is assumed to be

exp(y) = exp(x) + exp(n). (£.1)

Y is set to its observed value, Y.

The substitute variable introduced to replace the integration over x and n is defined

u=1—exp(x —yt), (E.2a)
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so that

n = log(exp(yt) — exp(x)) = y¢ + log(T — exp(x — yi))
=y + log(u); (E.2b)

x =Yt + log(1 —u). (E.20)

Two useful derivatives for transforming the integral are the following. The derivative

of n with respect to y while keeping x fixed is

mxy  exply) : B
oy  exply) —exp(x) 1—exp(x—y) u’ (.32)

The notation n(x,y) is used to indicate the value of n that the setting of the other
two variables (x,y) implies. Similarly, the derivative of x with respect to u while

keeping y; fixed is

aX(“ﬂJt) _ —1

u T (E.3b)

As explained in section 4.5.2 (and see also section A.1.1), the transformation of the

integral in the likelihood expression uses the absolute values of the two derivatives.

"yt
plyd) = Plyelx) p(x)dx
J—00
(Yt | on(x
= [ 12 ey plax
J—00 y Yt
rl
on(x ox(u
Y L) R L DL SR P
Jo oy " ou
rl
1
=, EN(yt + log(1) 5 n, Gﬁ) i _u/\/(yt +log(1 —u); by, 0§> du.
J

(E.4)
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Rewriting only the left-hand term of the integrand, noting that 11? = exp(—log(u)),

%N<log(u) + Yt Hn, Gﬁ)

2
_ 1 exp(_(k)g(u) ﬂZL(;J%t Hn) _log(u))

1 (log(w) +y¢ — o + 02)?
- P\ 2072

+ 307 +yi— un)
= exP(%Gﬁ + Y — un) N(log(u); Hn — OF — Y, Gﬁ) . (E.5)

The right-hand side of the integrand can be rewritten in a similar way, so that the

likelihood expression becomes

plye) = eXP(%Gﬁ L TR TR Zyt>

r N(log(u); tn — Op — Y, Gﬁ) N<log(1 —W); iy — OF — Yy, Gﬁ) du.

0
(8.6)

By approximating log(u) and log(1 — u) with a piecewise linear function (Myrvoll
and Nakamura 2004), the integral can be written as a sum of integrals over part of a

Gaussian and a constant factor.

E.2 Multi-dimensional

That the derivation above can use scalars crucially relies on two assumptions. The as-
sumption that the ith coordinate of the clean speech only influences the ith coordinate
of the corrupted speech is only valid in the log-spectral domain. The assumption that
the coordinates of both the clean speech and the corrupted speech are uncorrelated is
marginally valid in the cepstral domain, and invalid in the log-spectral domain. The
following generalises the derivation above to a vector of MFCcCs. MFCCs are related
to log-spectral coefficients by a linear transformation. As long as the distributions in
the log-spectral domain are not assumed uncorrelated, therefore, a derivation in the

log-spectral domain can be used.
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The relation of the clean speech, noise, and corrupted speech for every dimension

is the same as the single-dimensional case in (E.1), so that for vectors:

exp(y) = exp(x) + exp(n). (E.7)

Again, y is set to its observed value, Y.

The coeflicients of the substitute variable u are defined as in (g.2), so that in vector

notation,
u=1—exp(x —yi), (e.8)
so that
n =y +log(u); (E.9)
X = Y + log(1 —u), (B.10)

where 1 is a vector with all entries set to 1.

The absolutes of the derivatives that the transformation of the feature space res-
ults in in one-dimensional space generalise to determinants of partial derivatives.
Since the relationships between speech, noise, substitute variable, and observation
are element-by-element in log-spectral space, the partial derivatives are diagonal. The

generalisations of the derivatives in (E.3) therefore is (note that u € [0, 1])

on(x,y)| on(xi, yi)
’ oy ’ - H oyi ‘H 1 — exp(x H '
ox(u, yt) 0x( i

T :wayt H1— (&.12)

The additive noise and the clean speech are distributed as

nNN(unaZn); XNN(HX)ZX)' (E.13)
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The likelihood of Yy generalises (E.4):

plyt) =

Noting that

r

Pyelx) p(x)dx

r

omn(x,y)

oy p(n(x,y)) plx)dx

Yt
omn(x,y)

Yy

[0>1]d yt

[ 1
- (H)N(yt +log(u)§ Hn, Zn)

Ui
1

(H ]_]u>N(yt + IOg“ - U) 3 Hxy Zx) du. (E.14)

I_Iul = exp ( — Z log(ui)> = exp ( — log(u)T1); (£.15)

i

N(log(u) + Yt; Hn, Zn) =

_1 _
27, |72 exp ( — Jlog(w) + y¢ — pa) "Z, " (log(u) + y¢ — pn) )»

(E.16)

the left term in (£.14) becomes (generalising (E.5))

Wy
1

(H 1>N(log(u) Y4ty Z0)

_1 _
=2ntZ,| 2 exp (— %(log(u) + Y — un)TZn ! (log(uw) + Yyt — pn) — log(u)T1)

=275, exp (— Jlog(w) + i — ko + T, 1)TE, (log(w) + Yy — kg + 1)

+1TE 1417y, — 1Tpn>

=N(log(u); un —yt — Z,1, X,) exp<%1TZn1 + 1Tyt — 1Tpn> . (E.17)

Applying the same process to the right term, the likelihood of Yy becomes

plys) = exp(%1TZn1 TS 1T = 1T, 42 1Tyt>

)

J N(log(u); Un — Zn1 — Yy, Zn)N(log(1 - u) y Ux — Zx1 — Yy, Zx)du-
[o,14

(E.18)
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In the single-dimensional case, the integral is approximated with 8 line segments. In
the multi-dimensional case, the approximation would use 8¢ hyperplanes. Since u has
as many dimensions as there are filter bank coefficients, a piecewise linear approxim-

ation is infeasible.
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Appendix F

The likelihood for

transformed—space sampling

To approximate the integral in the expression for the likelihood of the observation,
this work uses sequential importance resampling. A number of transformations of
the integral are required, some of the details of which are in this appendix.

The detailed derivation of the transformation of the single-dimensional version of
the integral is in section F.1. The generalisation of this transformation to the multi-
dimensional case is in section F.2. One of the two factorisations of the multi-dimen-
sional integrand that this work presents is detailed in section F.3. The form of the pro-
posal distribution that approximates the single-dimensional integrand and the factors

of the multi-dimensional integrand is in section F.4.
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F.1 Transforming the single—dimensional integral

In section 7.3 on page 189, one half of a one-dimensional version of the corrupted

speech likelihood is rewritten to (repeated from (7.14)):

| ox(u x on(x,y, «
plysx < n) = [pla || sl | 2,0
O u y yt»x(uvyt»“)
-px(wyyt, &) - p(n(u,y¢, «)) dude, (F.1a)
where (repeated from (7.11))
u=n-—x. (r.ab)

Because the derivations of the Jacobians and of x(u, y¢, «) and n(u, y, «) are long,
they are given here.

The mismatch function is (repeated from (7.10))

exp (y'tc’g) = exp (x'og) + exp (n'°g> + 2« exp(%xbg + %n'og) . (B2)
To express 1 as a function of x, Yy, o, (¥.2) can be rewritten to

exp(n) + 2« exp(%x) exp(%n) = exp(yt) — exp(x); (r.3a)

(exp(4n) + acexp(3x))” = exp(ys) — exp(x) +(ccexp(3x))*.  (r.3b)

This is where it becomes useful that the computation is restricted to the region where
x < m so that n has only one solution. Since —1 < « (as shown in section 4.2.1.1),
the squared expression on the left-hand side, exp(%n) + ocexp(%x), is always non-

negative. Therefore,

exp(In) = —acexp(1x) + \/explye) — exp(x) + o exp(x); (530

n =2log <—ocexp(}x) + \/exp(yt) + exp(x) (o2 — 1)) . (r.3d)
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To express n as a function of u,yy, &, (£.2) can be rewritten with x = n —u

from (F.1b):

exp(yt) = exp(n —u) + exp(n) + 2ccexp(fn — Ju+ jn)

= exp(n) (1 + exp(—u) + 2ocexp(—3u)) ; (F.4a)

_ exp(yYt) )
exp(n) = 1+ exp(—u) + 2ocexp(—Ju)’ (F.4D)
n =y, — log(1 + exp(—u) + 2acexp(—5u)) . (F.4¢)

Similarly, x can be expressed as a function of u, y¢, o by rewriting (¢.2) withn =

u + x from (r.1b):

exp(yt) = exp(x) + exp(u + x) + 2o exp(%x + ]ju + %X)

= exp(x) (1 + exp(u) + 2ccexp(4u)); (E.52)
exp(yt —x) = 1 +exp(u) + 2« exp(%u) ; (r.5b)
x =y — log(1 + exp(u) + Zocexp(%u)) . (E.5¢0)

Because u was chosen to relate x and n symmetrically, (F.4c) and (F.5c) are the same
except that u is replaced by —u.

An equality that will come in useful derives from (r.5b):

) y/explye ) + (o2 1)

x) \/exp(u) + 2 exp(%u) + o?

Nl—

\/exp(yt) + exp(x) (a* — 1) = exp(

Nl—

= exp(

= exp(%x) (exp(%u) + oc) . (r.6)

The Jacobians in (7.14) are derivatives of (f.5¢) and (F.3d):

x(,ypo) exp(u) + ocexp (1) _ exp(3u) (exp(3u) + &)
ou T+ exp(u) + 2ocexp (1) 1+ exp(u) + 2ocexp(Ju)’
(F.7a)
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on(x,y, x)
oy
2 exp(y)
\/exp ) +exp(x) (o — 1) — ocexp(4x) 2\/exp ) + exp(x) (a2 — 1)
_ exp(y)
(o (50 (o (3) + ) — cenp(19) exp (32) (oxp (3 + )
B exp(y — x) T +exp(u) + 2ocexp(5u)

exp(Ju) (exp(Ju) + o) exp(3u) (exp(Gu) + ) (e7b)

When these are multiplied, as in the integral in (F.1a), they drop out against each other,

except for the negation:

aX(U&Jt, (X) an(x)% O()
ou oy

=-1. (r.7¢)
Yt
This does not seem to be an intrinsic property of the process.

F.2 Transforrning the multi-dimensional integral

The transformation of the integral that returns the likelihood of the corrupted-speech
observation is more laborious for multiple dimensions than for a single dimension.
The derivation uses three steps. First, the integral is split into separate dimensions.
Then, each of the integrals for one dimension is rewritten similarly to appendix r.1.
Finally, the dimensions are collated.

The full expression for the likelihood of observation Yy is (repeated from (7.1))

plys) = J Hp(yt|x>n, o) p(x) p(n) plo)dxdnde. (.8)

Just like in the single-dimensional case, the integration over the clean speech and
the additive noise will be rewritten as an integral over a substitute variable. For each
dimension, this substitution is the same as the one in (7.11). In multiple dimensions,

the substitute variable u also relates the speech x and the noise n symmetrically:
u=x-—n. (r.9)

However, the transformation of the integral will work one dimension at a time.
Per dimension, the derivation will be split in two regions which use symmetric de-

rivations, like in section 7.3.1. Again, the derivation will be explicitly given only for
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xi < ny, with ny < x; completely analogous. By formulating (r.8) recursively, it can
be transformed one scalar at a time. The following marginalises out one variable at a

time, starting with ;:

PYtid, Xi < MilX14-1, M1, K15-1)

= JP(OCi|0€1:i—1 ) P(Utid, Xi < NilX1i-1, Mo, 04) da, (F.10a)

where, marginalising out x;,

P (yt,izd) xi < ni|x1:i,—1 y U1, X1 :i)

= JP(Xi|X1:i—1 )P (Utid, X1 < MilX1:4, M1, 1) dxi, (F.10Db)
where, with the restriction x; < n; subsumed in the range of the integration over n;,

p(yt,izd) X < ni|x1:i.> nyi-1, & :i)

= J PMimyi1) pYgialxii, s, o) dny. (F.100)
Xi

The integrals in (F.10c) and in (E.10b) can then be re-expressed as one integral over
the substitute variable.

First, the integral over n; in (F.10c) can be written without the integral. This is
because given the clean speech, additive noise, and phase factor for one dimension,

the corrupted speech for that dimension is deterministic:

PYilxiy My 06) = S¢(x; miyon) (Ytii) - (B.11)

The variable of the Dirac delta in (r.11) can be transformed using the Jacobian (see

(a.1) in appendix A.1.1):

p(yt,i:d) Xi < ni|x1:i) nyi—1, & :i)

00
= J P(ni|n1:if1 ) P(Ut,ib% ni, (Xi) p(yt,i+1:d|x1zi) nii, “lzi) dni
Xi

o0
= J Pimai1) S ny,a) Yt,i) PYeitnalXa, s,y ) dnyg
i
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dn(xi, &, yi)

ZJ pmingiq) - dy:

Xi

) 5n(xia‘xi>yt,1’.) (nl)

Yt,i
P (yt,i-H :d|x1:i) LR 0(]:1") dni,

dn(xi, &, Yi)
dyi

-T(xi <ny) pnlxiy &, Yi) M)

Yt,i

P (yt,i+]:d‘x]:i) N1, K16, 4 = Tl(Xi, Kiy yt,i)) . (F.12)

The next step is to substitute this result into (r.10b), and then replace the variable
of the integral from x; to w;. The Jacobians that result from this are exactly the same
as the ones in section 7.3.1 on page 190, in (7.14). Since the product of their absolutes

is therefore again 1, they drop out.

PYtiay Xi < MilX1:-1, N1, X14)

dn(xi, &, Yi)

= JP(XJXLH) ay;

T(x < ny) p(nlxi, &iy Y,i)Masizi)

Yt,i
P (Yt irra] X1 Moty o, Ny = nxg, o6, Yei) ) dxg

dTL(Xi, Xi, yl)
dyi

dX(LL‘L, X, yl)
dui

I

Yi,i
P Ox(wi, oy Yei) Xri1) pmwg, o6, Yo Inaio)
P (Y irta|Xrimt, e, o, X4 = X (Wi, &4, Yui)y i = N, o, Y i)

dui

= J P(x(ugy &, Yei)xai-1) p(nlug, &, Yei)mai—1)
0

P(YtistaXion, Mo, &y X = x(wg, o, Yei), i = nug, &, Yei))

du, (B.13)
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Substituting this into (F.10a) gives one half of the likelihood:

p(yt,izd) Xi < ni|xlzif1 y i1y X141 )

= Jp(“i|“1:il) J P Ox(wiy oy Yei) Xri1) pmwg, o,y Y i) i)
0

p(yt,iJr]:d‘x]:if] y U1y X1y X = X(ui) ‘Xiayt,i)a ny = n(ui) (Xi)yt,i))

du; dog. (F.14)

This gives half the likelihood, because it is constrained to x; < mn;. The other part,
for niy < x4, has the exact same derivation with x; and n; swapped, and wu; replaced
by —u. This is exactly the same as the single-dimensional case in appendix r.1. The
full likelihood, expressed recursively, then combines integrals over u; € [0, 00) and

u; € (—o0,0):
P(YgialX1:io1, M1, &1:-1)
=Pt Xi < NilX1i1, M1, 01:i1)
+PUgiay i < XilX1:-1, M1, X1:-1)
= Jp(“i|“1:i—l) JP(Xi(ui, iy Y1) X1:i-1) pmug, o4, Yei)Imai—r)
P (Yt irra] X1, ity 0, X4 = X (Wi, &4y Yii)y i = 1, o6, Ye i)
du; doy. (F.15)

This recursive formulation is straightforward to unroll to

P(Yt) = p(Ye,1:a)
d

d
:J [Hp(‘xﬂ“ki—])] J [HP(X(uh iy Yt,i)X1:4-1)
i1

i1
d
[H pn(wi, &, Ye,i) M) ] duda
i1
= JP((X)JP(X(u, o, yi)) p(n(u, &, yi))dude, (F.16)

where, analogously to the one-dimensional case, p(x(u, &, yt)) denotes the value of

the prior of x evaluated at the value of x implied by the values of (u, &, y¢), and similar
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for p(n(u, &, y¢)). To find these values for x and n, the relations in (¥.5¢) and (F.4¢)

apply per dimension:

x = y¢ —log(1 + exp(u) + 2 o exp(%u)) : (F.17a)

n=yi— log(1 +exp(—u) +2x o exp(—%u)) . (r.17b)

In section 7.3.2, the full integrand is called y(u, &), and the integral is approximated
with sequential importance sampling. Note that this derivation holds for any form of

priors for the speech and noise p(x) and p(n).

F.3 Postponed factorisation of the integrand

This section presents a factorisation of the integrand y (u|x). It should result in factors

i so that (repeated from (7.33))
y(uloc) :j\/'(x(u, “»yt); My, ZX)N(n(u) “)yt); Hn, Zn) . (r.18)

The two Gaussians on the right-hand side have the same structure. The factorisation
here will only explicitly consider the term deriving from the speech prior; the one
deriving from the noise prior factorises analogously. A multi-variate Gaussian relates
all elements in its input vector through the inverse covariance matrix, the precision
matrix A,. The derivation writes these explicitly. The elements of A, = X are

denoted with A ;.

N(x(u, (x)yt); M, ZX)

_1
— 27,2 exp(—3x(u, e yo) — ) A, 0, y) — 1))

d
_1
= ‘27sz| 2 exp <_ % Z Z u-u al)yt i Hx,i) }\x,ij (X(uj) ‘Xj)yt,j) - Hx,j))

i=1 j=1

d
_1
:|27TZX| 2 exp (Z |: xu ul) Xi, Yt, 1) px,i)z

i=1

i—1
—(x(ui, oty Yei) — Wxii) Z A (X (W5, 055 Ytj) — Hxj) D

j=1
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d
= ‘ZTEZX‘_% H exp <
i

2
— I (x (i, o4y Yit) — Ht)

_(X(ui) Cxi)yt,i) - P'vx,i,) Vx,i,>, (r.192a)

where the term containing coordinates of lower dimensions uy.;_j is

i—1

Vx,i = Z }\x,ij (x(uj, (xjayt,j) — Hx,j) . (F.lgb)
j=1

When drawing w; for dimension 1i, the coordinates of lower dimensions u4_1 are
known.
After applying the same factorisation to the noise term, the complete integrand

in (F.18) can be written
Y(u|0‘) :N(X(U, “»yt); Hx, ZX)N(Tl(U, “)yt); Hn, Zn)

d
= 20| 220 Z 2 [ [ exp (
i=1

1

— I (i oty Yit) — i)

—(x(uiy oty Yei) — Bxi) Vi

1

2
- j}\n,ii(n(u’ia O(i)yt,i) - Hn,i)

—(n(uiy iy Y1) — Hnii) Vn,i))
(F.20)

where v, ; is defined analogously to (£.19b). The factors are then defined as (it is ar-

bitrary which factor takes the constant determiners)

Y1(wileg)
= |2nZ,| 2205, exp (— a1, o1, ye1) — png)?
— I (x(ur, 00, Y1) — )2 ); (F.212)
Yilwiluriog, o)
= exp (— It (x(Wiy 0y Yet) — Boi)® — (X (i, &y Yei) — Foet) Vs

— Ity oy Yei) — Hai)® — (Wi, 0, Yei) — Hni) Vn,i)y (B.21b)
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To find a proposal distribution for the resulting density, it can be rewritten so that
it is easily related to the one-dimensional 7y in section 7.3.1, for which good proposal
distributions were discussed in section 7.3.1.2. Again, the following rewrites only part
of the term related to the speech prior; the noise term works completely analogously.
Since for importance sampling it is the shape rather than the height of the density that
the proposal distribution needs to match, the following disregards constant factors
(note the use of ), which are additive within the exp(-). A technique sometimes
called “completing the square” helps find the shape of the term related to the clean
speech in (F.21). This derivation is similar to the derivation of the parameters of a con-

ditional Gaussian distribution (see e.g. Bishop 2006). Taking one factor from (r.19a),

xp (— A (1t 05y Y1) — Bt)? = (X[t & Y0) = bo) Vi

2
X ex ( At (X (s &, Ye,i)) ™+ A ix (Wiy &4, Yii) — Viix (g, aiyyt,i)>

Vi
At (x(Wiy 0, Ye))* + 7\x,ﬁ<ux,i b ’1> x(uy, Oéi,yt,i)>
X, il
2
Vi
X exp( Ax u UA’,» (xi)yt,i) - (ux,i - A >:| )
X, i1
Vi —1
o N X(ui) o‘i)yt,i); Mxi— 37— AX il - (F.22)
Agit °

By rewriting the additive noise term in the same manner, the factors in (F.21) turn
out to be proportional to two Gaussian distributions that are functions of x (u;, &, Yy i)

and n(uy, o, Yy i):

Vi _
Yiluiug i, 0ri-1) o< N(X(U«i) &, Yti); Hxi — 2y A 1)

A L) Ui
X, il

Vni _
'N<n(ui) beyt,i); Hni— A 1) . (F.23)

A IR A
n,it

This expression has the same shape as the one-dimensional integrand in (7.19) in sec-

tion 7.3.1.
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F.4 Terms of the proposal distribution

Finding the proposal distribution uses u(x,y, «), the value for u that follows from
fixing the other variables. Where this is necessary, u > 0. This is equivalent to x < n,

which is the area that this expression for n is valid for (repeated in (r.3d)):

n= Zlog<—ocexp(;x) + \/exp(yt) + exp(x) (o — 1)) , (F.24)

so that u can be found with

u:n—x:Zlog(—oc—i— \/exp(yt—x)+oc2—1>. (F.25)

The mirror image of this expression is u(n, y, «), which fixes n rather than x, and

is required only for u < 0. This expression can be found by rewriting (¢.4b):

exp(yt)
exp(n) = ; F.26a
pin) 1+ exp(—u) + 2ocexp(—Ju) ( )
exp(—u) + 20 exp(—%u) +1=exp(ys —mn); (F.26b)
(exp(—%u) + 0‘)2 — ol + 1 =exp(ys—n); (F.26¢)
(exp(—3u) + o)® = explye —n) + o — 1. (F.26d)
From u < 0, it follows that exp(—%u) > 1 and exp (—%u) + o« > 0, so that
exp(— 1) + o = yfexplye —n) + o2 — T; (F.26¢)
u= —210g<—oc+ \/exp(yt —n)+o? — 1> .
(r.26f)
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